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AUTHOR’S PREFACE 


This book contains, with slight variations, the material given in 
my course at the University of Paris. I have modified somewhat 
the order followed in the lectures for the sake of uniting in a single 
volume all that has to do with functions of real variables, except 
the theory of differential equations. The differential notation not 
being treated in the “ Classe de Matheinatiques spdciales,” * I have 
treated this notation from the beginning, and have presupposed only 
a knowledge of the formal rules for calculating derivatives. 

Since mathematical analysis is essentially the science of the con¬ 
tinuum, it would seem that every course in analysis should begin, 
logically, with the study of irrational numbers. I have supposed, 
however, that the student is already familiar with that subject. The 
theory of incommensurable numbers is treated in so many excellent 
well-known works t that I have thought it useless to enter upon such 
a discussion. As for the other fundamental notions which lie at the 
basis of analysis, — such as the upper limit, the definite integral, the 
double integral, etc., — I have endeavored to treat them with all 
desirable rigor, seeking to retain the elementary character of the 
work, and to avoid generalizations which would be superfluous in a 
book intended for purposes of instruction. 

Certain paragraphs which are printed in smaller type than the 
hotly of the book contain either problems solved in detail or else 


* An interesting account ot French methods of instruction in mathematics will 
be found iu an article by Pierpont, IluUetin Amer. Math. Society, Vol. VI, 3d aeries 
(1900), p. 225. - Tuans. 

t Such books are rut common in English. The reader is referred to Fierpont, 
Theory of Function! of Real Variables, Ginn & Company, Boston, 19QS; Tannery, 
Lemons d'arithmetique, 1900, and other foreign works on arithmetic and on real 
functions. 
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supplementary matter which the reader may omit at the first read¬ 
ing without inconvenience. Each chapter is followed by a list of 
examples which are directly illustrative of the methods treated in 
the chapter. Most of these examples have been set in examina¬ 
tions. Certain others, which are designated by an asterisk, are 
somewhat more difficult. The latter are taken, for the most part, 
from original memoirs to which references are made. 

Two of my old students at the ficole Norm ale, M. liinile Cotton 
and M. Jean Clairin, have kindly assisted in the correction of pioofs; 
I take this occasion to tender them my hearty thanks. 


Jakcaet 27, 1902 


E GOURSAT 



TRANSLATOR’S PREFACE 


The translation of this Course was undertaken at the suggestion 
of Professor W. P Osgood, whose review of the original appeared 
m the July nunihei of (he Bulletin of the American Mathematical 
Society in 1003. The lack ot standard texts on mathematical sub¬ 
jects m the English language is too well known to require insistence. 
I earnestly hope that this hook will help to fill the need so generally' 
felt throughout the American mathematical world. It may be used 
conveniently in our system of mstiuction as a text for a second course 
in calculus, and as a hook of icferenee it will be found valuable to 
an American student thioughout his work 

Few alterations have been made from the Fiench text. Slight 
changes of notation have been introduced occasionally for conven¬ 
ience, and several changes and additions have been made at the sug¬ 
gestion of Piofessor Goursat, who has very kindly interested himself 
in the woik of ti an datum To him is due all the additional matter 
. not to be found in the Fienih text, except the footnotes which are 
signed, and eveu these, though not of lus initiative, were always 
edited by him. I take this oppoitunity to express my gratitude to 
the author for the permission to translate the work and for the 
sympathetic attitude which lie has consistently assumed. I am also 
indebted to Professoi Osgood for counsel as the work progressed 
and for aid in doubtful matters pertaining to the translation. 

The publishers, Messrs. Ginn & Company, have spared no pains to 
make the typography excellent. Their spirit has been far from com¬ 
mercial in the whole enterprise, and it is their hope, as it is mine, 
that the publication of this book will contribute to the advance of 


mathematics in America. 


E. K. HEDRICK 


Auqust, 1904 
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A COURSE US' MATHEMATICAL 
ANALYSIS 

CHAPTER I 

DERIVATIVES AND DIFFERENTIALS 

I. FUNCTIONS OK A SINGLE \KIABLF 

1. Limits. When the successive values of a variable x approach 
nearer and nearer a constant quantity a, in such a nay that the 
absolute value of the different e x — < finally becomes and remains 
less than any preassigned number, the constant a is ealled the 
limit of the variable x This definition iuinislies a criteiion for 
determining whether a is the limit of the vanable x The neces¬ 
sary and sufficient condition that it should tie, is that, given any 
positive number e, no matter how small, the absolute value of x — a 
should remain less than t for all values which the variable r can 
assume, after a certain instant 

Numerous examples of limits aie to be found in Geometry 
and Algebra. For example, the limit of the vaiiable quantity 
x = (a 2 — to 3 ) / (« — to), as to approaches a, is 2 a ; for x — In will 
be less than c whenever to — a is taken less than e. Likewise, the 
variable x = a — l/», where n is a positive integer, approaches the 
limit a when n increases indefinitely, for it — r is less than « when¬ 
ever n is greater than 1 /c. It is apparent fiom these examples that 
the successive values of the v aiiable x, as it approaches its limit, may 
form a continuous or a discontinuous sequence. 

It is in general very difficult to deteumno the limit of a variable 
quantity. The following proposition, which we will assume as self- 
evident, enables us, in many cases, to establish the existence of a limit. 

Any variable quantity which never decreases, and which always 
remains less than a constant quantity /., approaches a limit /, which 
is less than or at most equal to L. 

Similarly, any variable quantity which never increases, and which 
always remains greater than a constant quantity f,\ approaches a 
limit f\ ichii/t h greater than or else equal tu V. 

\ 
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For example, if each of an infinite series of positive terms is 
less, respectively, than the corresponding term of another infinite 
series of positive terms which is known to converge, then the first 
series converges also; for the sum S„ of the first n terms evidently 
increases with n, and this sum is constantly less than the total sum 
■S of the second series. 

2. Functions. When two variable quantities are so related that 
the value of one of them depends upon the value of the other, they 
are said to be functions of each other. If one of them be sup¬ 
posed to vary arbitrarily, it is called the independent variable. Let 
this variable be denoted by x , and let us suppose, for example, 
that it can assume all values between two given numbers a and b 
(a < b). Let y be another variable, such that to each value of x 
between a and b, and also for the values a and b themselves, tlieie 
corresponds one definitely determined value of y. Then y is called 
a function of x, defined in the interval (a, b ); and this dependence 
is indicated by writing the equation y —f(x). For instance, it may 
happen that y is the result of certain arithmetical operations per¬ 
formed upon x. Such is the case for the very simplest functions 
studied in elementary mathematics, e.g. polynomials, rational func¬ 
tions, radicals, etc. 

A function may also be defined graphically. Let two coordinate 
axes Ox, Oy be taken in a plane; and let us join any two points A 
and B of this plane by a curvilinear arc A CB, of any shape, which 
is not cut in more than one point by any parallel to the axis Oy. 
Then the ordinate of a point of this curve will be a function of the 
abscissa. The arc A CB may be composed of several distinct por¬ 
tions which belong to different curves, such as segments of straight 
lines, arcs of circles, etc. 

In short, any absolutely arbitrary law may be assumed for finding 
the value of y from that of x. The word function , in its most gen¬ 
eral sense, means nothing more nor less than this: to every value of 
x corresponds a value of y. 

3. Continuity. The definition of functions to which the infini¬ 
tesimal calculus applies does not admit of such broad generality. 
Let y — fix) be a fuuetion defined in a certain interval (a, b), and 
let x„ and x u + h be two values of x in that interval. If the differ¬ 
ence /(*„ -f /i) — /(ay) approaches zero as the absolute value of h 
approaches zero, the function /(x) is said to be continuous for the 
value x„. From the very definition of a limit we may also say that 
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a function f(x) is continuous for x — x 0 if corresponding to every 
positive number «, no matter how small, we can find, a positive num¬ 
ber » j, such that 

|/(z„ + A)-/(a; 0 )|<e 

far every value of h less than ij in absolute, value.* We shall say that 
a function f(x) is continuous in an interval (a, b) if it is continuous 
for every value of x lying in that interval, and if the differences 

f(a + h)-f(a), f(b-h)-f(b) 

each approach zero when h, which is now to be taken only positive, 
approaches zero. 

In elementary text-books it is usually shown that polynomials, 
rational functions, the exponential and the logarithmic function, 
the trigonometric functions, and the inverse trigonometric functions 
are continuous functions, except for certain particular values of 
the variable. It follows directly from the definition of continuity 
that the sum or the product of any number of continuous functions 
is itself a continuous function; and this holds for the quotient of 
two continuous functions also, except for the values of the variable 
for which the denominator vanishes. 

It seems superfluous to explain here the reasons which lead ns to 
assume that functions which are defined by physical conditions are, 
at least in general, continuous. 

Among the properties of continuous functions we shall now state 
only the two following, which one might be tempted to think were 
self-evident, but which really amount to actual theorems, of which 
rigorous demonstrations will be given later, t 

I. If the function y= f{x) is continuous in the interval (a,b ), and 
if N is a number between f(a) and f(b ), then the equation f(x) = N 
has at least one root between a and b. 

II. There exists at least one value of x belonging to the interval 
(a, A), inclusive of its end points, for which y takes on a value M 
which is greater than , or at least equal to, the value of the function at 
any other point in the interval. Likewise, there exists a value of x 
for which y takes on a value m, than which the function assumes no 
smaller value in the interval. 

The numbers M and m are called the maximum and the minimum 
values of f(x), respectively, in the interval (a, A). It is clear that 


* The notation Io| denote* the absolute value of a. 
t See Chapter IV. 
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the value of x for which /(x) assumes its maximum value M, or the 
value of a: corresponding to the minimum m, may be at one of the 
end points, a or b. It follows at once from the two theorems above, 
that if V is a number between Al and m, the equation /(a?) = A r has 
at least one root which lies between a and b. 

4 . Examples of discontinuities. The functions which we shall study 
will be in general continuous, but they may cease to he so for 
certain exceptional values of the variable. We proceed to give 
several examples of the kinds of discontinuity which Occur most 
frequently. 

The function y — 1 / (x — a^ is continuous for every v a lue x 0 of 
* except a. The operation necessary to determine the Value of y 
from that of t ceases to have a meaning when x is assigned the 
value a ; but we note that when x is verv near to « tlu» absolute 
value of y is very large, and y is positive or negative with x, — a. 
As the difference x — a diminishes, the absolute value of y increases 
indefinitely, so as eventually to becojne and remain greater than any 
preassigued number. This phenomenon is described by spying that 
y Jierji.ro/oi io.fiuiff when x = to J trscnniinnify of this It is/} is of 
great importance in Analysis. 

Let us consider next the. function y = sin 1 /x. As x approaches 
zero, 1 /.r increases indefinitely, and y does not approach a nv limit 
whatever, although it remains between + 1 and — 1. This equation 
sin l/x = .t, where [.I j <1, has an infinite numlier of solutions 
which lie between 0 and t, no matter how small « be later,. What¬ 
ever value be assigned to y when x — 0, the functiuu Under con¬ 
sideration cannot be made continuous for r — 0. 

.. An example of a still different kind of discontinuity is given by 
the convergent infinite series 


N(x) = x 2 + 


1 + X ' 


+ •• + 


(i + xy 


When x approaches zero, S(x) approaches the limit 1, although 
S (0) = 0. For, when x = 0, every term of the series is zero, and 
hence S (0) =■ ft. Rut if x be given a value different fro Jn zero, a 
geometric progression is obtained, of which the ratio is 1/(1 -f- x’). 
Hence 


«(*) = 



x 3 (l -f x*) 


= 1 + x l ; 


1 4- x : 
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and. the limit of S(x) is seen to be 1. Thus, in this example, the 
function approaches a definite limit as x approaches zero, but that 
limit is different from the value of the function for x = 0. 

5. Derivatives. Let f(x) be a continuous function. Then the two 
terms of the quotient 

/(* + &)-/(*) 
h 

approach zero simultaneously, as the absolute value of h approaches 
zero, while x remains fixed If this quotient approaches a limit, 
this limit is called the derivative of the fund ion f(x), and is denoted 
by y', or by f(x), in the notation due to Lagrange. 

An important geometrieal concept is associated \\ itli this analytic 
notion of derivative, lait us umsidei, in a plane XOY, the curve 
A MB, which represents the function y — f(.r), which we shall assume 
to be continuous in the iuterval (a, b\ Let M anil ,V be two points 
on this curve, in the interval («, 0), and let their absciss* be x and 
x + h, respectively. The slope of the straight line MM' is then 
precisely the quotient above. Now as It approaches zero the point 
M‘ approaches the point .If; and. if the function has a derivative, 
the slope of the lino MM 1 approaches the limit y 1 . The straight line 
MM 1 , therefore, approaches a limiting position, which is called the 
tangent to the curve. It follows that the equation of the tangent is 

>' — v = y\x - *), 

where X and V are the running coordinates. 

To generalize, let us consider any curve in space, and let 

'/ = «#> (O’ ~ = <P( ( ) 

be the coordinates of a point on the curve, expressed as functions of 
a variable parameter t. Let .1/ and M' be two points of the curve 
corresponding to two values, t and t + ft, of the parameter. The 
equations of the chord MM' are then 

x-f(t) _ r-<M0 z - ttil 

f(t + h)~f(t) <Ht + h)~ <f(t) + 

If we divide each denominator by h and then let h approach zero, 
the chord MM evidently approaches a limiting position, which is 
given by the equations 
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provided, of course, that each of the three functions /{<), 4 (<), 4(f) 
possesses a derivative. The determination of the tangent to a curve 
thus reduces, analytically, to the calculation of derivatives. 

Every function which possesses a derivative ia* necessarily con* 
tinuous, but the converse is not true It is easy to give examples 
of continuous functions which do not possess derivatives for par¬ 
ticular values of the variable. The function l^x, for 

example, is a perfectly continuous function of x, for x = 0,* and y 
approaches zero as x approaches zero But the ratio y jx = sin 1 jx 
does not approach any limit whatever, as we have already seen. 

Let us next consider the function y = x* Here y is continuous 
for every value of x, and y = 0 when x = 6 _ But the ratio y /x = x~* 
mcreases indefinitely as x approaches zero For abbreviation the 
derivative is said to be infinite for x — 0, the curve which repre¬ 
sents the function is tangent to the axis of y at the origin. 

Finally, the function 

1 

xe x 

y — -; 

1 + e* 

is continuous atz = 0,* but the ratio y jx approaches two different 
limits according as a; is always positive or always negative while 
it vs approaching zero When x is positive and small, e x,s is posi¬ 
tive and very large, and the ratio y/x approaches 1. But if x 
is negative and very small m absolute value, e l/ * is very small, and 
the ratio y/x approaches zero There exist then two values of the 
derivative according to the manner m which x approaches zero the 
curve which represents this function has a torner at*the origin 
It is clear from these examples that there exist continuous funo- 
tious which do not possess derivatives for particular values of the 
variable But the discoverers of the infinitesimal calculus confi¬ 
dently believed that a continuous function had a derivative in gen¬ 
eral Attempts at proof were even made, but these were, of course, 
fallacious. Finally, Weierstrass succeeded m settling the question 
conclusively by giving examples of continuous functions which do not 
possess derivatives for any values of the variable whatever.f But 
as these functions have not as yet been employed in any applications, 

* After the value zero has been aselfpied to y for x = 0 — Translator 
f Note read at the Academy nl Sciences of Berlin, July 18, 1872 Other examples 
are to he found in the memoir by Darboux on discontinuous functions (Annalee da 
Vteote Normoie 8up€nettre, Voi IV, 2d series). One of Weientrass's examples is 
,#lven later (Chapter IX) 
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•we shall not consider them here. In the future, when we say that 
a function /(*) has a derivative in the interval (a, b), we shall mean 
that it has an unique finite derivative for every value of x betwi in 
a and b and also for x = a (h being positive) and for x = b (ft being 
negative), unless an explicit statement is made to the contrary. 

6 . Successive derivatives. The derivative of a function f(x) is in 

general another function of If fix) in turn has a deriva¬ 

tive, the new function is called the second derivative of f(s), and is 
represented by y" or by f"( r) In the s:une way the third deriva¬ 
tive y"\ or f'"(x), is defined to he the demative of the second, and 
so on In general, the nth derivative y , "K or / (,,) (.rj, is the deriva¬ 
tive of the derivative of order (« — 1 ). If, in thus forming the 
successive derivatives, we never obtain a function which has no 
derivative, we may imagine the process earned on indefinitely. In 
this way we obtain an unlimited sequence of derivatives of the fune-* 
tion f(x) with which we started. Such is the case for all functions 
which have found any considerable application up to the present 
time. 

The above notation is due to Lagrange. The notation I)„y, or 
D n f(x), due to Cauchy, is also used occasionally to represent the 
nth derivative. Leibniz’ notation will be given presently. 

7. Rolle’s theorem. The use of denvatives in the study of equa¬ 
tions depends upon the following proposition, which is known as 
Molle’s Theorem: 

Let a and b be two roots of the equation f(r)= 0. If the function 
fix) is continuous and jiossesses a derivative in the interval (a, b), 
the equation f (x) = 0 has at least one root which lies between a and b. 

For the function f(x) vanishes, by hypothesis, for x = a and x = b. 
If it vanishes at every point of the interval (a, b), its derivative also 
vanishes at every point of the interval, and the theorem is evidently 
fulfilled. If the function f(x) does not vanish throughout the inter¬ 
val, it will assume either positive or negative values at some points. 
Suppose, for instance, that it has positive values. Then it will have] 
a maximum value M for some value of x, say which lies between 
a and b (§ 3, Theorem II). The ratio 

/(s, +ft)-/(*,) 

h 



tr 
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where A is taken positive, is necessarily negative or else zero. 
Hence the limit of this ratio, i.e. /'(x,), cannot be positive; i.e. 
/'(*,)< 0. But if we consider/'(xi) as the limit of the ratio 

f( x i ~ h ) ~ f( x i) 

- A ’ 

where h is positive, it follows in the same manner that ^ 0. 
From these two results it is evident that = 0. 

8 . Law of the mean. It is now easy to deduce from the above 
theorem the important law of the mean: * 

Let f (x) be a continuous function which has a derivative in the 
interval (a, b). Then 

a) m —/(«)=(* -om 

where c is a number between a and b. 

In order to prove this formula, let <f> (x) be another function which 
has the same properties as /(/), i e. it is continuous and possesses a 
derivative in the interval (a, b). Let us determine thiee constants, 
A, iS, C, such that the auxiliary function 

*(x)=.i/(x) + «*(*)+ r 

vanishes for x ~ a and for x — b. The necessary and sufficient 
conditions for this are 

A/(a) +£<*,(«)+ £' = 0, Af(b)+B4>(b)+ 0 = 0; 

and these are satisfied if we set 

A = <*.(«)-*(&), -/<«>. C =/(«)*(»>-/(*)*(«). 

The new function i/>(x) thus defined is continuous and has a derivative 
in the interval (a, b). The derivative i//(xj = -1 /'(*) f B <j>'(x) there¬ 
fore vanishes for some value e which lies between a and b, whence, 
replacing A and IS by their values, we find a relation of the form 

(V) O (b) - <f> (a)] f(r) = [f(b) - /(«)] 

It is merely necessary to take 4> (x) — x in order to obtain the equality 
which was to be proved. It is to be noticed that this demonstration 
does not presuppose the continuity of the derivative f'(x). 

*" Formule ties accroissements finis ” Tile French also use " Formule de la 
mofyenne ” as a synonym Other English synonyms are “ Average value theorem " 
and “ Mean value theorem.” — r J bans. 
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From the theorem just proven it follows that if the derivative 
f'(x ) is zero at each point of the interval (a, b), the function f(x) 
has the same value at every point of the interval; for the applica¬ 
tion of the formula to two values x„ x„ belonging to the interval 
(a, b), gives /(x,) = /(x 2 ). Hence, if two functions have the same 
derivative, their difference is a constant; a«d the converse is evi¬ 
dently true also. If a function Fix) be given whose derivative is 
/(x), all other functions which have the, same derivative are found by 
adding to F (x) an arbitrary constant.* 

The geometrical interpretation of the conation (1) is very simple. 
Let us draw the curve A Mlt winch repres' nts the function y — f(x) 
in the interval (a, b). Then the ratio [ /(&; — /(d)] j (h — a) is the 
slope of the chord AB, while /'(c) is the slope of the tangent at a 
point C of the curve whose abscissa is c. Hence the equation (1) 
expresses the fact that there exists a point C on the curve A MB, 
between A and B, where the tangent is parallel to the chord AB. 

If the derivative f'(x) is continuous, and if we let a and b approach 
the same limit x„ according to any law whatever, the number e, 
which lies between a and b, also appioaches x u , and the equation (1) 
shows that the limit of the ratio 

mizii& 

b — a 

is /'(x 0 ). The geometrical interpretation is as follows. Let ns 
consider upon the curve y — f(x) a point M whose abscissa is x„, 
and two points A and B whose abscissa; are a and b, respectively. 
The ratio [/(*)—/(«!]/(* — «) is equal to the slope of the chord 
AB, while f'(x 0 ) is the slope of the tangent at M. Hence, when 
the two points A and B approach the point M according to any law 
whatever, the secant AB approaches, as its limiting position, the 
tangent at the point M. 


* This theorem is sometimes applied without due regard to the conditions imposed In 
Its statement, let / (ar) and <p (?), for example, be two continuous functions which have 
derivatives /'(as), </>'(?) In an interval (a, b) if the relation /'(a-) <p(?) — f(?) 0'(*)= 0 
is satisfied by those four functions, it is sometimes accepted as proved that the deriva- 
tiveof the function// <p, or [/'(?) <t> (?) - /(*) f'(*)l/0 s . is zero, and that accordingly 
//<)> is constant in the interval (a, b ). Bur this conclusion is not absolutely rigorous 
unless the function <f> (?) does not vanish In the interval (a, 6). Suppose, for instance, 
that <t> (?) and (p'(? both vanish for a value c between a and 6. A function/(r) equal 
to C’i / (?) between a and c, and to C- 2 '1 (?) between c and b , where f) and C 2 are dif¬ 
ferent constants, is continuous and has a derivative in the interval (a, b ), and we have 
f'(x)4>(r) -f(x)<t>'(x) = 0 for every value of x in the interval. The geometrical 
Interpretation is apparent. 



OHHHV ATIVfcS A«y LUfFi;ttiSliNH AUa 


fr «8 


Tkis does not hold in general, however, if the derivative is not 
continuous. For instance, if two points be taken on the curve 
y to a*,.on opposite sides of the y axis, it is evident from a figure 
that the direction of the secant joining them can be made to approach 
any arbitrarily assigned limiting value by causing the two points to 
approach the origin according to a suitably chosen law. 

The equation (l 1 ) is sometimes called the generalized law of the 
mean. From it de l’Hospital’s theorem on indeterminate forms fol¬ 
lows at once. For, suppose f(a) = 0 and 4>( a ) — 0- Replacing b 
by x in (1'), we find 

/(*) _ /'(x») 

<b(x) </>'(!,) 

where x, lies between o and x. This equation shows that if the 
ratio f'(x)/<f)'(x) approaches a limit as x approaches a, the ratio 
f (x) / 4> (x) approaches the same limit, if f(a) — 0 and 4>(a) = 0. 


9. Generalizations of the law of the mein. Various generalizations of the law 
of the mean have been suggested The following one is due to Stleltjcs (Bulletin 
deia SocUU Mathemahque , Vol XVI, p 100). For the sake of definiteness con¬ 
sider three functions, /(x), g (/), h(x), each of which has derivatives of the first 
and second orders let a. b, i be thiee particular values of the variable (a < b < e). 
Let A be a number defined by the equation 


/(a) g (a) h (a) 


1 a a* 

/(*>) 9(b) h (5) 

- A 

1 A b» 

/(c) g (c) A(c) 


Ice* 

/(<*) 9(a) h(a) 


Ida* 

f(b) g(b) A (A) 

- A 

1 b A* 

f{x) g(z) h(x) 


1 X X 3 


be an auxiliary function. Since this function vanishes when z o 6 and when 
x * c, its derivative must vanish for some value f between b and r. Hence 


/(«) 

9(a) 

A (a) 


1 

a 

a* 

f(b) 

9(b) 

A (A) 

- A 

1 

b 

A* 

AO 

/(!-) 

*'<f> 


0 

1 

2f 


Kile replaced by z in the left-hand Bide of this equation, we obtain a function 
of x which vanishes when z = a and when x = 5. Its derivative therefore van¬ 
ishes for some value of x between a and b, which we shall cal) f. The new 
equation thus obtained is 


/(a) g (a) A(«) 


la a 1 

/'({) 9'(i) h’(() ] 

— A 

o i n 

/'(f) 1/(0 h'lt) | 


0 1 2f 


Finally, replacing f by z in the left-hand side trf this equation, we obtain a func¬ 
tion of x which vanishes when * and when x as f. Its derivative vaslehee 
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for gome value ij, which lies between £ and f and therefore between a and c. 
Hence A must have the value 


iA = 


_1_ 

1.2 


/ (<*) g (a) h (a) 
/'(f) g'( f) *'(£) 
/» g"(v) h”(v) 


where £ lies between a and b, and 77 lies between a and e 

This proof does not- tiresnnnnsp the continuity_of the second derivativee 
f"(x), g"(x), h"(x). I f these deri vativee are contin uous, and if th e va lues a, f>, c 
approach the sameUmit ar.i, we have, m the limit, 


limxl 


] / (A>) 9 (*■>' h (X 0 ) 

rr; /' (*») 9 ' Ow V (x 0 ) 

f"(x 0) y"(Xo) h"(x 0) 


Analogous expressions exist for n functions and the proof follows the same 
lines. If only two functions/(x) and g (x) are taken, the formula reduce to the 
law of the mean if we set g( x) = 1 

An analogous generalization lias been given by Schwarz (Annah di Mathe¬ 
matical 2d series, Vol X) 


II. FUNCTIONS OF SEVERAL VARIABLES 

10. Introduction. A variable quantity o> whose value depends on 
the values of several other variables, x, y, z, ■ , t, which are in¬ 
dependent of each other, is called a function of the independ¬ 
ent variables x, y, z, , t. and this relation is denoted by writing 
to =f(x, y, z, • , t ). F01 definiteness, let us suppose that <u = f(x, y) 

is a function of the two independent variables x and y- If we think 
of x and y as the Cartesian coordinates of a point in the plane, 
each pair of values ( x, y) determines a point of the plane, and con¬ 
versely. If to each point of a certain region A in the xy plane, 
bounded by one or moie contours of any form whatever, there 
corresponds a value of <0, the function f(x,y) is said to be defined 
in the region A. 

Let (x 0) y„) be the coordinates of a point M 0 lying in this region. 
The function fix, y) is said to be continuous for the pair of values 
(x„, y„) if, corresponding to any preassigned positive number t, another 
positive number y exists such that 

|/0« + h, y 0 + /,-) - f(x llt y 0 )\<t 
whenever | h | y and | k j < y. 

This definition of continuity may be interpreted as follows. Let 
us suppose constructed in the xy plane a square of side 2y about 
iW 0 as center, with its sides parallel to the axes. The point it, 
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whose coordinates are x 0 + h, y a + k, will lie inside this square, if 
jAj < 17 and j£| < 77 To say that the function is continuous for the 
pair of values (x 0 , y 0 ) amounts to saying that by taking this square 
sufficiently small we can make the difference between the value of 
the function at ,i/ g and its value at any other point of the square lees 
than e in absolute value 

It is evident that we may replace the square by a circle about 
(*„, y„) as center For, if the above condition is satisfied for all 
points inside a square, it will evidently be satisfied for all points 
inside the inscribed circle And, conversely, if the condition is 
satisfied for all points inside a circle, it will also lie satisfied for all 
points inside the square inscribed in that circle We might then 
define conti nuity by saying that an rj exists for every «, such that 
whenever V/i J + k 1 < 17 we also have 

|/(*o + h, y a + k) -/(-c 0 , y„) | < t 

The definition of continuity for a function of 3, 4, , n inde¬ 

pendent variables is similar to the abote 

It is clear that any (ontinuous function of the tv o independent 
variables x and y is a continuous function of each of the variables 
taken separately However, the converse does not alway s hold * 

11. Partial derivatives If any constant value whatever be substi¬ 
tuted for y, for example, 111 a f ontinuous function f(.r, y), theie 
results a continuous function of the single variable * The denva- 
tive of this function of x, if it exists, is denoted by /(. t, y) or by <a r 
Likewise the symbol or /(x, y), is used to denote the derivative 
of the function f(x, y) when x is regarded as constant and y as the 
independent variable The functions f r (x, y) and f t (x, y) are called 
the partial derivatives of the function f(x, y) They are themselves, 
m general, functions of the two vanables * and y If we form tlieir 
partial derivatives in turn, we get the partial derivatives of the sec¬ 
ond order of the gi\ eu function / (x, y) Thus there are four partial 
derivatives of the second order,/, (x, y),/ v (x, y),/ x (x, y),f+(x, y). 
The partial derivatives of the third, fourth, and higher orders are 


•Consider, for Instance, the function/ (a;, y), which is equal to 2ry/(x> + y*) when 
the two variables / and y are not both zero, and which is zero when x = y = 0 It is 
evident that this is a continuous {unction of r when y is constant, and vice versa 
Nevertheless it is not a continuous function of the two independent variables 2 and y 
1 the pair of values * = 0, y * 0 For,it-the.point {x, y) approaches the origin upon 
I the line *= y, the fnnctlon/(x, y) approaches the limit 1, and not zero. 8tich functions 
) have been studied by Baire in bis thesis 
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defined similarly. In general, given a function o> =/(*, - • •» 0 

of any number of independent variables, a partial derivative of the 
nth order is the result of n successive differentiations of the function 
/, in a certain order, with respect to any of the variables which occur 
in/. We will now' show that the result does not depend upon the 
order in which the differentiations are carr.ed out. 

Let us first prove tke following lemma: 

Let <■> — f(x, y) be a function of the two variables x and y Then 
f r , : = / , provided that three two derivatives are cont'nunus. 

To prove this let us first wnte the expression 

v -f( r ¥ Ax, y + A//) -/(r, y 4 - Ay) — f(x + Ax, y) +f(r, y) 

in two different forms, when- we suppose that x, y, A-r, Ay have 
definite values. Let us introduce the auxiliary function 

<£('•)= t’(x + Ar, r) — f(x, v), 
where v is an auxiliary variable. Then we may write 
U = <t>(y + Ay) — </> (y). 

Applying the law of the mean to the function d>(r), we have 

V = Ay <j>„ (y 4 0Ay), where 0 < 6 < 1; 

or, replacing <f>„ by its value’, 

O = Ay[/„(.r + A.r, y + 0Ay) - f y (x, y + 0Ay)]. 

If we now app'y the law of the mean to the function /„(?/, y 4- 9Ay), 
regarding u as the independent variable, we find 

f ’ = Ar Ay/ VT (r + 9’Ax, y + 9Ay), 0 < 0' < 1. 

From the symmetry of the expression V in x, y, Ax, Ay, wc see that 
we would also have, interchanging x and y, 

r; = Ay A xf„ (x + 6‘. Ax, y + <9. Ay), 

where. 9, and 6[ are again positive constants less than unity. Equat¬ 
ing these two values of l' and dividing by Ax Ay, we have 

fry (* + Q’i Av, y + 0, Ay) =/;, (a- 4 9' Ax, y + 9Ay). 

Since the derivatives f r ,(x, y) and f v ,(x, y) are supposed continuous, 
the two members of the above equation approach f ry (x, y) and 
f„(x, y), respectively, as A.r and Ay approach zero, and we obtain 
the theorem which we wished to prove. 
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It is to be noticed in the above demonstration that no hypothesis 
whatever is made concerning the other derivatives of the second order, 
f d , and fyt- The proof applies also to the case where the function 
f^at, y) depends upon any number of other independent variables 
besides x and y, since these other variables would merely have to 
fegarded as constants in the preceding developments. 

Let us now consider a function of any rfcmber of independent 
variables, 

<■>=/(*»&*» • «)» 


and let O be a partial derivative of order n of this function. Any 
permutation in the order of the differentiations which leads to 11 
can be effected by a series of interchanges between two successive 
differentiations; and, since these interchanges do not alter the 
result, as we have just seen, the same will be true of the permuta¬ 
tion considered. It follows that in order to have a notation which 
is not ambiguous for the partial derivatives of the nth order, it is 
sufficient to indicate the number of differentiations performed with 
respect to each of the independent variables. Fui instance, any nth 
derivative of a function of three variables, <u = / (x, y, z), will be 
represented by one or the other of the notations 


(, r : y< *), y> z )> 

where p + y + r = n* Either of these notations represents the 
result of differentiating f successively p times with respect to r, 
q times with respect to y, and r times with respect to z, these oper¬ 
ations being carried out in any order whatever. There are three 
distinct derivatives of the first order, f c , f t , f t ; six of the second 
order, f ^„, J \ jt . t ' IZ ; and so on. 

In general, a function of p independent variables has just as many 
distinct derivatives of order n as there are distinct terms in a homo¬ 
geneous polynomial of order n in p independent, variables; that is, 

(n+l)(n + 2) (n + p — 11 

i.2. ...(p-2)(p-iy~’ 

as is shown in the theory of combinations. 

Practical rules. A certain number of practical rules for the cal¬ 
culation of derivatives are usually derived in elementary books on 


* The notation /, y, z) I* used Instead of tile notation (i, y, z) tor 

simplicity. Thus the Dotation /*,(x, y), need in place of /" (*, p), is simpler and 
equally clear.—T rans. 
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the Calculus. A table of such rules is appended., the function and 
its derivative being placed on the same line • 

i y = x a , y'^ax*' 1 ; 

\ y = a r , y< = a* log a, 

where the symbol log denotes the natural logarithm; 


II 

S* 

if 

S 11-^ 

y — sin a*, 

y' = cos x , 

If = COS J-y 

y' — sin x ; 

, 1 

y = arc sin 

y' ~ —, —— i 

± Vl - T* 

y — aic tan a*, 

, _ 1 ; 

J 1 + x" ’ 

y = ui', 

//' = n'v 4 - ur 1 ; 

u 

, )i 1 r — u n’ 

y = -> 

V 

y — a > 

V* 

y =/(«). 

Vx =./'('<) 1 

y =/(«, 1 >, w), 

Vx = »,/, + "xf + «',/„■ 


The last two rules enable us to hnd the derivative of a function 
of a function and that of a composite function if /„,/ axe con¬ 
tinuous Hence we can find the successive dematives of the func¬ 
tions studied ui elementary mathematics,- polynomials, rational 
and irrational functions, exponential and logaiithnnc functions, 
trigonometric functions and then inverses, and the functions deriv¬ 
able from all of these by combination 

For functions of seveial vanables there exist ceitam foirnul® 
analogous to the law of the mean Let us consider, for definite¬ 
ness, a function f(x, y) of the two independent variables x and y. 
The difference f(x + h, y + /.) — f(x, y) may be wi itten in the form 

f(x + h, y + k) -fix, y) = [/far + h,y + k) -f(x, y + A)] 

+[/(*> ? + *)-/(*» y)]» 

to each part of which we may apply the law of the mean. We 
thus find 

f(x + h, y + i) -/( x, y) = hf,{x + Oh, y + k) + kf„(x, y + 0'k), 

where 0 and $’ each lie between zero and unity. 

This formula holds whether the derivatives f x and /„ are continu¬ 
ous or not. If these denvatives are continuous, another formula, 
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similar to the above, but involving only one undetermined number 
$, may be employed.* In order to derive this second formula, con¬ 
sider the auxiliary function <j>(t)=f(x + ht, y + kt ), where x, y, h, 
and k have determinate values and t denotes an auxiliary variable. 
Applying the law of the mean to this function, we find 

<#>(i)-<#>(0)= <*>'(0), o<e<i. 

Now <j> (t) is a composite function of t, and its derivative i8 

equal to hf x (x + ht, y + kt) -f kf, (x + fit, y + kt ); hence the pre¬ 
ceding formula may be written in the form 

f(x + h,y-\-k) -f(x, y ) = hf r (x + 6h,y+ 6k) + kf v (x + 8h,y + 8k). 

12. Tangent plane to a surface. We have seen that the. derivative 
' of a function of a single variable gives the tangent to a plane curve. 
Similarly, the partial derivatives of a function of two variables occur 
in the determination of the tangent plane to a surface. Let 

(2) v = F(x, y) 

be the equation of a surface S, and suppose that the function F(x, y), 
together with its first partial derivatives, is continuous at a point 
(* 0 , y<>) of the ry plane. Let lie the corresponding value of z, 
and ,V„ (x a , y a , z 0 ) the corresponding point on the surface S. If 
the equations 

(3) * =/(/), ?/ = <#>('). * = *(0 

represent a curve C on the surface .S through the point M 0 , the 
three functions /(f), </>(<), \p(t), w'hich we shall suppose continuous 
and differentiable, must reduce to s a , y Q , respectively, for some 
value t„ of the parameter t. The tangent to this curve at the point 
Me is given by the equations (§ 5) 

f4 \ £ - r ° _ v '~y° = £ - g ° 

' /'(to) +'«,) f(<») 

Since the curve dies on the surface .S’,the equation <j/(t)~ F[f(t), <£;/)] 
must hold for all values of f j that is, this relation must be an identity 

* Another formula may be obtained which involves only one undetermined number 9, 
and which holds even when thederivatlves/, and/,, are dismal inuous. For the applica¬ 
tion of the law of the mean to the auxiliary function ip(t)=/(x+ht, y + k) + /(x,y+fct) 
gives 

*<i>-*(o) = *'(*), o<e<i, 

or 

/(* + A, 1/ + k) -/(x, y) = A/,(x + 6h, y + Jr) + kf,(x, y + 9k), 0<d<l. 

The operations performed, and hence the final formula, all hold provided the deriva¬ 
tives/, and4merely exist at the point* <r + ht, y + *), (x, y -f kt), 0 £f g I. — Tkaks. 
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in t. Taking the derivative of the second member by the rule for 
the derivative of a composite function, and setting t ---- t 0 , we have 

( 5 ) *'(«.) = f\h) F h + +'(«.) F u . 

We can now eliminate /'(f 0 ), <p'(t n ) between the equations (4) 

and (5), and the result of tins elimination it 

( 6 ) Z = (- V ~ *.) J\ +(Y~ V») 1\ 

This is the equation of a plane winch is the locus of the tangents to 
all curves on the surface through the poin‘ M„. It i • called the tan¬ 
gent plane to the svrfau. 


13. Passage from increments to derivatives We haie defined the successive 
derivatives in terms of each other, the derivatues of order n being derived from 
those of order (n — 1), and so forth It is natuiai to inquire whether we may 
not define a dernative of any ordei as the limit of a certain ratio directly, with¬ 
out the intervention of derivatives of lower order We have already done some¬ 
thing of this kind for /,„ (§ 11), for the demons! ration given above shows that/a, 
is the limit of the ratio 


f(x + Aaqjy + Ay) - f(x +■ Ax, v) - /(*. v + Ay) + f(x, y) 

Ar Ay 

as Ax and Ay both approach zero. It can be shown in like manner that the 
second derivative f of a function /(f ) of a single variable is the limit of the 
ratio 

f(s+ h\ 4- A 2 ) * /(x hi) — f (z 4- hg) 4-/(x) 

~hh t 

as hi and Aj both approach zero 
For, let us set 

ft (x) = /(x + hi) 

and then write the above ratio m the form 


or 


/i(x + A 2 ) - f, (z) _ fj( x + eh a ) 
h\ A 2 hi 


0 < 3 < 1 ; 


f’(x 4- hi 4- Bh%) — f'(x 4- Bh/) 
hi 


~ f "(f 4 B'h\ 4- 0Aa), 


0<9'<1. 


The limit of this ratio is therefore the second derivative /", provided that 
derivative is continuous , 

Passing now to the general case. :C', us consider, for definiteness, a function of 
throe independent variables, <v -/(x, y, z). Let us set 

A*u> = /(x 4- A, V , z) -/(x, y, z), 

Ajw = /(x, y 4- *, z) -/(i, y, z), 

A'w = /(x, y, z -H) -/(x, y , z), 

where A*«, A*u, A' u are the.first increments of u>. If we consider A, k, l as given 
constants, then these three first increments are themselves functions of x, y } z, 
and we may form the relative increments of these functions corresponding to 




. derivatives and differentials 


[LS13 


.■ w 


increments ki, k it li of the variables. This gives us the second increments, 
A^aJw, A*'A‘ui, • This process can beoontinued indefinitely; an Increment 
of order n would be defined as a first increment of an increment of order (n — 1). 
Since we may invert the order of* any two of there operations, it will be suffi¬ 
cient to indicate the successive increments given to each of the variables. An 
increment of order n would be Indicated by some such notation as the following: 

= 4‘4* • • •. A ' z 'f(x, y, z), 


where p 4- g + t = ft, and where the increments h, k , l may be cither equal or 
unequal. This increment may be expressed in terms of a partial derivative of 
order n, being equal to the product 


h\hii • • • • • kql\ ■ • ■ l r 

x /«**»(£ + Mi 4 • • + M/m y + Biki + ■ 4 e'qkq, i + B'x'h + . •. 4 CM, 

where every $ Jit's between 0 and 1. This formula has already been proved for 
first and for second increments. In order to prove it in general, let ub assume 
that it holds for an increment of order (n — 1), and let 

<p(z, y, Z) = A*’ .. A>A*' • a‘*a'‘ ■ ■ • a'//. 

Then, by hypothesis. 


${x y l/i z ) ~~ ha-• k v 4rj. > k q l\- i, fx?~ As~t- * ■ • 4- tiphp, y 4* ■ ■ •, z+ ’ • *)• 

But the nth increment considered is equal to 4>(x 4 hi. y, z) - tf>(x, y, z); and if we 
apply the law of the mean to this increment, we finally obtain tho formula sought. 

Converaely, the partial derivative/ xPy „- is the limit of the ratio 

A*' A> - A> A*’_Aj* a ' 1 A = V 

Ai/ij A,, tiftj- kqly l r 
as all the increments h, k, l approac h zero. 

It is interesting to notice that this definition is sometimes more general than 
the usual definition. Suppose, for example, that a - fix, y) = 0 (r) + f (y) is a 
function of x and y, where neither </> nor yi has a derivative. Then a also has 
no first derivative, and consequently second derivatives are out of the question, 
in the ordinary sense Nevertheless, if we adopt the new definition, the deriva¬ 
tive /„ is the limit of the fraction 

/(* + h. y + k) -/hr 4- h. y) - fix, y + k) +/(x , y) 
hk 

which is equal (0 

♦ {*_+ It) + 'Hv + k) - <h(x + A) - (if) - <t>{z) ~^(y + k) + 1 fijz) + (y) 

hk 


But the numerator of this ratio is identical!* 1 zero. Hence the ratio approaches 
zero as a limit, and We find /„ = 0.* 


• A similar remark may be made regarding functions of a single variable. For 
example, the function/(z) = z 3 cos 1/* has the derivative 

fix) = Saccos- 1 + zsin I. 

x x 

and /'(*) has no derivative lor z ~ 0. Bat the ratio 
.reiri) ~ ‘If la) 4 -/(0) 

~ a 1 

or haeos(i/2a) - 2«cos(l/a), ha* the limit zero when a approaches zero. 



MM] 


THE DIFFERENTIAL NOTATION 


19 


III. THE DIFFERENTIAL NOTATION 

the differential notation, which has been in use longer than a iy 
other,* is due to Leibniz. Although it is by no means indispensable, 
it possesses certain advantages of symmetry and of generality which 
are convenient, especially in the study of functions of several varia¬ 
bles. This notation is founded upon the use of infinitesimals. 

14. Differentials Anj variable quantity which approaches zero as 
a limit is called an infinitely wall quanti >, or simply an infinitesi¬ 
mal. The condition that the quantity be tanableqs essential, foi 
a constant, however small, is not an infinitesimal unless it is zero. 

Ordinarily several quantities are considered which approach zero 
simultaneously. One of them is chosen as the standard of compari¬ 
son, and is < ailed the principal infinitesimal. Let <r be the principal 
infinitesimal, and /9 another infinitesimal. Then B is said to be an 
infinitesimal of higher order with rispect to a, if the ratio B/a 
approaches zero with a On the other hand B is called an infini¬ 
tesimal of the first order with iespeet to tr, if the ratio fi/a 
approaches a limit A different from zero as a approaches zero. In 

this case, 

' B 

e = K + c, 

« 

where t is another infinitesimal with respect to a Hence 
B — a (A <) = An + at, 

and Ka is called the principal part of B The complementary teim 
ore is an infinitesimal of higher ordei with respect to a In general, 
if we can find a positive powei of <r, say a", such that fi / «" 
approaches a finite limit A" different from zero as a approaches 
zero, B is called an infinitesimal of order n with respect to a. Then 
we have 

J; = K + €, 

or 

B = a’(K + () = Ka” + «V 

The term Ka r* is again called the principal part of /3. 

Having given these definitions, let us consider a continuous func¬ 
tion y — f (*), which possesses a derivative fix). Let Aar be an 


With the possible exception or Newton’s notation.—T rans 
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increment of x, and let Ay denote the corresponding increment of y. 
From the very definition of a derivative, we have 


Ay 

Ax 


=/'(*)+«, 


where t approaches zero with Xx. If A?: be taken as thfi.principal 
infinitesimal, Ay is itself an infinitesimal whose principal part is 
f'(x) Ax.* This principal part is called the differential of y and is 
denoted bv dy. 

rfy=/'(r) Ar. 

When f(x) reduces to x itself, the above formula becomes dx = \x\ 
and hence we shall write, for symmetry, 


dy=f\x)dx, 


where the increment dx of the independent variable r is to be given 
the same fixed value, which is otherwise arbitrary and of course 
variable, for all of the several dependent 
functions of r which may lie umloi consid¬ 
eration at the same time. 

Let us take a curve c whose equation is 
y=/(jr), and consider two points on it, .1/ 
and M 1 , whose abscissa- are x and x 4- dx, 
respectively. In the triangle M7W we have 

,Y7'= MX tan Z 711.V = drf(x). 



Hence d_7' represents the differential dy, 
while Ay is equal to AW. It is evident from the figure that M'T 
is an infinitesimal of higher order, in general, with respect to XT, 
as M' approaches M, unless MT is parallel to the x axis. 

Successive differentials may lie defined, as were successive deriv¬ 
atives, each m terms of the preceding. Thus we call the differ¬ 
ential of the differential of the first, order the differential nf the 
eerond order, where dx is given the, same value in both cases, as 
above. It is denoted by tPy . 


<Py = d(dy) = inx)dx]dx =/"<>) (dx)'. 
Similarly, the. third differential is 


d*y = d(<Py) = [f"(x)dx'] dx =f"(x) (dxY, 


•Strictly speaking, we should hero exclude the ease where f(r) - 0. It is, how- 
sver, convenient to retain the same definition ot ily Xz in this cane also, 

even though it is not the principal part nf Xy. — Trash. 
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and so on. 
(n — 1) is 


In general, the differential of the differential of order 

d"y - /<•>(* c)dx". 


The derivatives /'(x), /"(*), /'"’(x), ••• can be expressed, on 

the other hand, in terms of differentials, and we have a new nota¬ 
tion for the derivatives: 


, dy 
J dx 


d l y 

dx? ’ 


d n 
dx" ’ 


To each of the rules for the calculation of a derivatii corresponds 
a rule for the calculation of a differential. Em example, we have 


d x m = ms" 
d log x = —» 


'dx, 


d are sin x = 


dx 


± Vl 


d u x — a x log a dx ; 

d sin x = cos x dx ; 

, dx 

d an tan x — --:• 

1 + 


Let us consider for a moment the case of a function of a function. 
Let y = f(u), where u is a function of the independent variable x. 
Then 

y, =/(«)",. 

whence, multiplying both sides by dx, we get 
yj/.c =/(«) x v x dx-, 


that is, 


dy =f(")du. 


The formula for dy is therefore the same as if u were the inde¬ 
pendent variable. This is one of the advantages of the differential 
notation. In the derivative notation there are two distinct formula;. 


V, =/V), ?/,=/(«)«» 

to represent the derivative of y with respect to x, according as y is 
given directly as a function of x or is given as a function of x by 
means of an auxiliary function u. In the differential notation the 
same formula applies in each case.* 

If y =f(u, v, w ) is a composite function, we have 

y T — «,/„ + v xf + 

at least it aie continuous, or, multiplying by dx, 

y T dx = v r drf, + vjxf + w x dxf w \ 


* Tills particular advantage slight, however: tor the last formula above is equally 
well a general one ami covers both the cases mentioned. — Trans. 
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that is, 


dy =f,du +f,dv +f„dw. 


Thus we have, for example, - 

d (uv) = udv + v du, 



vdu — udv 


The same rules enable us to calculate the successive differentials. 
Let us seek to calculate the successive differentials of a function 
y =f(u), for instance. We have already 

dy = f'(u)du. 

In order to calculate <Py, it must be noted that du cannot be regarded 
as fixed, since u is not the independent variable. We must then 
calculate the differential of the composite function f(u)du, where u 
and du are the auxiliary functions. We thus find 


cPy = f"(u)did + f'(u)cPu. 

To calculate <Py, we must consider iPy as a composite function, with 
it, du, (Pu as auxiliary functions, which leads to the expression 


tpy = /'"(it) du* + 3 f"(u)du cPu +f(u)d*u ; 

and so on. It should be noticed that these formula; for ePy, d*y, 
etc., are not the same as if it were the independent variable, on 
account of the terms <Fu, d*u, etc.* 

A similar notation is used for the partial derivatives of a function 
of several variables. Thus the partial derivative of order n of 
f(x, y, z), which is represented by fj.,^ in our previous notation, 
is represented by 

d'f 

p + q + r = n. 


in the differential notation.! This notation is purely symbolic, and 
in no sense represents a quotient, as it does in the case of functions 
of a single variable. 


15. Total differentials. Let u> = f(x, y, z) be a function of the 
three independent variables x, y, z. The expression 

du, = dx + & dy + & dz 


* This disadvantage would seam completely to offset the advantage mentioned 
above. Strictly speaking, we should distinguish between d^J/ and d^y, etc. — Tltiss. 

t This nsa of the letter d to denote the partial derivatives of a function of several 
variables Is doe to Jacobi. Before his time the^Mneletmr d was used as la used for 
the derivatives of a function of a tingle variaaBSP® 8 *^ 
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is called the total differential of to, where dr, dy, dz are three fixed 
increments, which are otherwise arbitrary, assigned to the three 
independent variables x, y, z The three products 





are called partial differentials 

The total differential of the setond order d?o> is the total differ 
ential of the total diffeientnl of the first older, the increments 
dx , dy, dz remaining the .ame as we pass fiom one lifferential to 
the next higher Heine 


d 2 to—d (dot) 

or, expanding, 
d?0) = 


( du j o dto t do) 

- dx H- dy H- dz ; 

< x ( '! <■- 


f? 2 f t f c-f 

tt dx H- dy -- dz ) dx 

ex 1 (xcy rrez 


/ gy 

\0X 01 


f .u + rfj JO.J, 

<y 2 dy r~ 


•oy 
iff 
ycr o. 

C*f ( l f r^f 

= Adx i + ~±. o..i , r r 


dy 


f -dr+^ f -d l/+ %l-\dz 
oz ry c~, f!~J ) 


te‘ dx> + Zp ,, * ,+ & d * 

+ 2 ----- dx dy + 2 - lf Aid- - 1-2 dy dz 

<x cy cx (- cy oz 


If e 1 / be replaced b> cp, the iiglit-liand side of this equation 
becomes the square of 


b - f dx + 


of 

dy 


dy + 



We may then write, symbolically, 

- /*/. Zf, df 

d t» — dx + — dy -\ - d; 

\cx oy cz 



it being agreed that dp is to be replaced by d‘f after expansion 
In general, if we call the total differential of the total differential 
of order (n —1) the total differential of order n, and denote it by 
d*ut, we may write, in the same symbolism, 

% dx+ % dy+ °£ dz ) ’’ 

where Sf n is to be replaced by 8 n f after expansion , that is, in onr 
ordinary notation, 



n 


derivatives and differentials 


[Mis 


frf 

<*“ <■> = SA^ djrdyd*', p + q + r = n, 

where 

A = " ! ■ 

rqr p\q\ r! 

Is the coefficient of the term a f b'>c r in the development of (a + b -f c)*. 
For, suppose this formula holds for rf"<u. We will show that it then 
holds for d" + l <u; and this will prove it m general, since we have 
already proved it for n = 2. From the definition, we find 


if-'a. = d(d" oi) 


= 5 A. 


r ^ +i / 

\_cx }‘ 4 x S>j q 6~S 


dx ,: *' thp dz r H-—— f— dx 1 ’ ihf + 1 dz’ 

■ cx“cy‘ + l SN 


_ S'* 1 / 

dx v StJ , oz 


- - dx r dtj" dz r *' 


] 


whence, replacing <> + , /hy bf" *the right-hand side becomes 
rf* 


or 


%A ^Z^c^ ds " dlfl! 






f dx + C - f d,J + -Sdz ), 

ry J cr. /’ 

^ dx + dy + dz) . 

s'" * «tt f 


\c.r cy * cz 

Hence, using the same symbolism, we may write 


d"* ‘<0 = ( r f dx + c f d>, + < f dzY*'\ 
\cx cy • r.~ / 


Note.. Let us suppose that the expression for dw, obtained in any 
way whatevei, is 

(7) ' dot = P dr + Q dy + II dz, 

where P, Q, R are any functions x, y, z. Since by definition 


We must have 


dot 


C ui , C w , 

— dx - dy + 

Cx Cy 



(SH- 


/Su _ 


/Sot _ 


]dx+ [^~ Q ) d y + [£-*)** 

where dx, dy, dz axe any constants. Hence 
So 


0, 


( 8 ) 


dx 


G to C to 

= P ’.^ = Q ’ 


The single equation (7) is therefore equivalent to the three separate 
equations (8); and it determines all three partial derivatives at onoe. 
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In general, if the ntli total differential be obtained in any way 
d" w -- 2 f p<ir dx p dip dz r ; 

vqr ai e lespectively equal to the corresponding 
nth derivatives multiplied by certain numerical factors. Thus all 
these derivatives are deteimined at once ’Ve shall have occasion 
to use these facts piesently 


whatever, 

then the coefficients f 


16 Successive differentials of co mposite functio ns Let u> = F (u, v, w) 

be a composite function, u, o, id being themselves functions of the 
independent varuLiles x ,)/, , t The part, il derivatives may then be 
written down as follow s 


8w _ dr c ii tFdi Cw 

OX Cu CX Ci cx at cx 

bw _ 81 i ii ci o'v cF dw 

dij Pu cy co Cij cw dy 

8id _ 8h bit 8f co dr 8w 

bz 8u cz ct cz 8u> 8z ’ 

8w _ brbv cF bo cF dw 
ct oii ct co ct 8iv bt 


If these four equations be multiplied by dx, dy, dz, dt, respectively, 
and added, the left hand sidi becomes 


c to 
cx 


dx 4- -™dy- 
c t! 





that is, dw , and the coefficients of 


SF cF dr 

Cu do cw 


on the right-hand side are du, dt, dw, respectively Hence 

(9) dw = 3 ^- du 4- — dv + — dw, 

and we see that the expression of the total differential of the first 
order of a composite function iv tin s<ime_as if the auxiliary functions > 
were the independent variables This is one of the main advantages 
of the differential notation The equation (9) does not depend, in 
form, either upon the numbei oi upon the choice of the independent 
variables , and it is equiv alent to as many separate equations as 
there are independent variables 

To calculate drw, let us apply the rule just found for dw, noting 
that the second member of (9) involves the six auxiliary functions 
u, v, w, du, dv, dw. We thus find 
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d*a> — 


+ 


&F 
du 3 
S 2 F 
du dv 
c*F 
du dw 


du 2 4- 


du dv + 


du dw 4- 


PF . . , d 2 F , , , dF _ 

r- du dv + a a- dudw + 3- cPu 

du dv du dw ou 


d*F 
dv 2 

b 2 f 

dv dw 


du 2 + 


dv dw + 


PF . . , 8 F „ 

5 — 5 - dv dw + s- <Fv 

OV OW OV 


c-F 
dw 2 


dF 

dw ® -f 3— cPw, 
dw 


or, simplifying and using the same symbolism as above, 




dF ,dF, dF . 
— du + -x- dv + dw I 
ou ov dw / 


\m , oF ,, , 2/-’ „ , 8F„ 

+ .-(i’tH-- rf’tf + iffw. 

ou cv dw 


This formula is somewhat complicated on account of the terms in 
<Pu , of* i’, tPtv, which drop out when u, r, w are the independent 
variables. This limitation of the differential notation should be 
borne in mind, and the distinction lietween d*iu in the two cases 
carefully noted. To determine ifu, we would apply the same rule 
to d*ui, noting that tP <„ depends upon the nine auxiliary functions 
u, v, w, du, dv, dw, cPu, cP v, d 2 w ; and so forth. The general expres¬ 
sions for these differentials become more and more complicated; 
cf“o, is an integral function of du, dv, dw, tPit, ■ ■, d" u, d" v, d“w, and 
the terms containing dr u, tP v, d" w are 


dF ^ dF , dF. 

~— dr u -f- - 7 — crtr -f- — drw. 
ou Or ow 


If, in the expression for d'w, u, v, w, du, dv, dw, ■ ■ be replaced by 
their values in terms of the independent variables, d" w becomes an 
integral polynomial in dx, dy, dx, ■ ■ whose coefficients are equal 
(cf. Note, § 15) to the partial derivatives of w of order n, multiplied 
by certain numerical factors. We thus obtain all these derivatives 
at once. 

Suppose, for example, that we wished to calculate the first and 
second derivatives of a composite function o> — f(u), where « is a 
function of two independent variables u = <f> (x, y). If we calculate 
these derivatives separately, we find for the two partial derivatives 
of the first order 


( 10 ) 


_ dot du dot d<e du 

dx du dx dy du dy 


Again, taking the derivatives of these two equations with rospeft 
to x, and then with respect to y, we find only the three follo#fj$i^ 
distinct equations, which give the second derivatives: 
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■ Pm = Pu/jhiy da pu 

8x 2 cii* \ 8x) dii dx* 

<Po> _ 3 2 <u du 8u 8a> 8*u 

' ' 8x By cit 2 Ox dy ou 8x dy 

i'ia _8 1 m/8u\ t da '•’tt 

- oy i Cu- \Cy J Cu dy 2 

The second of these equations is obtained by differentiating the 
fast of equations (10) v, ith lespeet to y, oi the second r d them with 
respect to x In the differential notation these five relations (10) 
and (11) may be written in the foim 


( 12 ) 


<Pu>= 


Cu 1 


If du and d 2 i/ in these formulae be rcplaced by 


du du , , 

— dx + -x~ dy and 
ox dy 




ex' 


dx 1 + 2 „- dx dy + 

dx cy 


8?' 


respectively, the coefficients of dx and dy in the first give the first 
partial denvatives of o, while the coefficients of dx 1 , 2dxd.y, and 
di/ 1 in the second give the second partial derivatives of w. 


17. Differentials of a product The formula for the total differential 
of order n of a composite function becomes considerably simpler 
m ceitain special iases which often anse in piaetical applications. 
Thus, let us seek the differential of order n of the product of two 
functions a> = uv For the fust values of n we have 

dm = v dn + w dr, <P<o = i (Pu + 2 du dv 4- w <Pv, • ■ ; 

and, in general, it is evident from the law of formation that 

* d?<* = v <Pu + Cjdr + (\<Ped"~ 2 u + + 

where C u C\, are positive integers. It might be shown by alge¬ 
braic induction that these coefficients are equal to those of the 
expansion of (a -f- 4)" ; but the same end may be reached by the 
following method, which is much more elegant, and which applies 
to many similar problems. Observing that Ci, C,, do not depend 
upon the particular functions u and v employed, let us take the 
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special functions u = e r , v = e", where s and y are the two inde¬ 
pendent variables, and determine the coefficients for this case. We 
thus find 

w=e x+t , dta = e r+ ’ , (dx -f dy), ■ ■ ■, d"<a = e c + t (dx + dyf, 
du = if dx, <Pu = e*djr , , ■■■, 

do — e y dy, d 2 v = e v dy 2 , ■ ■ ■; 

and the general formula, after division by e r+1 ', becomes 

(dx -)- dy)" = dx " + C l dydx' , ~ l 4- <\dy 2 dx" ~ 2 + • • + dtf. 

Since dx and dy are arbitrary, it follows that 

r _**, r n(n-\) + 

c i — j ’ ' * — " ‘ > ' e ~ 1.2 ■••V ’ 

and consequently the general formula may be wiitten 

(13) d"(u») =!'(/’«+ drd"~'u 4- d 1 vd n ~ 2 ii -I-|-?i rf"e. 

This formula applies for any number of independent variables. 
In particular, if u and << air functions of a single variable x, we 
have, after division by dx", the expression for the nth denvative of 
the product of two functions of a single variable. 

It is easy to prove in a similar manner formula! analogous to 
(13) for a product of any number of functions. 

Another special case in which the general formula reduces to a 
simpler form is that in which u, v, w are integral linear functions 
of the independent variables x, y, z. 

u — ax 4- by + cz +f , 
v = a’x + b'y + c’z +/', 
w = a"x + b"y + c"r.+f", 

■where the coefficients a, a", b, b', ■ are constants. For then we 
have 

du = adx + bdy + rdz, 
dr = a'dx -f b'dy 4- r'dz, 
dir = a"dx -f- b"dy + c"dz, 

and all the differentials of higher order d" u, </*<■, d" w, where n > 1, 
vanish. Hence the formula for d" w is the same as if u, v, w were 
the independent variables; that is, 
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- VV\ 


4= 


'£’* /8fr , oF , dF , Y”> 
We proceed to apply this remark. 


[8 }Homogeneous functions A function 4>( c > V> z ) is said to b® 
'homogeneous of degiee m, if the equation 

<t>(u, v, w) = 1"‘ <j> (x, y, z) 

is identically satisfied when we set 


M — tj . V = ty f w = tz. 

Let us equate the diffeientials of order n of the two sides. oLtliis 
equation wi th respe ct toj, noting that a, i>, w are linear iu t, and that 

dll = x dt , du = y dt, dw — z dt. 

The remark just made shows that 

+ *(*> V, *)■$ 

If sve now set t = 1, u, v, w 1 educe to x, y, z, and any term of 
the development of the hist member, 


l,,?r bwctao xV ' f 


becomes 


A„ 


d n <f> 


cx>‘ dif Cz' 

whence we may write, symbolically, 


x p y q z r \ 


(r J. g<t> J- , 

( X te +V dy +X te 


(n> 


m(m — 1 ) (to — n +1) <j> (x, y, *), 


which reduces, for n = 1, to the well-known formula 


d<f> 


d<f> d<t> 


md>(x,y,z)=x dx +>/fy + *y s - 


Various notations. We have then, altogether, three systems of nota¬ 
tion for the partial derivatives of a function of several variables, — 
that of Leibniz, that of Lagiange, and that of Cauchy. Each of 
these is somewhat inconveniently long, especially in a complicated 
calculation. For this reason various shorter notations have been 
devised. Among these one first used by Monge for the first and 
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second derivatives of a function of two variables is now in common 
use. If g be the function of the two variables x and y, we set 

dz dz ' 8 a x (Pz 8 3 z. 

p — —i q = T~> r — *=“—r—> * = rt' 

r ex Cy ox 1 cx Cy Cyr 

and the total differentials dz and <Pz are given by the formulas 

dz = pdx 4-|/ dy, 
dPz = r dx 1 + 2 s dx dy + t dy 

Another notation which is now coming into general use is tire 
following. Let z be a function of any number of independent vari¬ 
ables x u x a , x % , ■ -, x H ; then the notation 

r «i + s <• + «- - 

^ rx‘ : cxy ■ ■ cx*' 

is used, where some of the indices nq, .r,_., • , <t n may be zeros. 


19. Applications. Let y=f(x) be the equation of a plane curve C with 
respect to a set of rectangular axes The equation of the tangent at a point 
Jf (sc, y) is 

Y -y = y'(X-x). 

The slope of the normal, which is perpendicular to the tangent at the point of 
tangency, is - 1/y' , and the equation of the normal is, therefore, 

(Y-y)y' + (X-x) = 0. > 


Let P be the foot of the oTdinate of the point Af, and let T and N be the 
points of intersection of the x axis with the tangent and the normal, respectively. 

The distance P.Y is called the subnormal, 
PT, the subtangent, MN, the normal; and 
UT, the tangent. 

From the equation of the normal the ab¬ 
scissa of the point JTim j- yy\ whence the 
subnormal ib ± yy’. If we agree to fall the 
length PN the subnormal, and to attach the 
sign + or the sign — according as the direc¬ 
tion PN is positive or negative, the subnormal 
will always be yy' for any position of tbe curve 
C. Likewise the subtangent is —_y / y'. 11 
The lengths MN and MT are given by the triangles MPN and A IPT: 



MN = ^MP~^PN i j.' 

M T - ViW = K Vl + y'i. I: 

V’ 

Various problems may lie given regarding these lines. Let us find, for 
instance, all the curves for which the subnormal is constant and equal to a given 
number a. This amounts to finding all the functions y = f(z) which satisfy 
the equation yy' = a. Tbe left-band side is the derivative of y J /2, while the 
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right-hand side is the derivative of ax These functions can therefore differ 
only by a constant, whence 

y 2 = 2 ax + C , 

which is the equation of a parabola along the x axis Again, if we seek the 
curves for which the subtangent is constant, we are led to write down the equa¬ 
tion y'/y = 1 /a , whence 

x * 

logy = + log C, or y = Ce“, 


which is the equation of a transcendental curve to which the x axis is an asymp¬ 
tote To find the curves for whim the normal is constant, we '■ a’- e the equation 


or 


U Vl + y 2 = a, 



The first member is the derivative of - Vo- y-, hence 

— 'V — y- x q C, 
or 

(x + C) 2 + y-‘ = a? 

which is the equation of a circle of radius a whose center lieR on the x axis 
The curves for winch the 111141 lit is constant are liunscendental curves, which 
we shall study later 

Let y = f(x) and Y = t (x) be the equations of two turves C and C , and let 
tf, M be the two points which correspond to the same value of x In order that 
the two subnormals should have equal lengths it is necessary and sufficient that 

YY = ± yy , 


that is, that F 2 = F y 2 + C, where the d< uble sign admits of the normals’ being 
directed in like or m opposite senses This relation is satisfied by the curves 


- b- - 
V= ,(d'-z a ). 

a* 

and also by the curves 

y 2 = — (i 2 - a 2 ), 
a 1 


1 2 = 


b : x 2 
a 2 


r 2 = 


b-x 2 

a- 


whuch gives an easy construction for the normal to the ellipse and to the hyperbola 


EXERCISES 

. 1 Let. p — f (ft) be the equation of a plane curve m polar coordinates 

the pole 0 draw a line perpendicular to the radius 
vector OM, and let T and y be the points where this 
line cuts the tangent and the noi mal Find expi eB- 
sions for the distances OT, ON, AIN, aud MT in 
terms of /(#) ana f'(e) 

Find the curves for winch each of these distances, 
in turn, 1 b constant 

2. I^et y = /(*), z=<p(x) be the equations of a 
skew curve r, i.e. of a general space curve. Let N 


Through 




n 
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p, Kxs. 


b* the point where the normal plena at a point M, that is, the plane perpendicu¬ 
lar to the tangent at M, meets the * axis; and let P be the foot of the perpen¬ 
dicular from M to the * axis. Find the curveB for which each of the distances 
PN and MN, in turn, is constant. 

[Note. These curves lie on paraboloids of revolution or on spheres.] 

8. Determine an integral polynomial f(x) of the seventh degiee i n a, given 
that f(z) + 1 is divisible by (a - l) 4 and /(a) - 1 by (x+1)‘. Generalize the 
problem. 

4. Show that if the two integral polynomials P and Q satisfy the relation 


i/ 

then 


Vl - pi = Q vT - a' J , 


_ dP 

Vl _ P> 


ndx 


Vl - z* 

where n is a positive Integer. 

[Vote. From the relation 

(a) l-I* = QS(l-a*) 
it follows that 

(b) -2PP'= Q[2Q'(1 -a2)-2Qa]. 

The equation (a) shows that Q is prime to P ; and (b) bIiows that P is divisible 

by « I 

fi». let It (x) be a polynomial of the fourth degree whose roots arc all dif¬ 
ferent, and let a = U/V be a rational function of t, such that 

where Bi (f) is a polynomial of the fourth degree and P / Q is a rational function. 
Show that the function U/V satisfies a relation of the form 


(lx 


kdt 


where Jfc is a constant. 


/it^j V«, (t) 

[Jacobi] 

[Note. Each root of the equation R(U/ I’) — 0, since it cannot cause f{'(/) 
to vanish, must cause UV' — VXJ\ and hence also dt/dl, to vanish.] 

6». Show that the nth derivative of a function y = <p (u), where u is a func¬ 
tion of the independent variable x, may be written in the form 

A. 


(*) 

where 

<*>> 


—X = A 1 4'(u) + — $"(“) + ■ 

ax" 1.2 


1 . 2 - 




At = 


d"u 4 

dx" 

+ (- 


A , A(A- I) ,d»u*-> , 

~ u - + -i--- u ! —- 1 - • 

1 dx" 1.2 dx" 


l)*-'A«‘-> — - 


(*•=», 2, 


")■ 


[First notice that the nth derivative may be written in the form (a), where the 
coefficient* Aj, A t , ■ ■■, A„ are independent of the form of the function 
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To find their values, set <p{u) equal to u, a 5 , , u" successively, and solve the 

resulting equations for A lt At, , A„ The result is the form (b) ] 


7*. Show that the nth derivative of 0 (z 2 ) is 


d” <6 (a:*) _ 


dx* 


= (2i)"0(»)(a;2) + n(n - 1) (2z)»-2 0<»-»(i 2 ) + 


n(n — 1) (n ‘Ip + 1) 

1 2" p 


(2z)»- (I a ) + 


where p varies from zero to the last positive integer not greater than n/2, and 
where 0<''(z a ) denotes the ith de vative with respect to i 
Apply this result to the functions er^, art sin a:, tc tan X 


8* If x = cos u, Bhow that 
d”*- 1 (1 - x 2 ) m ~i 


di“-i 


= (- 1 )"' 


1 3 r . (2 m 1 ) 


[Oj Koi)ltl(>( 


9 Show that Legendre’s polynomial, 

1 


-V„ -= 


d n 


2 4 (1 2 n dx" 


(I 2 - 3)", 


satisfies the differential equation 

^- X ^- 2xd dx‘ +n(n+l)A ' = 0 
Hence deduce the coefficients of the polynomial 


J 


10 Show that the four functions 

Pi = sin (n arc sin z), y 3 - sm (n arc co6 z), 

y 2 = cos (n arc sin x ), p< = co> (n arc cos x), 

satisfy the differential equation 

(1 - x-)y - xy + n-y = 0 

Hence deduce the developments of these functions when they reduce to poly¬ 
nomials 


11*. Pro\ e the formula 

~ (x»->e*) = (- 
dx * 


1 )» 


e* 

jjn+1 


[HALrHKN ] 


12. Every function of theformz = x$(y/x) + f (p/z) satisfies the equation 
rz* + 2 si y + ty- = 0, 
whatever be the functions 0 and 0 


13. The function z = 10 (i + p) + y 0{z + p) satisfies the equation 

r — 2s + f = 0, 


vhatever be tbe functions 0 and 0, 
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14. The function z = f[z + 4(y)] satisfies the equation pt =s qr, whatever 
be the functions / and 0 . 

16. The function z = x n <p{y/x) + y-*i(y/x) satisfies the equation 
+ ‘1 HZ,]/ + lyi + px + qy = n 2 z, 
whatever he the functions 0 and /. 

16. Show that the function 

V = \x - o-ij(x> + \x- a,| 4 n(z) + • ■ + \x - a„> 0 „(x), 

where 0 , (x), 0 j(x), , 0 ,( 1 ), together with their derivatives, 0 i(x), 0 a (x), 

0 j(x), are continuous functions of x, has a derivative which is discontinuous 
forx = oj, dj, • • •, a». 


17. Find a relation between the first and second derivatives of the function 
z =/(xj, it), where u - 0 (xj, x t1 ), s ,, x s , x s being three independent variables, 
and / and 0 two arbitrary functions 


18. Let f(x) be the derivative of an arbitrary function /(x). Show that 
1 d-n _ 1 (Pi) 
u tit 2 t> ifx 2 

where u = [/'(x)]-l and i> = /(/) [/'(x)]~ 1 


19*. The nth derivative of a function of a function it = 0 (y), where y — * (x), 
may be written in the form 




n' 


*•1 




where the sign of summation extends over all the positive integral solutions ol 
the equation i + 2 j + 3 h + + Ik — n, and where p = i+ j+ + Jfc. 

[Fax de Bruno, Quarterly Journal of Mathematics, Voi. 1, p. 369.] 



CHAPTER II 


IMPLICIT FUNCTIONS FUNCTIONAL DETERMINANTS 
CHANGE OF VARIABLE 

I IMPLICIT FUNCTIONS 

20 A particular case We frequently have to studv functions for 
which no explicit expiessions are known, but which aie given by 
means of unsolved equations Lot us consider, for instance, an 
equation lie tween the three vanables r, y, ., 

(1) 7’(r,y,s) = 0 

This equation defines, under ceitam conditions which we ar e about 
to investigate, a function of the two independent variables cr and y. 
We shall prove the following theorem 

lots?-y—g sr — ; 0 Ji? .<r ,«■•* .e/mbxcb i£ e equa¬ 

tion (1), and let us suppose that thi function F, together with its first 
derivatives, is continuous m the neighborhood of this set of values.* 
If the derivative F, does not vanish for x = x 0 , y = y 0 , * = z there 
exists one and only one continuous function of the independent Variables 
x and y which satisfies the equation ( 1 ), and which assumes the, value z 0 
when x and y assume the values x 0 and y 0 , lespectively. 

The derivative F not being zero for x = x 0 , y = y r „ z = ] e ^ UB 
suppose, for definiteness, that it is positive Since F„ p z are 
supposed continuous in the neighborhood, let us choose a positive 
number l so small that these four functions aie continuou s for all 
sets of values x, y, z which satisfy the relations 

( 2 ) \x —x a \<l, \y-y a{ <l, 

and that, for these sets of values of x, y, s, 

F,(x, y, z) > P, 


•In a recent article (Bulletin de la SocieU Mathemattqw tie France , V 0 i XXXI 
1903, pp 184-192) Gonrsat has shown, by a method of succeashe approximations, that 
it is not necessary to make any assumption whatever leg&rding F x and F jr even as to 
their existence His proof makes no use of the existence of F, and F u ^Ij 18 general 
theorem and a sketch of his proof are given m a footnote to § 25 — Trans, 

35 



FUNCTIONAL RELATIONS 


[1M2C 


where P is some positive number. Let Q be another positive num¬ 
ber greater than the absolute values of the other two derivatives 
F z , F v in the same region.- 

Giving t, y, ~ values which satisfy the relations (2), we may then 
write down the following identity : 

F(x, y, z) - F(x 0 , )/„, z v ) = F(x, y, z) - F{x„, y, z) + F(.r„, y, z) 

- F(x 0 , y B , --) + F(x„, y 0 , z) — F(x 0 , y 0 , s 0 ) ; 

or, applying the law of the mean to each of these differences, and 
observing that 7’(-r„, y fl , *„) = (>, 

F(x,y,z)— (x-x„)F r [x„ + 6(x - . r 0 ), y. z] 

+ (y - y«)F ,[>„, y„ f 6'(y — </»), '] 

+ — -o) F, [.r 0 , ?/„, .. 0 -f- 6"(Z — 

Hence F(x, y, z) is of the form 

, 3 . \ F(x, y,z) = A (x, y, z) (.r - r„) 

( l + /i(r, y, z) (y - y„) + C (r, y, z) (z - 

where the absolute values of the functions .1 (?, y, z), IS (x, y, z), 
C(x, y, z) satisfy the inequalities 

Ml<«, |/**|<«, J <- • | > /» 

for all sets of values of x, y, -* which satisfy (2). Now let « he a 
positive number less than /, and y the smaller of the two numbers 
l and Ft/‘IQ. Suppose that x and y in the equation (1) are given 
definite values which satisfy the conditions 

k - a-ol < 17. \y - %| < y, 

and that we seek the number of roots of that equation, z being 
regarded as the unknown, which lie between z„ — c and z„ 4 -*. In 
the expression (3), for F(x, y, z) the sum of the first two terms is 
always less than 2Qy in absolute value, while the absolute value of 
the third term is greater thau Ft when z is replaced by s„ ± t. Ifron} 
the manner in which y was chosen it is evident t hat this last te rm 
d eterm ines the sign of F. It follows, therefore, that F(x, & z 0 — t) <01 
and F(x, y, z n 4- t) > 0; hence the equation (i) has at least one root 1 , 
which lies between z 0 — « and z„ 4 - «, Moreover t^g, n r<jo$ jigjmujue, 
since the derivative F, is positive for all values of * between z 0 —« 
and z B 4 - c. It is therefore clear that the equation (1) has one and 
only one root, and that this root approaches z„ as x and y approach 
x„ and y 0 , respectively. 
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Let us investigate for just what values of the variables x and y 
the root whose existence we have just proved is defined. Let h be 
the smaller of the two numbers l and PI/2Q-, the foregoing reason 
ing shows that if the values of the variables x and y satisfy the 
inequalities |x — x 0 | < h, \y — y „j < A, the equation (1) will have one 
and only one root which lies between z 0 — l and z„ 4 - l. Let li be a 
square of side 2h, about the point M„ (x,,, y u ), with its sides parallel 
to the axes. As long as the point (x , y) lies inside this square, 
the equation ( 1 ) uniquely d ‘termines a function of r '<'id y, which 
remains between - l and + l. This fir: tion is continuous, by 
the above, at the point I/,„ and this is likewise true for any other 
point . 1 /, of it , for, by the hypotheses made regarding the func¬ 
tion /’and its derivatives, the derivative /■’-(/,, y,, z t ) will be posi¬ 
tive at the point M lt since ] o', jy,—y„'</, | ~ t 1 < /. 

The condition of tilings at I/, is then exactly the same as at J/„, 
and lienee the root under consideration will be continuous for 
x = Xi, y = 2/i- 

Sinee the root considered is defined only n the interior of the 
region ft, we have thus far only an element of an implicit function. 
In order to define this function out¬ 
side of It, we proceed hy successive 
steps, as follows. Let /. be a con¬ 
tinuous path starting at the point 
( x„ , y 0 ) and ending at a point (.V, Y) 
outside of H. Let us suppose that 
the variables x and y vary simul¬ 
taneously in such a way that the 
point (a, y) describes the path L. 

If we start at (x„, y„) with the value 
z 0 of z, we have a definite value of this root as long as we remain 
inside the region It. Let M, (x,, y,) be a point of the path inside R, 
and z, the corresponding value of z. The eonditions of the theorem 
being, satisfied for x — x x , y = y X) there exists another region 

Hu about the point M u inside which the root which reduces to z x for 
x = xj, y = y, is uniquely determined. This new region R, will 
have, in general, points outside of It. Taking then such a point M, 
on the path L, inside R x but outside we may repeat the same con¬ 
struction and determine a new region R z , inside of which the solu¬ 
tion of the equation (1) is defined; and this process could be 
repeated indefinitely, as long as we did not find a set of values of 
x, y, x for which f\ = 0. We shall content ourselves for the present 
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with these statements; we shall find occasion in later chapters to 
treat certain analogous problems in detail. 


21. Derivatives of implicit functions. Let us return to the region 
R, and to the solution * = <j>(x, y) of the equation (1), which is a 
continuous function of the two variables x and y in this region. 
This function possesses derivatives of the first order. For, keeping 
y fixed, let us give x an increment Ax. Then z will have an incre¬ 
ment As, and we find, by the formula derived in § 20, 


F(x + Ax, y, s + A z) — F(x, y, z) 

= Ax F x (x + 6 Ax, y, z + Az) + Az F, (x, y, z + 6'Az) = 0. 

Hence 

As _ _ F x (r + 0 Ax, y , 5 + A*) . 

Ax F t (x,y, = + $' Ac) ’ 


and when Ax approaches zero, Az docs also, since a is a continuous 
function of x. The right-hand side therefore approaches a limit, 
and z has a derivative with respect to x : 


8s 

ox 


In a similar manner we find 


K 

V. 



ij 


dz 

c y 



>• r 

- •*" V ' y 

0 * 


Note. If the equation F— 0 is of degree m in z, it defines m 
functions of the variables x and y. and tlie partial derivatives 8s /ex, 
dz/dy also have m values for each set of values of the variables 
x and y. The preceding formula* give these derivatives without 
ambiguity, if the variable z in the second member l>e replaced by 
the value of that function whose derivative is sought. 

For example, the equation 


x* + 4- z* — 1 = 0 


defines the two continuous functions 


Vl — x* — y % and — Vl — x* — y 1 

for values of x and y which satisfy the inequality x' 1 y* < 1, 
The first partial derivatives of the first are 

— x — y 

Vl - x* - y* Vl' - 
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and the partial derivatives of the second are found by merely chang¬ 
ing the signs. The same results would be obtained by using the 
formula 

dz x 8z y 

dx z cy a 

replacing * by its two values, successively. 

22. Applications to surfaces. If we interpret x, y ,as the Cartesian 
coordinates of a point in space, any equation of the form 

W = o 

represents a surface .S'. Let (.>■„, y 0 , be the coordinates of a point 
A of this surface. If the function F, together with its first deriva¬ 
tives, is continuous iu the neighborhood of the set of values x 0 , y„, z 0 , 
aud if all three of these derivatives cb- not \anish simultaneously 
at the point A, the surface .s' has a tangent plane at A. Suppose, 
for instance, that F, is not zero for .r = _r„, ij = y„, z — z„. Accord¬ 
ing to the general theorem we may think of the equation solved 
for z near the point A, and we may wnte the equation of the surface 
in the form 

= = <t> (*, u), 

where ,?/) is a continuous function; and the equation of the 
tangent plane at A is 

Replacing dz/dx and itz/by by the values found above, the equation 
tf the tangent plane becomes 

(5) (B)/; v - "“) + (ti)„ (y - + (;?).<* - *>= °- 

Jf F z = 0, but F, 4- 0, at A, we would consider y and z as inde¬ 
pendent variables and x as a function of them. We would then 
jlnd the same equation (.">) for the tangent plane, which is also evi- 
|fint a priori from the synnnetiy of the left-hand side. Likewise 
be tangent to a plane curve F(x, y) = 0, at a point ( x„, y 0 ), is 

If the three first derivatives vanish simultaneously at the point A, 
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the preceding reasoning is no longer applicable, We shall see later 
(Chapter III) that the tangents to the various curves which lie on 
the surface and which pass through A form, in general, a cone and 
not a plane. 

In the demonstration of the general theorem on implicit functions 
we assumed that the derivative did not vanish. Our geometrical 
intuition explains the necessity of this condition in general. For. 
if F = 0 but F Iv 0 , the tangent plane is parallel to the z axis, 
and a line parallel to the z axis and near the line x = y — 
meets the surface, in general, in two points near the point oi 
tangency. Hence, in general, the equation (4) would have two 
roots which both approach ~ 0 when x and y approach x„ and y w 
respectively. 

If the sphere x 1 4 - y 2 -f- =* — 1 =0, for instance, be cut by the line 
y = 0 , x = 1 + c, we find two values of s, which both approach zero 
with t ; they are real if c is negative, and unagtnaiy if t is positive 

23. Successive derivatives. In the formula; for the first derivatives, 



we may consider the second memliers as composite functions, z being 
an auxiliary function. We might then calculate the successive deriv¬ 
atives, one after another, by the rules for composite functions. The 
existence of these partial derivatives depends, of course, upon the 
existence of the successive partial derivatives of F(x, y, z). 

The following proposition leads to a simpler method of determin¬ 
ing these derivatives. 

If several functions of an independent variable satisfy a relation 
F = 0, their derivatives satisfy the equation obtained by equatiny t" 
zero the derivative of the left-hand side formed by the rule for differ¬ 
entiating composite functions. For it is clear that if F vanishes 
identically when the variables which occur are replaced by func¬ 
tions of the independent, variable, then the derivative will also van 
ish identically. The same theorem holds even when the functions 
which satisfy the relation /■' = 0 depend upon several independent 
variables. 

Now suppose that we wished to calculate the successive derivative* 
of an implicit function y of a single independent variable x defined 
by the relation 

F(x,y)=0. 
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dF SF , 
dx+ dy V ~ °* 
g 2 .F wp gip dp 

+2 S-^ + ^ ,t+ ^"=^ 


dx* 


d‘F „ &F 8 t F c l F b a F 

' "+■ 3 y' + 3 -r ■ y la + 3 rr a y" -f ttt 2/" 

ex’ ex dy 1 dxdy J Ctf 


dx‘ 


g s F dF 

+ 3 V yV ' + ^ y ''' = 0 ’ 


from which we could calculate successively y', y", y"', 


Example. Given a function y fir). Wr may, inversely, consider y as the 
independent variable and x as an implicit function of y defined by the equation 
y — f U) If the derivative f'U) does not vanish for the value Xo, where 
Vo — f (xo), there exists, by the general theorem proved above, one and only one 
function of y which satisfies the i elation y = / (/) and which takes on the value 
Xo for y = yo. This function is called the inverse of the function / (x). To cal¬ 
culate the successive derivatives x„, x„t, x^j. ■ ■. of this function, we need merely 
differentiate, regarding y as the independent variable, and we get 


whence 


l 



1 = f'(x) r,„, 

0 = /"(*) (•<■„)' + /'<*) *ii*- 

0 =/'"(X) (X,,) 3 -r 3/"(l)x„X,l + /'(x) XyS, 


X„1 


rw ,. = 3 u"(xw - f\x)f"'(x) 

[/'W] 3 ’ * [/'WP 


It should be noticed that these formulae are not altered if we exchange x y and 
/'(x), x„3 and f"(x), r,r- and /'"(•r), • ■ ■, for it is ev ident that the relation between 
the two functions y — f(x) and x = <p (y) is a reciprocal one. 

As an application of these formulae, let us determine all those functions 
y=f(x) which satisfy the equation 


yY" - 3y" 2 = 0. 


Taking y as the independent variable and x as the function, this equation 
becomes 

x„v = 0. 

But the only functions whose third derivatives are zero are polynomials of at 
most the second degree. Hence x must be of the form 

x = Ci y 1 + C” y + Ce, 


where Ci, C 3 , C s are three arbitrary constants. Solving this equation for y, 
we Bee that the only functions y =f(z) which satisfy the given equation are 
of the form _ 


y = a ± V ta + c, 
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where a, b, e are three arbitrary constants. This equation represents a parabola 
whose axis is parallel to the x axis. 


34. Partial derivatives. Let us now consider an implicit function 
of two variables, defined by the equation 


( 6 ) 


F(x, V, *) = 0. 


The partial derivatives of the first order are given, as we have seen, 
by the equations 

U dF . dFdz 


( 7 ) 


TZ + tedi- 0 ’ 


y ., ✓ 

dF dF dz _ ' 
t By dz dy 


To determine the partial derivatives of the second order we need 
only differentiate the two equations (7) again with respect to x and 
with respect to y. This gives, however, only three new equations, 
for the derivative of the first of the equations (7) with respect to y 
is identical with the derivative of the second with respect to x. 
The new equations are the following. 


( 8 ) 


d*F 0 cfl- cz PF /aA* cF &z_ 

Cx' 1 “ dr Cz cx dz 3 \cxj Cz cx* ’ 

d*F d*F dz d*F cz + PFCz d_z cF C*z _ Q 

bx dy dr dz by cy cz cx Cz * ox Cy cz Cx Cy ’ 

i*F n C 1 F dz dTF (d_z\ cF C*z _ 

Cy 1 “ cy Cz Cy Cz % \Cy) cz af 


The third and higher derivatives may be found in a similar manner. 

By the use of total differentials we can find all the partial deriva¬ 
tives of a given order at the same time. This depends upon the 
following theorem: 


If several functions u, v, w, - of any number of independent vari¬ 
ables x, y, z, ■ ■ satisfy a relation F = 0, the total differentials satisfy 
the relation dF — 0, which is obtained by forming the total differential 
of F as if all the variables which oerur in F were independent, variables. 

In order to prove this let F(u, v, w) = 0 be the given relation between 
the three functions u, v, w of the independent variables x, y, z, t. The 
first partial derivatives of u, v, w satisfy the four equations 

dF iu dF dv dF dw _ 

du cx do dx dw dx ’ 

c F iu dF Bv dF dw . 

du dy dv dy dw dy ’ 
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dF du dF 8v dF dw _ ^ 

du dz cv dz dw dz * 

dF du dF dv dF dw __ „ 

du dt dv dt dw dt 

Multiplying these equations by dx, dy, dz, dt, respectively, and 
adding, we find 

dF 8F dF 

—— du + — dv -)- dw = dF = 0. ■ , 

Cu Cv cu> J 

This shows again the advantage of the differential notation, for the 
preceding equation is independent of the choice and of the numbei 
of independent variables To find a relation between the second 
total differentials, we need m erely annU the gen eral theorem to the 
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Using Monge’s notation, we have then 


r 


P = ~ 


Ax 
A" s’ 


A (A z* + A " z s ) 
A" 1 z* ’ 



AA'xt, A' jA'y 3 + A"« 2 ) 

.-t" 8 **’ 1 A' n z 8 


This method is evidently general, whatever be the number of the 
independent variables or the order of the partial derivatives which 
it is desired to calculate. 


Sxample. Let z = f(x, y) be a function of x and y. Let us try to calculate 
the differentials of the first and second orders dx and <Px , regarding y and z as 
the independent variables, and x as an implicit function of them. First of all, 
we have 

<lz -- clx r ^ dy. 
ix iy 


Since y and z are now the independent variables, we must set 

d 2 y — d^z — (), 

and consequently a second differentiation given 




i<sr fij? (if cf 

0 = -J dx* 4 2 1 tlrdy + -- dy* + <Px. 

f x* ixty ?yi ix 

In Monge’s notation, using p, q, r. », t for the derivatives of f(x, y), these 
equations may be written in the form 

dz = pdx + q dy, 

0 = r dx 1 + 2 edxdy + tdy* + p d 1 x. 


From the first we find 


dx 


dz — qdy 
P 


and, substituting this value of dx in the second equation, 

(P x — _ rdz 2 + 2(p.i — qr)dydz 4- (i/*r — 2 pq» + pH)dy* 

jf> 

The first and second partial derivatives of z, regarded as a function of y and 
t, therefore, have the following values • 


t'X _ 1 ix _ 1 1 

' cz p iy p 

fftz _ r (fix _qr-pt t*x _ 2pq> — pH — y*r 
dz* pi iy cz p> tyi pi 

As an application of these formulte, let us find all those functions /(*, y) 
which satisfy the equation 

q*r + jAt = 2 pq». 

If, In the equation z —f(z, y), x be considered as a function of the two Inde¬ 
pendent variables y and z, the given equation reduces to Xf ~ o. This means 
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that x„ is independent of y , and hence z„ = <t> (z), where <p (z) is an arbitrary 
function of z. This, in turn, may be written in the form 

; L x “ 2/tf>(*)] = 0. 

?y 

which shows that x — y<t>(z) is independent of y. Hence we may write 
x = y<t>(z) + f (z), 

where f(z) is another arbitrary function of z. It is clear, therefore, that all the 
functions z —f(x, y) which satisfy the given equation, except those for which f x 
vanishes, are found by solving this last equation foi 7 This equation represents 
a surface generated by a stiaight line which is alv „j,s paiallel to the xy plane. 


-45. The general theorem Let us consider a system o f n equations 



i 1' 1 On, Xz, 

• j 3* 7> s 1/i, l f 2i 

, u n ) = 0, 

(E) 

J 2 (*11 **21 

7 7 V 17 U i7 

, ",) = o, 



7 ^p 7 U \7 V 27 

, "„) = 0, 

between 

the n + p variables 

«i, >«„; 

x,, x 2 , • , x p . Suppose 


that these equations are satisfied far the values x, = x", ■ , x p = xj, 

«, = , u n = mJ; that the functions /•’ are continuous nndqutsscss 

first partial derivatives which are continuous, in the. njdykkorhuad of 
this system, of values; and, finally, that the determinant 


iff 

Cf\ 

rjf 

?tt 1 

cu 2 

cu a 

C 1' 2 

? jj 



ctt t 



cl\ 

Zjn 

€U l 

Clin 

?«» 


does not vanish for 

x ( = X*, 1 tj = u'l, (i = 1, 2, , p, k — 1, 2, • • •, n). 

Under these conditions there exists one ami only one system of con¬ 
tinuous functions w, = <£1 (xi, x 2 , , x p ), , u K = (x,, x 2 , • x,,) 
which satisfy the equations (E) and which reduce to «}, v|, «®, 

for x, = x», • • , x„ = xj * 

* In his paper quoted above (ftn., p 35) fionrsat proves that the same conclusion 
may be reached without making any hypotheses whatever regarding the derivatives 
IF,/cx, of the functions F; with regard to the r's. Otherwise the hypotheses remain 
exactly as stated above It is to be noticed that the later theorems regarding the 
existence of the derivatives of the functions 0 would not follow, however, without 
some assumptions regarding dF,/Sxj. The proof given is based on the following 
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The deter minant A is caiied..theJ[««i»*ia»,* <w the F%wstvmall!a*r~ 
tninantyOf the n functions F„ F^ F n ^ithjespect to the n vari¬ 
ables Mj, a,, ■ , u. It is represented by the notation 

F(F U F t , , F,) 

1) (ll \, U, t > M fl ) 

We will begin by proving the theorem in the special case of a 
system of two equations in three independent variables x, y, * and 
two unknowns u and v 

(9) F 1 (x , y, z, u, v ) = 0, 

(10) F, (x, y, z, v, >’) = 0. 

These equations are satisfied, by hypothesis, for x = x 0 , y — y 0 , z = 
u = Uf,, v = v e ; and the determinant 

cl\ dr, _ OF, rFj 
du dr fr cu 

does not vanish for this set of values It follows that at least one 
of the derivatives cFJCv does not vanish for these same 

values. Suppose, for definiteness, that dl\/ov does not vanish 
According to the theorem proved above for a single equation, the 
relation (9) defines a function r of the variables x, y, z, u, 

* =/(*» y> z > «)• 

which reduces to r 0 for x = x t , y = y 0 , z = z„, n = Replacing v 
in the equation (10) by this function, we obtain an equation between 
x, y, z, and w, 

4>(x, y, z, v) = F,[.r, y, u, f(x, y, s, «)] = 0, 


lemma Let x 2 , ,*,,,*< 1 . 112 , ,vj, ,/* (* lf x t , ,r p u |f u^, , uj he n 

/unctions of the n + p variables x t and u*, which, together with the n 2 partial deriva¬ 
tives £f t /du t , are continuous near *1 ~ 0, = 0, , 36j, = 0, Uj = 0, ,ii, = 0 // 

the n functions /, and the n 2 derivatives rY 4 / c ui all vanish for this system of values , 
then the n equations 

«i -fa u 2 ~ /*. . =/* 

admit one and only one system of solutions of the form. 

«i = *i<*i.* 2 . ,x p ), u, = 0j(r x , r 2 , , z p ), , Up = $ K (z v z,, 

where $u , d>„ are continuous functions of the p variable* x lt x,, , z p which 

all approach zero as the vanpbles all approach zero. The lemma is proved by means of 
aeulteof functions af* 1 =/,(*,,!», , ,u'”' 1> ) <i = l,2, ,n ), 

where «4 0> = 0 It 1 b shown that the suite of functions «)"' thus defined approaches a 
limiting function U lt which 1) satisfies the given equations, and S) constitutes the only 
solution. The passage from the lemma to the theorem constate in an easy transforma¬ 
tion of the equations (E) into a form similar to that of the lemma.—Tuan*. 

* Jacobi, Oefte’e Journal, VoL XXII. 
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which is satisfied for x = x,„ y = y 0) z = s 0 , it = « 0 . Now 

0* _ 0£, . 

0m do du 

and from equation (9), 

df\ dh\ g/ _ Q 
0it £)?• du ’ 

whence, replacing df/8u by this value m the expression for b<S>/Cv 1 
we obtain 

/>(r„ f s ) 

e4> /) (», />) 

fit 81 , 

It is evident that this derivative does not vamsn for the values x 0 , 
y 0 , *o> ? 'n Hence the equation <J> = u is satisfied when u is replaced 
by a certain continuous function « = cf>(x, y, z) which is equal to 
V o when r = x„, y = y 0 , ?. = , and, leplacmg v by 4>(x, y, z) in 
/(*, y, z, n), we obtain foi /> also a eeitain continuous function 
The pioposition is then pioved for a sjstem of two equations. 

We can show, as in & 21, that these functions possess partial 
derivatives of the first oidei Keeping y and z constant, let us 
give x an inclement Ar, and let Aw and Ac be the corresponding 
increments of the functions u and r. The equations (9) and (10) 
then give us the equations 

^ (%' + ’) + “ (S + ■>') + " (£’ + ’”) ” "• 

where t, c', e", y, y, y" approach zero with Ax, A u, Ai> It follows 
that 



When Ax approaches zero, Au and Ac also approach zero; and hence 
t, t", y, y\ y" do so at the same time The ratio A u / Ax therefore 
approaches a limit; that is, u possesses aderivative with respeet tox: 
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gF, gF a 8 F, 8F, 

g u 8x 8v 8v 8x 

8x ~ db\ ch\ 8F X 8 F, 

8u 8 t cv 8u 

It follows in like manner that the ratio Aw/ Ar approaches a finite 
limit 8v/8x, which is given by an analogous formula. Practically, 
these derivatives may be calculated by means of the two equations 

8l'i 8F\ 8u 8f\ do _ 

8x g« 8x 8v 8x ’ 

8F, 8h\ 8it 8F , cv _ . 

dx iu 8x Cv Cx, ' 

and the partial derivatives with respect to y and - may be found in 
a similar manner. 

In order to prove the general theorem it will be sufficient, to show 
that if the proposition holds for a system of (« —1) equations, it 
will hold also for a system of n equations. Since, by hypothesis, 
the functional determinant A does not vanish for the initial values 
of the variables, at least one of the first minors corresponding to the 
elements of the last row is different from zero for these same values 
Suppose, for definiteness, that it is the minor which corresponds to 
8F,/8u . which is not zero. This minor is precisely 

r>(F u F„ F„ .,). 

" j . ••> 1 ) 

and, since the theorem is assumed to hold for a system of (re — 1) 
equations, it is clear that we may obtain solutions of the first (re — 1) 
of the equations (E) in the form ^ ^ , < 

«i = 4i(*i» x t , •• •, r p ; u n ), - ■, = ^„-i(ir„ jtj, «,), 

where the functions <f>, are continuous. Then, replacing • •, , 

by.,the functions 4> t , ■ • iu the last of equations (E), we obtain 

atliw equation for the determination of w„, 

®(*1, X 3> ' ' l x t> i u m) = x ti " i • r pi s^t> ' •) M,) = 0. 

It only remains for us to show that the derivative 8$/8u n does 
not vanish for the given set of values xj, sr}, ■ ■ for, if so, we 

can solve this last equation in the form 

M n = ^(r„ x„ ■■■, r r ), 

where x// is continuous. Then, substituting this value of u, in 
4i> we would obtain certain continuous functions for 
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u„ m S) «„_i also. In order to show that the derivative in ques¬ 
tion does not vanish, let us consider the equation 


(11) 

du n 

dF n 

du l 

dtp. 

+ • 


cf, 

0 "*-i 

du n 

1 + 

dv n 

The derivatives dtp,/dit n , dip 

./a 


■ ■> £<p, 

are given ' 

(n — 1) equations 

\ 




* 





dF, 

d<f>, 

4 


c F, 

d tp h 





du, 

du a 



dit n _ 

-1 ^" n 



- 

(12) 









> 


sf.., 

d<p, 

+ ■ 

+ 


i 

^ + 

c /• „ 

-= 0 ; 


du, 

Cu n 



du n . 

-1 


cu„ 


and we may consider the equations ( 11 ) and ( 12 ) as n linear equa¬ 
tions for dtp, / da n , ■ , Ctp„_,/du u , c$/cu„, from which we find 


£* D(F» Ft," , K- ,) = l>(F„ F s , ■ ■ , F„) 
du n l)(ll„ II., ■■■, />(«,, lq. W„) 


It follows that the derivative ito/ln, does not vanish for the initial 
values, and hence the general theorem isjrroved. i / . 

The successive derivatives of implicit functions defined by several - 
equations may be calculated in a manner analogous to that used in 
the case of a single equation. When there are several independent 
variables it is adva ntageous to form the total differentials, from 
w hich the partia l derivatives of the same order may be found. 
Consider the case of two functions it and v of the three variables 
x, y, z defined by the two equations 


F(x, y, z, u, f) = 0, 
*( x ’ Vi -i ", *’) = 0. 


The t otal differentials of the first order du and dv are given by the 
two equations 


dF, 3F *F. 
- dx+ - d y+~ ( ,r. 


J. dF J A 

- t r dv = 0. 
cu cv 


dx 


, , d<I> , ^ » , dQ , A 

dx + - 5 — du + — dr: -f — du 4 - — dv = 0 . 
vy cz cu cv 


Likewise, the second total differentials d 1 u and <Pv are given by the 
equations 




FUNCTIONAL RELATIONS 


[JM26 


lSF . , dF , \® 3F „ 0F j. . 

+ p rfu y%l*^ tt+ l*^ y=0) 

ydx do j ou ou 

and so forth. In the equations which give d'u and d"v the deter¬ 
minant of the coefficients of those differentials is equal for all values 
of n to the Jacobian D(F, 4>) / D («, o), which, by hypothesis, does not 
vanish. 


#8. Inversion. Let. Mi, it», • , u„ be n functions of the n independent vari¬ 
ables xi, Xj, , z., such that the Jacobian />(«,, iq, , u „)/ L>(i u , x„) 

doe* not vanish identically. The n equations 

(13) I «i = *i(*i. *s> , *.). «* = **. .4 -"i 

' i u« = is, , x») 

define, inversely, Xq x^, , sc, as funt timis of iq «», , u„ For, taking am 
system of values x 1 ,’, xj, , xj, for which the Jacobian does not vanish, and 
denoting the corresponding lalues of tq, tq, , bv tt", u", , u“, there 

exists, according to the general theorem, a s>stem of functions 

= ft(“i, “i, ■ ,«»). *2 = «s. ,«»), , x„ - ^,(«i, tq. , u«), 


which satisfy (13), and which take on the values z\, z". , x^, respeetivel), 

when tq = •■,«» = These functions are called the inorrscj of the func¬ 
tions tfo, <(>i, ■ , 4>,, and the process of actually determining them is called 

an insertion. 

In order to compute the derivatives of these inverse functions we need merely 
apply the general rule Thus, in the case of two functions 

«=/<*■!/), n=*(*, y), 


If we consider u and v as the independent variables and x and y as inverse 
functions, we have the two equations 


whence 


rtu = — ox + 

Cf dy , 

do — 

c 0 . 
dx + 

-—dy. 

ox 



rx 

iy 

l*du- 

-V* 


-du 

+ --do 

dx dV 

iy 

dy = 

lx 

dx 

dfd</> 

eft* 

ffdy> 

dft<p 

dx i V 

dy dx 


dx dy 

dy dx 


We hare then, finally, the formula 


ex 

e «' 


ctfi 

dy 


dfd<t> 
Stt dy 


e/ee 

dy dx 


ex 

er ' 


if 

*v 


dfdj> 
dx dy 


e/0f 

'ey dx 
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dtp 

Sy _ ex 

sti ~ ef dtp _ e/e<t>' 
ex By By cx 


ef 

dy _ Sx 

in e/ dip ef e# 

ex By By Bx 


27. Taugenti to skew curves Let us consider a curve, C repre- 
ented by the two equations 


(14) 


F i ( x , y> ~) = o, 

> > (•*, y, «) = o, 


nd let x„, y 0 , Zq be the coordinates of a point M„ of this curve, such 
hat at least one of the three .Taeobians 


8f\ _ 8 Jj d -Il lEl ££? _ iF j h J!s €F > ' cF > jfj 8f 2 

dy dz dz By t z cx cx dz cx oy dy dx 

oes not vanish when x, //, z aie replaced by x 0 , y 0 , z 0 , respectively, 
luppose, for dehmteness, that />(/■’,, F t ) j J>(y, a) is one which does 
ot vanish at the point il/„ Then the equations (14) may be solved 
i the form 

y = <#>(*)> 2 = <P( x h 

'here 4> and ip are continuous functions of x which reduce to y„ and 
j, respectively, when x = x„. The tangent to the curve C at the 
oint A/ 0 is therefoie represented by the two equations 


t x n _ i y« _ 2 o 

1 ~ <p\x 0 ) " p\x^ ’ 


'here the derivatives <p\x ) and <p'(x) may be found from the two 
quations 


3l\ 

dx 


+ §^+ , ( ar > + lr* , <*> =0 ’ 


f* + 5p ♦'« + !? *<«>-«■ 


In these two equations let us set x = x 0 , y = y„, * = z 0 , and replace 
/(*„) and <p'( x o) by (Y - y„) / (X - x 0 ) and (Z - z„) / (X - x 0 ), 
sspectively. The equations of the tangent then become 


' (g). (X -*.) + (§£),< r - y.) + (g) >( z - *>- 0. 

. (§?).<* - *•> + (v).< r ■+(ir).< z - 


(16) 
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or 



The geometrical interpretation of this result is very easy. The 
two equations (14) represent, respeotively, two surfaces .S, and S t , <>l 
which C is the line of intersection. The equations (15) represent 
the two tangent planes to these two surfaces at the point M 0 ; and 
the tangent to C is the intersection of these two planes. 

The formulae become illusory when the three Jacobians above all 
vanish at the point V 0 . In this case the two equations (15) redui c 
to a single equation, and the surfaces .S', and are tangent at the 
point M„. The intersection of the two surfaces will then consist, m 
general, as we shall see, of several distinct branches through the 
point Jf„. 

II. FUNCTIONAL DETERMINANTS 

28. Fundamental property. We have just seen what an important 
role functional determinants play m the theory of implicit functions 
All the above demonstrations expressly presuppose that a certain 
Jacobian does not vanish for the assumed set of initial values 
Omitting the case in which the .Jacobian vanishes only for certain 
particular values of the variables, we shall proceed to examine the 
very important case in which the .Jacobian vanishes identically 
The following theorem is fundamental 

Let «!, u,. , i/„ be n functions of the n independent variables 

Xj, Xj, ■ ■, x„. In order that there exist between these n functions 
a relation II («,, , n„) = 0, which does not involve explicitly ami 

of the variables x,, .r .,, . x„, it is necessary and sufficient that tit 
functional determinant 

D(x t ,x., x„) 

should vanish identically. 

In th j first place this condition is necessary. For, if such a rela 
tion II(«„ «j, • • ■, h.) = 0 exists between the n functions Uj, w„, 

the following n equations, deduced by differentiating with respect to 
each of the x’s in order, must hold : 
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tin duy c n cm, in du„ 

du x 8x x in s in rht„ dx x 

i II t v i ^ dn du 2 8 II dit n 

8ii\ dx H du 2 cx n du n dx n 

md, since we cannot have, at the same time, 

r n 

f ti x ' a i 

since the relation considered would in that ease reduce to a trivial 
dentity, it is clear that the determinant of the coeffu icnts, which is 
precisely tlie Jacobian of the theoiem, must \aiusli * 

The condition is also sufficient To prove tins, vie shall make < 
jse of certain facts which follow lmmediatelv fiom the general 
theorems. 

1) Let v, v, ic be three functions of the tlnee independent variables 
s, y, z, such that the functional deteimmant l>(n, v, w)/lt(x, y, z) 
s not zero. Then no lelation of the iorm 

A du -f i/c f v the = 0 

■an exist between the total differentials du, dv, dw, except for 
l = y = v — 0. For, equating the coefficients of dx, dy, dr. m the 
'oregoing equation to zero, theie result tlnee equations for A, y, v 
vhleh have no other solutions than A = y = v = 0. 

2) Let to, it, v, v be four functions of the three independent 
variables x, y, z, such that the determinant /)(«, v, w)/D(p, y, s) 
s not zero. We can then express x, y, z inversely as_ functions of 
i, v t w ; and substituting these values for x, y, z in m, we obtain 
. function 

w = <|> (it, v, If) 

>f the tliree variables u, v, w. If by any process whatever we can 
btain a relation of the form 

(16) du> = P du + Qdr 4- R dw 




•As Professor Osgood has pointed out, the reasoning here supposes that the 
artial derivatives Sll/du ,, rll / ? , , t il / Ftt„ do not all vanish simultaneously 
Jr any Bystem of values which cause II (it ,, u 2 . i M ») lo vanish This supposition 
l certainly justified when the relation n = 0 is solved for one of the variables 
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between the total differentials dm, du, dv, dw, taken with respect to the 
independent variables x, y, z, then the coefficients P, Q, R are equal , 
respectively, to the three first partial derivatives of *(u, v, w) : 

2 * 0 $ 2 * 

P ~dZ’ Q ~ 8v’ R ~dw' 


For, by the rule for the total differential of a composite function 
(§ 16), we have 


2 * 2 * 2 * 

du> = -— du + — dv +■ -z — dw ; 
du ov dw 


and there cannot exist any other relation of the form (16) between 
dm, du, dv, dw, for that would lead to a relation of the form 

X du -f p dv + v dw = 0, 

where X, p, v do not all vanish. We have juBt seen that this is 
impossible. 


It is clear that these remarks apply to the general case of any 
number of independent variables. 

Let us then consider, for definiteness, a syst em q £ four fuuetions 
of four independen t variables 


(17) 


-V = F,(x, <j, z, t), 
T = F,(x, y, z, t ), 

z = y ,*, *), 

T=F t (x, y, z, t), 


where the Jacobian D(F U F s , F,, F t )f I)(x, y, z, t) is identically 
zero by hypothesis; and let us suppose, first, that one of the first 
minfiss, say I)(F ,, F„ F,)//)(x, y, z), is not zero. We may then 
think of the first three of equations (17) as solved for x, y, z as 
functions of X, Y, Z,t; and, substituting these values for x, y, z in 
the last of equations (17), we obtain T as a function of X, Y,Z,t\ 

(18) T=*(X, Y, Z, t). 

We proceed to show that this function * does not contain the vari¬ 
able e, that is, that 2*/0< vanishes identically. For this purpose 
let us consider the determinant 
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A = 


dF, 

dj\ 

dF , 

dx 

dy 

dz 

dF, 

dF, 

dF , 

dx 

dy 

dz 

dF, 

dF, 

dF, 

dx 

dy 

dz 

dF 4 

d_F ,i 

dF, 

dx 

<'!/ 

dz 


dX 


— a 


If, in this determinant, dX^lY. dz, dT be r< placed by their values 

dF, , , dF, , dF, , dF, , 
dX — — - dx -f- "7r — dy + -5 — dz + dt , 

ex fly dz dt 


and if the determinant be developed in terms of dx, dy, dz, dt, it turns 
out that the coefficients of these four differentials are eaeh zero; the 
first three being determinants with two identical columns, w hile the 
last is precisely the functional determinant. Hence A = 0. But if 
we develop this determinant w ith respect to the elements of the last 
column, the coefficient of d'/'is not few, and we obtain a relation of 
the form 

dr = P dx + QdY+ H dx. 

f 

By the remark made above, the coefficient of dt in the right-hand 
side is equal to b<V jot. But this right-hand side does not contain 
dt, henoe c<t> /it = 0. It follows that the relation (18) is of the form 

I' — 4>(A’, Y,Z), 

which jj roves thejtheorem stated. 

It can be shown that there exists no other relation, distinct from 
that just found, between the four functions X, Y,Z, T, independent 
of x, y, z, t. For, if one existed, and if we replaced T by (A) Y, Z) 
in it, we would obtain a relation lietween X, Y, Z of the form 
II (X, Y, Z) = 0, which is a contradiction of the hypothesis that 
D(X, K, Z) / D(x, y, z) does not vanish. 

Let us now pass to the case in which all the first minors of the 
Jacobian vanish identically, but where at least one of the second 
minors, say J> (F,, F t ) / D(x, y), is not zero. Then the first two of 
equations (17) may be solved for x and y as functions of X, Y, z, t, 
and the last two become 


Z = <t>,(X, Y, z, t), <J> 3 (X, Y, z, t). 
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On the other hand we can show, as before, that the determinant 

3Fi d.Fi 
dx dy 
cF, dF, 
dx dy 
dF, SF, 
dx dy 

vanishes identically ; and, developing it with respect to the elements 
of the last column, we find a relation of the form 

dZ = PdX + QdV, 


dX 

dr 

dZ 


whence it follows that 


a<t», 

os 


0, 



In Like manner it can be shown that 



it 


0; 


and there exist in this case two distinct relations between the four 
functions X, T. Z, 7\ of the form 

Z=<P,(X, V), T= 4>,(.V, r). 

There exists, however, no third relation distinct from these two; 
for, if there were, we could find a relation between A' and >’, which 
,would be in contradiction with the hypothesis that -/'(A', Y)/D(x, y) 
is not zero. 

Finally, if all the second minors of the Jacobian are zeros, but 
not all four functions A', Z, Y, T are constants, three, of them are 
functions of the fourth. The above reasoning is evidently general. 
If the Jacobian of the n functions P\, F t . ■ •, F„ of the n independ¬ 
ent variables x„ x„ ■. x n , together with all its (n — r + 1)-rowed 
minors, vanishes identically, but at least one of the (n — r) - rowed 
minors is not zero, there exist precisely r distinct relations between 
the n functions; and certain r of them can ire expressed in terms 
of the remaining (n — r), between which there exists no relation. 

The proof of the following proposition, which is similar to the 
above demonstration, will be left to the reader. The necessary and 
sufficient condition that n functions of n + p independent variables he 
connected by a relation which does not involve these variables is that 
every one of the Jacobians of these n functions, with respect to any n 
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of the independent variables, should vanish identically In par¬ 
ticular, the necebsary and sufficient condition that two functions 
Fi(*i, -r a , , x,) and F 2 (t 1 , x„, , j-.) should be functions of each 

other is that the cori espondmg partial derivatives cF, jcx, and 
cF 2 /()x, should be proportional 

Note. The functions F„ F t , , F„ in the foregoing theorems may 
involve certain othei variables //,. y 2 , , y n . bebideb a,, , x n 

If the Jacobian 1)(F ,, F t) , I\) j x_, . x„) is zero, the 

functions F t , , /'„ are <omit<ted by one -o moie relations 
which do not involve txplnitly llu tumbles x, x„, , r, , but 

which may invoice the other v,ncables y,, y l , y 


Applications The preceding theortm is of great importance The funda¬ 
mental property of the logarithm, for instant t, tan he demonstrated h> means 
of it, without using the arithmetic definition of the logarithm For it is proved 
at the beginning of the Intcgial Calculus that then txists a function which is 
defined for all positive valuta of the variable, which is zero when x = 1, and 
whose derivative is 1/x Let/(x) be this function, and let 


Then 


«=/(*) +/(if), e-Jg 


/!(« ») 
D(z V) 


lll| 

lx y | = 0 

y x I 


Hence there exists a l elation of the form 


/(x) + /(jt> = v(xy ), 

and to determine <fi we need only set y — 1 , winch gives /(x) = 0 (x). Hence, 
Bince x is arbili ar \, 

f(*)+f{V) f(zy) 

It is clear that the preceding definition might hate led to the discovery of 
the fundamental piopeitiesof tin logarithm had they not been known before the 
Integral Calculus 

As another application let us eonsidei a system of n equations m n unknowns 
«i,«s, , u„ 

F,(u,, u !t u,) = l] u 

(19) • *" ) = l/ * 

» 

i F„(u„u a . ,»,) = //,, 

where H\, II 2 , , It, art constants or functions of certain other variable* 
x,, ij, , x m , which may also occur in the functions F, If the Jacobian 
®(Fi, F’a, , F„)/ //(«!, u 2 , , u„) vanishes identically, there exist between 

the A functions F, a certain number, say n - k, of distinct relations of the form 

. Ft)- 


Ft + i = IIi(Fi, • , Fi), ,F„— n„_t(Fi, 
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In order that the equations (19) be compatible, it is evidently necessary that 

ifr+1 = IIi (Hi) * *1 * * * i N* = Hu-* (Ni, • • , tffc), 

and, if this be true, the n equations (19) reduce to k distinct equations. We 
have then the same cases as in the discussion of a system of linear equations. 

29. Another property of the Jacobian. The Jacobian of a system of n 
functions of n variables possesses properties analogous to those of 
the derivative of a function of a single \ unable. Thus the preceding 
theorem may be regarded as a generalization of the theorem of § 8. 

The formula for the derivative of a function of a function may be 
extended to Jacobians. Let F t , F t , ■ , F n be a system of n func¬ 
tions of the variables »/,, u s , and let us suppose that u t , 

• ••, k. themselves are functions of the n independent variables x„ 
x„ ■ ■ x,. Then the formula 

7)(F t , F„ ■■ , F,) = T) (F U F„ •• , F,) l)(„ u t/„ 

D(x J-.) />(«!,«„ •,«„) ,X„) 

follows at once from the rule for the multiplication of determinants 
and the formula for the derivative of a composite function. For, 
let us write down the two functional determinants 


8F , 

dF t 

dfj 

b II t 

du 2 

c if H 

dui 

Ou, 

i)u n 

dxx 

cxx 

c *l 

?£. 

8F, 

'<>F„ 

Sjl l 

d U, 

hi. 

du. 

du. 



Cx„ 



where the rows and the columns in the second have been inter¬ 
changed. The first element of the product is equal to 

eFi du x + dF\ du, oF\ du „. 

dux CXy bu 2 bx L bu H dxx 

that is, to cFx/cxx, an(I similarly for the other elements. 

<.< - 

80. Hessians. Let f(x, y, z) be a function of the three variables *, y, z. Then 
the functional determinant of the three first partial derivatives if/ at, cf/iy, 
Hf/Sz," .. 


Vf 

V 


ez» 

dzdy 

ixiz 

&f 

<*/ 


iziy 

dy* 

Sydz 




BzBz 

cytz 

It* 
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is called the Hessian of f(x, y, z) The Hessian of a function of n variables is 
defined in Ulce manner, and plays a role analogous to that of the second deriva¬ 
tive of a function of a single variable We proceed to prove a remarkable 
invariant property of this determinant Let us suppose the independent vari¬ 
ables transformed by the linear subsutut ion 

( x ~ c A -f p i y Z, 

(MT) \v = «'A'A I ))’+ y'Z , 

l z = a"X + p r + y" Z, 

where X, Y, Z are the transfoimed i ariabLs, and a, p, y, , y" are constants 
such that the determinant of the substitution, 

it p y 

A = it (? y' , 

t> ’ p" y" 

is not zero This substitution carries the function f(x, y, z) over into a new 
function F(X, Y, Z) of the three variables A', 1 ", 7 . Let If (X, Y, Z) be the 
Hessian of this new function We shall show that we have identically 

H(.T, Y, '/.)-= S'h(x, y , z), 

where x, y, z are supposed replaced m h(x, y, z) by their expressions from (IP”). 
For we have 

'F !F\ f IF IF cF\ 

T* tz ! U' f Y’ IZf Djx, V, z) 

Y,Z) D(x, y, z) D(X,Y,Z)’ 

and if we considei If/cx, If /I II, tf/iz , for a moment, as auxiliary variables, 
we may write 


(c-F IF 

(ex’ er’ 

IF 

iz, 

) n(l ' f ', '-£) 

/ \cz ly Iz / 

V(x, y, z) 

D (U, % 

is\ 

D(z, y, z) 

Li (A', Y, Z) 

\Dx cy 

Iz) 



But from the relation F(X 

, Y, 

Z) — f (x, y, z), we 

find 
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Let m now consider an application of this property of the Hessian. Let 
/(at, y) = a** + 3 bx\y + 3 + dy* 

1)6 a given binary cubic form whose coefficients a, b, c, d are any constants. 
Then, neglecting a numerical factor, 

A = 1 a* + ^ ^ ^ ^ I = (ac — b' l )x 2 + (ad - be)xj/ + (bd - c a )F 2 , 

I te + cy cs + dy | ' 

i 

and the Hessian is seen to be a binary quadratic form. First, discarding the 
case in which the Hessian is a perfect square, we may write it as the product of 
two linear factors: 

A = (mx + ny) (px + qy). 

If, now, we perform the linear substitution 

rnx + ny — X, px + qy = F, 
the form/(x, y) goes over into a new form, 

F(X, II = AX* + 3 BX-" r + 3 CXY> + DY\ 
whose Hessian is 


B(X, F) = (AC - B 3 ) X 3 + (AD - BC) XF + (BD - C 3 ) F 9 , 

and this must reduce, by the invariant property proved above, to a product of 
the form KXY. Hence the coefficients A, B, C, D must satisfy the relations 

B«-AC = 0, BD — C 4 = 0 


If one of the two coefficients B, C be different from zero, the other must be so, 
and we shall have 




F(X, F) = ~ (B a X 8 + 3 B 3 CX 3 F + 3 BC^XF 3 + C* F 8 ) = L ^jLt_£jT , 
BC BC 


whence F(X, F), and hence f(x, y), will be a perfect cube. Discarding this 
particular case, it is evident that we shall have B = C = 0 ; and the polynomial 
F(X, F) will be of the canonical form 

AX» + DF S . 

Hence the reduction of the form f(x , y) to its canonical form only involves the 
solution of an equation of the second degree, obtained by equating tbe Hessian 
of the given form to zero. The canonical variables X, F are precisely the two 
factors of the Hessian, 

It is easy to sec, in like manner, that the form/(x, y) is reducible to the form 
AX 8 + BX 3 F when the Hessian is a perfect square. When the Hessian van¬ 
ishes identically f(z, y) is a perfect cube: 


/(*, y) = (ax + py)*. 
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III. TRANSFORMATIONS 

It often happens, in many problems winch arise in Mathematical 
Analysis, that we are led to change the independent variables. It 
therefore becomes necessary to he able to express the derivatives 
with respect to the old variables m terms of tbe derivatives with 
respect to the new variables. We liave alieady considered a problem 
of this kind in the case of inversion Let us now consider the 
question from a general point of view, and treat those problems 
which occur most frequently. 


31. Problem I. L et y he n function of the independent variable x, 
and let t be a new independent variable connected with x by the relation 
s ■ - [f)- It is required to e r press the stteecsive derivatives of y with 

respect to x in terms of t and. the successive derivatives of y with 
respect to t. 

Let y=/(:r) lie the given function, anil F(t) =/[<f> (7)] the func¬ 
tion obtained by replacing x by <j> 0) in the given function. By the 
rule for the derivative of a function of a function, we find 


whence 


•hi <ty 
dt ds ' 




dj 

— >lt — -h 
Vl ~ <*>'(/) - <#,'(/) 


This result may be stated as follows To find the der in<uiu&. crfL y 
with respect to x, take the derivative of that function with respect to t 
and divide it by the derivative of x with respect to t. 

The second derivative d-y/dx 1 may be found by applying this 
rule to the expression just found for the first derivative. We find: 


d [ = dt ^ = y^’(0- .»>»"«) ■ 

*r* *V) O'(0] s 

and another application of the same rule gives the third derivative 


<Py 

dx' 



*V) 
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or, performing the operations indicated, 

d>y y££M- - 3y,»'(t) f(t) + 3y,r 

dx* [♦'(*)]* 

The remaining derivatives may be calculated in succession by 
repeated applications of the same rule. In general, the »th deriva¬ 
tive of y with respect to x may be expressed in terms of <£"(<), 
.. $ w {t). and the first n successive derivatives of y with respect to 
t. These formulae may be arranged in more symmetrical form. 
Denoting the successive differentials of x and y with respect to^t by 
dx, dy, d 1 x, cPy, ■ ■, d'x, d*y, and the successive derivatives of y 
with respect to x by ij\ y", ■■ ■, i/'\ we may write tlie preceding 
form ulie in the form 


( 20 ) 


* dx 


y- 


dxd a y — dycPx 
dx* ’ 


, _ d'ydx a — 3 cPydxcPx + 3 dy(d , r) i — dyiPxdx 


dx 1 ’ 


The independent variable t, with respect to which the differentials 
on the right-hand sides of these formula' are formed, is entirely 
arbitrary; and we pass from one derivative to the next by the 
recurrent formula 




dry- 0 ] 

dx 


the second member being regarded as the quotient of two differen¬ 
tials. 

32. Applications. These formulae are used in the study of plane 
curves, when the coordinates of a point of the curve are expressed in 
terms of an auxiliary variable t. 

*=/(<)> V- + CO- 

la order to study this curve in the neighborhood of one of its points 
it is necessary to calculate the successive derivatives y‘, y", ■ • • of y 
with respect to x at the given point. But the preceding formulae 
give ua precisely these derivatives, expressed in terms of the succes¬ 
sive derivatives of the functions f(t) and (t), without the necessity 
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of having reqouTBe to the explicit expression of y as a function of x, 
which it might be very difficult, practically, to obtain. Thus the 
first formula 

„ in = am 

J dx f’(t) 

gives the slope of the tangent. The value of y" occurs in an impor¬ 
tant geometrical concept, the radius of curvature, which is given by 
the formula 

■..(l+y *) 1 

A —-1 — > 

\u ! 


which we shall derive later. In order to find the value of Tt, when 
the coordinates x and y arc given as functions of a parameter t, we 
need only replace y' and y" b> the preceding expressions, and we 
find 

_ (dx* a- dy 1 )* 

\dx d 1 y—dy d‘?\ 

where the second member contains only the first and second deriva¬ 
tives of x and y with respect to t. 

The following interesting reinaik is taken from M Bertrand’s Traitt de 
Calcul diffirentiel et irdtyral (Vol. I, p. 170) Suppose that, in calculating Borne 
geometrical concept allied to a given plane curve whose coordinates x and y are 
supposed given in terms of a parameter !, we had obtained the expression 

F(x, y , tlx. dy , d-x, d-y, . d«x, d”y), 

where all the differentials are taken with respect to I Since, by hypothesis, 
this concept has a geometrical significance, its value cannot depend upon the 
choice of the independent variable t. But, if we take x = £, we shall have 
tlx = dt, tPx = <i a x = = d'x — 0, and the preceding expression becomes 

/(x, y. U’- V" . • 

which is the same as the expression we would have obtained by supposing at the 
start that the equation of the given curve was solved with respect to y in the 
form y — *(x). To return from this particnlai case to the case where the inde¬ 
pendent variable is arbitrary, we need only replace yy", • by their values 
from the formula (20). Performing this substitution in 

f(x, y, y\ y", ■ s/<">), 

we should get back to the expression F(x, y. dx, dy, d a x, • ■ •) with which 
we started. If we do not, we can assert that the result obtained Is incorrect. 
Fof example, the expression 

dzd-y + dyd-x 
(dx 1 + dy 1 )* 
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eMinot h&ife any geometrical significance (or a plane ffrrve which ia Independent 
of the choice of the independent variable. For, if we set x = t, this expression 
reduoes to y"/(l + y' 3 )*; and, replacing y' and y" by their values from (20), we 
do not get back to the preceding expression. 

33. The formulas (20) are also used frequently in the study of 
differential equations. Suppose, for example, that we wished to 
determine all the funotions y of the independent variable x, which 
satisfy the equation 


< i -* , >§- x S +way==o ’ 


where n is a constant. Let us introduce a new independent variable 
t, where x — cos t. Then we have 

dy 

dy dt 
dx — sin t 


d*y 

dr* 


. <Py dy 

sin*/ 


and the equation (21) becomes, after the substitution, 
(22) § + n*y = 0. 


It is easy to find all the functions of t which satisfy this equation, 
for it may be written, after multiplication by 2 dy jdt, 


whence 


, dy 

' dt 




4- iPy 1 = 7t a a s , 


where a is an arbitrary constant. Consequently 


dy 

dt 


n Va a — y t , 


dj/ 

dt 


y/a a — y* 


— n — 0. 


or 
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The left-hand side is the derivative of arc sin (y /a) — nt. It follows 
that this difference must be another arbitrary constant b, whence 

y = a sin (nt -f b), 

which may also be written in the form 

y = A sin nt + B cos nt. 

Returning to the original variable x. we see that all the functions of 
x which satisfy the given equation (21) are given by the for inula 

y — A sin i n arc cos x) f B cos (n arc cos x), 

where A and B are two arbitrary constants. 


34. Problem II. To every relation between x and y there corresponds , 
by means of the transformation x —f(t, it), y = </>(£, u), a relation 
between t and it. It is required to express the derivatives of y with 
respett to x in terms oft, u. and the derivatives of it with respect to t. 

This problem is seen to depend upon the preceding when it is 
noticed that the formula; of transformation, 


x~f(t,n), y = <f> (t, It). 


give us the expressions for the original variables x and y as func¬ 
tions of the variable t, if we imagine that u has been replaced in 
these formulas by its value as a function of t We need merely 
apply the general method, thtuefore, always regarding x and y as 
composite functions of t, and it as an auxiliary function of t. We 
find then, first, 


dy 

dx 


dy 

dt 


d x 
dt 


r<j> C(j> d u 

ct fu dt 

cf df dll’ 

(tt t’u dt 


and then 

tp y _ d / dy\ tlx 
dx 3 dt \d2 J dt' 


or, performing the operations indicated, 


(bf,bfdu\~c 1 tt> a iV du r 3 tp/du'Y , v<t> d 2 u~j ^ /vip , fp dtAl””1 

( i!l-. V« + gud</L« 8+ Suttdt + PuAdt/ + ?U dt 3 J "J 

d *'‘ ti$ 

\dt + iudt/ 
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In general, the nth derivative j/” is expressible in terms of t, w, and 
the derivatives du / dt , cPu jdt\ ■ d?u/dt". 

Suppose, for instance, that the equation of a curve be given in 
polar coordinates p = /(<■>). The formulas for the rectangular coor¬ 
dinates of a point are then the following : 


x — p cos <u, y — p sin <■>. 

Let p, p", • ■ ■ be the successive derivatives of p with respect to o>, 
considered as the independent variable. From the preceding formulae 
we find 

dx ~ cos ai dp — p sill w dijo t 

dy — sin <u dp + p cos to di o, 

<Px = cos <o (F p — 2 sin u> du>dp — p cos to dui 1 , 

cPy = sin <o cPp + 2 cos to d to dp »*- p smto rfu> 2 , 

whence ^ 

dx* + dy- = dp'- -f- p’rfto 

dx dry — dy d 1 x = 2 du> dp 2 — p t/to d*p + p 2 dm*. 


The expression found above for the radius of curvature becomes 


H = ± 


(P- + P la ) 


a\l 


P 1 + 2 p' 2 — pp" 


35. Transformations of plane curve*. Let us suppose that to every 
point m of a plane we make another point M of the same plane cor¬ 
respond by some known construction. If we denote the coordinates 
of the point m by (x, y) and those of M by (.V, Y), there will exist, 
in general, two relations between these coordinates of the form 

(23) X =/(*, y), Y - 4>(x, y). 

These formulae define a point transformation of which numerous 
examples arise in Geometry, such as projective transformations, the 
transformation of reciprocal radii, etc. When the point m describes 
a curve c, the corresponding point M describes another curve C, whose 
properties may be deduced from those of the curve c and from the 
nature of the transformation employed. Let y', y", ■ ■ ■ be the sue-' 
cessive derivatives of y with respect to x, and Y\ Y", ■ ■ - the siicees- 
sive derivatives of Y with respect to X. To study the curve C it 
is necessary to be able to express Y’, Y", in terms of x, y, y\ 
y'\ ■■■. This is precisely the problem which we have just discussed; 
and we find . 
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d_Y d± dj, , 

dx dx dy 

IE = 

dx dx dy J 



and so forth. It is seen that V dejiends only on x, y, y'. Hence, 
if the transformation (23) be applied to two curves c, c\ which are 
tangent at the point (x, y). the transformed curves C, C will also 
be tangent at the corresponding point (A', T). This remark enables 
us to replace the curve c by any other curve which is tangent to it 
in questions which involve only the tangent to the transformed 


curve C. 

Let us consider, for example, the transformation defined by the 
formul® 


.V = - 


h-x 


y~ 


fry 

X 2 + >/’ 


which is the transformation of reciprocal radii, or inversion, with 
the origin as pole. Let m be a point of a curve c and M the cor¬ 
responding point of the curve C. In 
order to find the tangent to this curve 
V we need only apply the result of 
ordinary Geometry, that an inversion 
carries a straight line into a circle 
through the pole. 

Let us replace the curve c by its 
tangent nit. The inverse of mt is a 
circle through the two points d/and o. 
whose center lies on the perpendicular 
(ft let fall from the origin upon mt. The tangent MT to this circle 
is perpendicular to AM, and the angles Mint and mMT are equal, 
since each is the complement of the angle mOt. The tangents mt 
and MT are therefore antiparallel with respect to the radius vector. 



36. Contact transformations. The preceding transformations are 
not the most general transformations which carry two tangent 
curves into two other tangent curves. Let us suppose that a point 
-V is determined from each point m of a curve c by a construction 
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which depends not only upon the point m, but also upon the tangent 
to the curve c at this point. The formulae which define the trans¬ 
formation are then of the form 


(24) X = /(*, >/, y"), Y = <*.(/, y, y')\ 

and the slope K' of the tangent to the transformed curve is given 
by the formula 

dr ‘£ + %' + I$Y 


In general, V depends on the four variables .r, y, if, y "; and if we 
apply the transformation (24) to two curves c, r' winch are tangent 
at a point (x, //), the transformed curves f, r' will have a point 
(A', Y) in common, but they will not he tangent, in general, unless 
y" happens to have the same value for each of the curves e and /•'. 
In order that the two curves >' and (" should always be tangent, it 
is necessary and sufficient that, 1” should not depend on y"\ that is, 
that the two functions f\i, //, //') and 4 (■’’■ !/< y‘) should satisfy the 
condition 


8 X ( + r f ,/) = l'J + 

dy'\cx fy ' } cy'\rx 



In case this condition is satisfied, the transformation is called a 
contact transformation. It is clear that a point transformation is a 
particular case of a contact transformation.* 

Let us consider, for example, Legendre's transformation, in which 
the point M, which corresponds to a point (r, y) of a curve r, is given 
bv the equations 

A = y\ V = ?>/ — y ; 

from which we find 


Y' 


dY 

dX 


ay" 

~r 


— X, 


which shows that the transformation is a contact transformation. 
In like manner we find 


Y" = 


jpm __ 


dY' 

dX 

dY" 

dX 


dx 

y"dx 


1 



•Legendre aDd Ampere gave many examples of Contact transformations. Sophii'* 
Lie developed the general theory in Various works; see in particular his GtometW 
der Berukrungslrantformationen. floe also Jacobi, Yorlefungen utter Dynamik. 
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and so forth. From the preceding formulae it follows that 

* = K', y=Al'-F, y' = X, 

which shows that the transformation is involutory * All these prop¬ 
erties are explained by the remark that the point whose coordinates 
are X = y\ Y = xy' — y is the pole of the tangent to the euive c at 
the point (x, y) with respect to the pai abola x l — 2 y = 0 But, in 
general, if M denote the poll of the tangent at m to a curve c with 
respect to a directing come 5, then the lotus of the point ft is a 
curve C whose tangent at 1/ is pru iselj the polai d the point m 
with lespeit to 2 The relation lietwien the two curves r and C is 
therefore a reciprocal one, and furthei, if we leplace the curve r by 
anothei imve i\ tangent to < at the point rn the leoprocal curve C 1 
will lie tangent to the euive < at tin point 1/ 

Pedal curvet If, from a fixed point O m the plane of a curve r, a perpen¬ 
dicular OM be let fall upon the tangent to tlie curve at the point rn, the locus of 
the foot If of this perpendu ul tr is a tuivt C whuh is called the peiial of the 
(/mm nine It would In easy to obtain, bv a direct calculation, the coordinates 
of the point If, and to show that the trans¬ 
formation thus defined a. a contact transfer 
tnattou, but it la simpler tu pt oceed as follow s 
L ft us consider a circle y of radius li de¬ 
scribed about the point Oasci nti r and let mi 
be a point on OM such that (hit t x OM - h- 
The point oil is the poll of the tangent ml 
with respect to the cireh and hum the 
transformation winch carries r into C is the 
result of a transformation of reciprtx il po 
lars, followed bj an inversion When the 
point m describes the cuivt < the point an, 
the pole of ml, descubes a curve c, tangent 
to the polar of the point rn with respect to 
the circle y, that is, tangilit to the stiaight hne m,ti, a perpendicular let fall 
from ini upon (hit The tail"!nt M T to tliecuive ('arid the tangent 711,1; to the 
curve i \ make equal angles vuili the radios, vector Om,M Hence, if we draw 
the normal MA, the angles A M0 and A O M are equal since they are the comple¬ 
ments of equal angles, and the point .1 is the middle point of the line Om It 
follows that, the normal to the pedal is found bv joining the point M to the center 
of the line Om. 

37 Projective transformations Every function y which satisfies the equation 
J ~ 0 is a linear function of x, and conversely But, if we subject x and y to 
the projective transformation 

* That Is, two successive applications of I he transformation lead us back to the 
miginal coordinates — Tuans 
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aX + bY+c a'X + b'Y+e’ 

X ~ a"X + b"Y + c"’ V ~ a''X + b"Y+c"’ 


a straight line goes over into a straight line. Hence the equation y" — 0 should 
become <P Y/dX* = 0. In order to verify this we will first remark that the 
general projective transformation may be resolved into a sequence of particular 
transformations of simple form. If the two coefficients a'' and V' are not both 
zero, we will set Xi = a" X + b" Y + c "; and since we cannot have at the same 
time ab" — ba" — 0 and a'b" — b'a" = 0, we will also set Tj = a'X + b' Y + c', 
on the supposition that a'b" - b'a" is not zero. The preceding formula may 
then be written, replacing X and Y by their values in terms of X t and Yi, in 


the form 



x = 


"*+±* ±2 + 

A.I Al 


y 

Xx 


It follows that the general projective transformation can be reduced to a 
succession of integral transformations of the form 


x = aX + bY + o, y — a' X + b' Y + c', 


combined with the particular transformation 


x - 


1 

T 


v = 


r 

x 


Performing this latter transformation, we find 


and 




- 1 
A'* 


= Y - XY', 



AT"(- X*)=X‘Y 


Likewise, performing an integral projective transformation, we have 

, _dy _ a' + b' Y' 

V dx a + bY' ’ 

v" - ^ = ( a ^ - ~ ba^Y" 

V ~ dx (a + bY')> 

In each case the equation y" = 0 goes over mto Y" = 0. 

We shall now consider functions of several independent variables, and, for 
definiteness, we shall give the argument for a function of two variables. 


38. Problem UL Let a> — f(x, y) be a function of the two independ¬ 
ent variables x and y, and let u and v be two new variables connected 
with the old ones by the relations 

x = («, v), y = f(u,v). 

It is required to express the partial derivatives of u> with respect to the 
variables x and y in terms of u, v, and the partial derivatives of u with 
respect to v and v. 
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Let <o = F(u, v) be the function which results from/(x, y) by the 
substitution. Then the rule for the differentiation of composite 
functions gives 

0 O) 0 (D C (p 0C1> 0 

vu dx at 8 y du’ 

C' OJ C to C cf> C Q> 0 ip 

cv cx tr ' aj cr* 

whence we may find na/cx and tm/Cg, lor, if the determinant 
D(4>. 4 >)//?(«, i’) vanished, the ihange of variables performed 
would have no meaning Hence \v** obtain the e [nations 


(2f>) 


C a> 

C u> 


= 

A 

, r 

-J~ ]i - 

Cx 

Cii 

Cl » 

r’cu 

do) 

C ty 

— = 

r - 

+ /> . : 

C U 

c a 

Cv 


where A, li, C, D are determinate functions of u and v ; and these 
formulm solve the problem foi derivatives of the first order. They 
show that the derivative of a famt ion with respect to x is the sum of 
the two products formed by multiplying the two derivatives with respect 
to it and v by A and IS. respectively The denvative with respect to 
y is obtained m like inannei, using C and T> instead of A and B. 
respectively. In order to calculate the second denvati\es we need 
only apply to the first derivatives the rule expressed bj the preced¬ 
ing fonnulee; doing so, we find 

0 i O» _ dlC 0)\ _ 0 / 0 a) 0 

fo 5 ~ di\fc) ~ cc V at + B Tr) 



or, performing the operations indicated. 


0 s cd / 0 2 oi C 1 t o r.4 0 <d 05 0a>\ 

dx 1 ^ \ did ^ in dr 0tt du Cv J 


,/ 4 ±iL 

V du 0c 


0 4 0o) + dB 0o)' 

cv du do dv ! 


and we could find 8‘w/cx dy, 0 a o >Jaf and the following derivatives 
in like manner. In all differentiations which are to be carried out 
we need only replace the operations d~/dx and 0 fdy by the operations 



) 


i 

/ 
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respectively. Hence everything depends upon the calculation of the 
coefficients A, B, C, D. 


Example I. Let us consider the equation 


(28) 


, f 2 iv ft 2 y 

a -- + 26- h e — 

ft E 2 ( X ry Ty 2 


= 0, 


where the coefficients a, b, c are constants; and let us try to reduce this equa¬ 
tion to as simple a form as possible. We observe first that if a = c = 0, it would 
be superfluous to try to simplify the equation We may then suppose that r, 
for example, does not vanish. Let us take two new independent variables it 
and v, defined by the equations 


u=i + aji, v — x+py, 


where a and p are constants. Then we iiave 


dbl ?IV f ‘V 

< x fit f v 


f 01 f o! ft 1C 

— = a _ + p- , 

<y iu t a 


and hence, in this case, A = B = 1, C - a, B - p. The general formula; then 
give 


f-(C „ CW f -IV 

. , + 2 . . + ——! 
<u‘ ructi tie 


ft 2 tc 

ftx 2 

ft 2 W f 2 IC f 2 CC ft 2 ic 

ilYy = Fu 2 + (<t + ^ ftit'fp + ^ ’ 

C:=- 5 vi +2 ^-"‘“ 

?k 2 ftu 2 i-Ucb cb 2 


and the given equation becomes 

(o + 2 6tr + ctr 2 )^ + 2 [a + 6 (a + 0) + cap] - + (a + 2bp + c^ 2 )^- = 0 
fit 2 ftu ?B fB 2 

It remains to distinguish sev eral cases. 

First case. Let IP — ac > 0 Taking for a and p the two roots of the equation 
a + 2 6r + cr 2 = 0, the given equation takes the simple form 

^=0. 

?u ftp 


Since this may be written 


(s> 


0, 


we see that Pui/ftu must be a function of the single variable, it, say /(u). Let 
F(u) denote a function of tt such that F'(u) =/(it). Then, since the derivative 
of <j - F(u) with respect to it is zero, this difference must be independent of it, 
and, accordingly, u = F(n) + 4>(p). The converse is apparent. Returning to 
the variables x and y, it follows that all the functions u which satisfy the equation 
(26) are of the form 


u-F(x+ ay) + *(x + py). 
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whore F and 4> are arbitrary functions For example, the general integral of 
the equation 

• P 2 w „f 2 w 

r h ~ ~ , i 

< !J l < T‘ 

which occurs in the theory of the stretched string, is 
u=f(x + ay) + y> (x - ay). 


Second case. Let b 2 — ac = 0. Taking a equal to the double root of the equa¬ 
tion a + 2 hr + cW = 0, and p some other number, the coefficient of cPu/cuiv 
becomes zero, foi it is equal to a + ha r ti \h f- < a) Hence the given eouation 
reduces to c 1 w / 11' 2 - 0 It is evident th .11 w must be a ! 1 ear function of t>. 
u, r. v.f(u) + 0(«), where f(u) and ,/.(») are arbitrary functions Returning to 
the variables x and y, tlie expression for w becomes 

w = (x + py)f(x + ay) + y>(x + cry), 
which may be written 


or, finally, 


w - [x + ay + (p - a)y]/{x 4 - ay) + v>(x + ay), 
w = yYU + ay) -i <h(x + ay) 


Third rase. If b 1 - ni'sO, the preceding transformation cannot be applied 
without the introduction of imaginary variables The quantities a and p may 
then be determined by the equations 


which give 


u + '2ba h ' a- — a r 2bp + cfP, 
a r b (a J- p) a 1 irfl — 0 , 


a + P - 


2b 

c 


2 6 ! — a c 


The equation of the second degi ee, 


r 2 q 


2 b 
— r 



- 0, 


whose roots are a and p, has, in fact, real roots, 
becomes 


Aw ~ 


P 2 w < * w 

+ 

fie <v- 


= 0 


The given equation then 


Tliis equation Aw = 0, which is known as Lufihlri 'v Equation, is of fundamental 
importance in many branches of mathematics and mathematical physics. 


Example 11. Let us see what form the pieeedmg equation assumes when we 
set x = p cos ip, y — p sin <p. For the first derivatn es we find 


pw 

c> 


?« 

lx 


cos^ + 


Pw 

sin^, 

ty 


pw Pw Pw 

— s-osini-F p cos 9 , 

ty Pi 
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or, solving for dw/tx and dm/by, 


but 0 oj ein <p v u> 

— = coe 0-— > 

ix bfi p 00 

dw 0 u> COB $ c'u 

— = sin 0 — +-— ' 

by by p ctp 


Hence 


0» 

ar» 


ij 3/ 0 w sin rf> 0 w\ sin00/ 0« 

- = CO80 — ( COS0 ----- — )-- — ( COS0 -- 

e 4 bp\ bp p < (p / p np \ bp 


sin 0 0u\ 

P dip) 


0 a « gin 2 0 0 2 u 
= 008*0 — + —— — ■ 
Cp 2 p C0 2 


2 ain 0 cos 0 0 a u ^ 2 sin 0 cos 0 0 « sin ’0 0 w 

p 0p 00 p 2 00 p 0p ’ 


and the expression for 0 a w/0y a is analogous to this. Adding the two, we find 


? a <, 


£12 „ 02 u \ 02 

fy 2 <p s p a 


^ 1 bill 
00 a p rp 


39. Another method. The preceding method is the most practical 
when the function whose partial derivatives are sought is unknown. 
But in certain cases it is more advantageous to use the following 
method. 

Let z — f(x, y) be a function of the two independent variables x 
and y. If x, y, and s are supposed expressed in terms of two aux¬ 
iliary variables it and r, the total differentials dx, dy, dz satisfy the 
relation 

. d f , . *// 

dz—.- dx -f- du, 

dx cy 

which is equivalent to the two distinct equations 

is _ of lx if c y 
du cx du by on 

is _ df dx df d y 
dr dx Or ty dv 

whence df/dx and if/by may be found as functions of u, r, dz/iv, 
8s/dv, as in the preceding method. But to find the succeeding 
derivatives we will continue to apply the same rule. Thus, to find 
2 ! //0x* and i‘‘f/dx dy, we start with the identity 



which is equivalent to the two equations 

_ B s fdx d*f dy 
du dx 3 du ~ >r dx dy du ’ 
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b' l f dr d*f dy 
dx 2 do dx dy do 


where it is supposed that of /dx has been replaced by its value cal¬ 
culated above. Likewise, we should find the values of d 2 f /dx dy and 
o'f/’ey' 1 by starting with the identity 


d 



o-f , Wf , 

= — — dr -\ - — dy. 

r r fly fly 1 ' 


The work niav lie checked by I he fact that the two values of 
f t f/oxdy found must agree. Derivatives of higher order may be 
calculated in like mannei. 


Application to surfaces. The preceding method is used in the study 
of surfaces. Suppose that the eooidmates of a point of a surface S 
are given as functions of two variable parameters v and e by means 
of the formula' 

(27) x = /(«. <’)• 'J = <K«, <’)' s = <K"> »)■ 

The equation of the surface may lie found by eliininatiug the vari¬ 
ables a and r between the three equations (27); but we may also 
study the properties of the surface .s' directly from these equations 
themselves, without carrying out the elimination, which might be 
practically impossible. 11 should bt* noticed that the three Jacobians 

inl‘JA+1 

r) I>(u, r)’ />(t(, r ) 

cannot all vanish identically, for then the elimination of u and v 
would lead to two distinct relations between x. y, z. and the point 
whose coordinates are (x, y, z) would map out a curve, and not a sur¬ 
face. Let us suppose, for definiteness, that the first of these does not 
vanish : D (/, <f>) /D( n, r) - 4 - 0. Then the first two of equations (27) 
may be solved for it and e, and the substitution of these values in the 
third would give the equation of the surface in the form z = F(x. y). 
In order to study this surface in the neighborhood of a point we need 
to know the partial derivatives p, </, r, s, t, ■ ■ ■ of this function F(x, y) 
in terms of the parameters it and v. The first derivatives p and q 
are given by the equation 

i dz = p dx 4- q dy, 

which is equivalent to the two equations 
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(28) 


dtft _ 
du 




p du + 7 du' 


dd/ df c<fa 
!h~ P Tr.’ + 9 fo’ 


from which p and q may be found. The equation of the tangent 
plane is found by substituting these values of p and q in the equation 

Z - s-p{X - a-)+?(>’ - y), 


and doing so we find the equation 


(29) 


(A' - x) T -^ 
v ’ n(u, v) 


+ (v - .'/) 


D(z, a-) 

l>C"7r) 


+ (Z- 


«) 


£fei.y ) =0 

1) (it, i;) 


The equations (28) have a geometrical nieanmg which is easily 
remembered. They express the fact that the tangent plane to the 
surface contains the tangents to those two cm ves on the surface whn h 
are obtained by keeping e constant while u vanes, and rice versa * 
Having found p and q, p — /, (it, r). q — /,(n, r), we may proceed 
to find r, s, t by means of the equations 


tip — r dx -f s dy, 
dq = jrf/ + f dy, 

each of which is equivalent to two equations; and so forth. 


40. Problem IV. To every relation between x, y, z there corresponds 
by means of the equations 

(30) x ~f{u, v, w), y = <p(u, e, «•), a = ^(«, c, ter), 

a new relation between u, e, ir. It is required to express the partial 
derivatives of z with respect to the variables x and y in terms of u, v, if. 
and the partial derivatives of tv with respect to the variables u and r 

This problem can be made to depend upon the preceding. Foi, 
if we suppose that to has been replaced in the formuhe (30) bj a 
function of u and r, we have x, y, z expressed as functions of the 


* The equation of the tangent plane may also Iks found direct!} Every curve on 
the surface is defined toy a relation between u and v, say v = I] (u ); and the equations 
of the tangent to this curve are 


CU CV 


d <p d . 
^ + (u) 


Z-z 


CU CV 


The elimination of IT(«) leads to the equation (29) of the tangent plane. 
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two parameters u and v ; and we need only follow the preceding 
method, considering /, <f>, p as composite functions of v and /•, and 
w as an auxiliary function of v and />. In order to calculate the 
first derivatives p and 7 , for instance, we have the two equations 

dip .dip dw _ l cf rf c w\ / r<f> r <p d w\ 

du dw du ^ fu du ) ^ ' cw ru ) ’ 

dip d w _ /bf d f v w\ jb<p c tp c ie\ 

du dw co 1 do rr) '^\co cw co) 

The succeeding derivatives mai be laloulated in a similar manner. 

In geometrical language the above pioblem may be stated as fol¬ 
lows: To every point w of space, whose coordinates aie (x, y, z), 
there corresponds, by a given eonstrin tion, another point M, whose 
coordinates are A, r, Z When the point m maps out a surface .S, 
the point M maps out anothei suiface 2 , whose juopeities it is pro¬ 
posed to deduce fiom those of the given suitaee .s 

The iormuhe which define the tiansfoimation are of the form 

X =f(r, y, z), V- 4><x,y. Z = p(.r, y, z). 

Let 

z-F(r y //), 

he the equations of the two sin faces ,s and 2, respectively. The 
problem is to express the paitial derivatives Q, It, S, T, of the 
function <t>(A", Y) in teims of x. y, and the paitial derivatives 
p, 7 , r, s, t, of the function Fix, i/) Hut this is precisely the 
above problem, exiept for the notation 

The first denvatives P and (J depend onlv on r, y, z, p, 7 ; and 
hence the transformation tames tangent sutfaces into tangent sur¬ 
faces. But this is not the most geneial tiansfoimation which enjoys 
this property, as we shall see in the following example. 

41. Legendre’s transformation. Let = /(-r. y) lie the equation of 

a surface 8, and let any point m (r, y, =.) of this surface be carried 
into a point M, w>hose coordinates are .V, Z, by the transformation 

N = />, Y= 7 , Z=pr + qy — z. 

Let Z — (X, Y) be the equation of the suifaee 5 described by the 

point M. If we imagine z, p, 7 replaced by /, df, cx, bf/cy, respec¬ 
tively, we have the three coordinates of the point M expressed as 
functions of the two independent variables x and y. 



78 ' FUNCTIONAL RELATIONS [H, {« 


Let P, Q , R, S, T denote the partial derivatives of the function 
♦ (Jf, Y). Then the relation 

dZ = PdX + QdY 

becomes 

p dx + q dy + x dp + y dq — dz = P dp + Q dq, 
or 

xdp + y dq = P dp 4- Q dq. 

Let us suppose that p and q, for the surface S, are not functions of each 
other, in which case there exists no identity of the form Kdp + ydq = 0, 
unless A = p = 0. Then, from the preceding equation, it follows that 

}>=zx, Q-y. 

In order to find R, S, T we may start with the analogous relations 

dr = R dX + SdY, 
dQ = X dX + TdY. 

which, when A", Y, P, Q are replaced by their values, become 

dx = It (r dr + $ dy) + .s '(s dx + t dy ). 
dy = S [rdx + s dy) 7’(* dx + f dy ); 

whence 

R r + S s ~ 1, R s + .S' t = 0, 

Sr + T 4 = 0 , Ss + 7 ’< = 1 , 

and consequently 



From the preceding formula; we find, conversely, 

x = P, y = Q, e = PX 4- QY — Z, p — A', q = }’, 

= T = ~ s = '1 
T RT—S a> S IIT - .S' 1 ’ RT-S 1 ’ 

which proves that the transformation is involutory. Moreover, it 
is a contact transformation, since A', }', Z, P, Q depend only on j. 
y, s, p, q. These properties become self-explanatory, if we notice 
that the formula define a transformation of reciprocal polars with 
respect to the paraboloid 

x s -f- y® — 2 z = 0. 

Note. The expressions for R, S, T become infinite, if the relation 
rt — s* = 0 holds at every point of the surface S. In this case the 
point M describes a curve, and not a surface, for we have 



II, 1*2] 


TRANSFORMATIONS 


79 


D(X,Y) _ D(p,g) 
D(x, y) ' D(x, y) 


= rf — s a = 0, 


and likewise 


£H l Il = Pi ?' + _ (H _ - - 

D(x,y) J) (jCy y) ~ V(rt *> 

This is precisely the case which we had not considered. 


48. AmpSre'a transformation. Retaining the notation of the preceding article, 
let us consider the transformation 


The relation 
becomes 


X -- x, Y = (/, 7. - nu - z. 

dZ - PdX q QdY 
qdy 4 u fl'l <lz — Pds + Qdq, 


nr 

Hence 

ami ronversely we find 


i/dt/ - pdr=Pdz + (jdq 

r - - Q -v, 


r = A’, 

It follows that this 
The relation 

next becomes 

that is, 

whence 


U-.Q z=QY-Z, p = -P, <,= Y 

transformation also is an intolutory contact transformation. 
UP - PdX + SdY 
— rdx - sdy - ltd* V S(*<lz + t dy) , 

R + S* = r. PI = - s, 


f? = 


rt 


S — 


Starting with the relation dQ — SdX -t TdY, wc find, in like manner. 


T = 


1 

I 


As an application of these formula-, lei us try to find all the functions/(x. y) 
which satisfy the equation rt — s* = 0 . Let S be the surface represented by tbe 
equation z — f{z , y), 2 the transformed surface, and 7. = 4 (A, Y ) the equation 
of 2. From the formula 1 for li it is clear that wc must have 


and * must be a linear function of X \ 

Z = X*(Y) + \ im, 

where $ and V are arbitrary functions of Y. It follows that 
P = <p{T), Q = X<fi\Y) + y(Y)-, 
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and, conversely, the coordinates (x, y, z) of a point of the surface S are given 
as functions of the two variables X and Y by the formulse 

X = X, y = X'P'(Y) + i,’(Y), z =Y[X<t>'(Y) + nY)]-X<t>(Y)-+(Y). 

The equation of the surface may be obtained by eliminating X and Y ; or, what 
amounts to the Bame thing, by eliminating a between the equations 

z = a y - x$ (a) - <p(a), 

0= y-x<p\< 

The first of these equations represents a moving plane winch depends upon the 
parameter ct, while the second is found by differentiating the first with rcspci t 
to tliis parameter. The surfaces defined l>> the two equations are the so-called 
developable surfaces, which we shall study lafei 


43. The potential equation in curvilinear coordinates. The calculation to which 
a change of variable leads may be simplified in vcij many cases by various 
devices. We shall take as an example the potential equation m orthogonal 
curvilinear coordinates.* Ia.t 

F (,r, i/. z) = p, 

Fi(r. v. 2) - pi, 

E s (/, y, 2 ) = p t , 

be the equations of three families of surfaces which form a triply orthogonal 
system, such that any two sutfaces belonging to two d life rent families inteiM 11 
at right angles. Solving these equations for x , y, z as functions of the jiatauu - 
tera p, pi, pi, we obtain equations of the form 


I x — <p (p, pi, pf), 

(31) |f = vMp, pi. Pi), 

' 2 = ‘Pi iP, Pi • Pi ). 


and we may take p, pi, Pi as a system of orthogonal curvilinear coordinates 
Since the three given surfaces are orthogonal, the tangeuts to then curves of 
intersection must form a trirectanguiar trihedron It. follows that the equation'. 


( 32 ) 


•9^^= 0 , 

cp dpi 


s 


r f <t> f 4> 
fpi (pi 


0 , 


01+1<t> ^ (( 
cp 


must be satisfied where the symbol indicates that we are to ipplace ^ by 0j, 
then by #3, and add. These conditions for orthogonalism may be written in thi* 
following form, which is equivalent to the above: 


+ f/i „ 0 
cx tx by ly (z Iz 


cp (_H 
. dX lx 


<y <y 

■ = o, 


ie? + ... = o. 

cx ox 


* Lamih Traite tks coordonniev curvUignei. See also Hertrand, TraiU dc Cah d 
diffirentiel, Vol. I, p. 181, 
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Let us then see what form the potential equation 

. Tr i 2 V r 2 V 

A 2 V = - 4- 4 =0 

c'x 2 iy l < z 2 

assumes in the variables />, pi, p 2 . Fn^t of all. we find 


and then 


(V 

cVcp 

4 ' ■’< ft 

4 _ 

V ?pi 

i 


ix 

ip ix 

fpi CX 

r P2 ' x 



f-r 

if 

(YY 

r-r 

t - , 

< P * PI 

’ P 

f*X 

tp, + 

l C 

< V 

tp 

rF= 


i’~) ! 

«" r 
i J 

' Pi 

< * 4- 

(T 

t Vi 

fp'i 

V <x .1 

i r/»2 

ij 

?T 

OM 


FO 

( in Y 

t- 1 

-1- - 

' P 

«P2 4 

r r 

? J P2 

' <Y. 

\ u) 

tp< Pi 

( r 

( r 

<>2 

?x J 


Adding tho three analogous equations lie* t< mis < out immg derivatives of the 
second ordei like i 1 V /<(>< Pi fallout b\ reason of the rd.u ions and we have 


W) 


<■ r 

r-v 

. / ?»r 

A, 0>, . , 

1 -Mn) . r 

+ A] (p S ) 

t 

'P7 

PPi 

< V 

cV 

(V 

-J A (/•> 

(Pi) „ 

+ A. (Ps) , - 

tp 

'Pi 

in 


where Aj and A> denote Liunf's rmftnl jmratmtrrs * 


Ai (f) 


0 ‘> 0 ‘- •(::)• 


A if) - <lf 
rX l 


r-f 

<!r 


<2** 


The diffeientjal parameters of the hist oidi r A, tp), Aj(p!), Ai (p 2 ) are easily 
calculated. From the equations (dl) we have 


c<p 

' P 

i <t> 

tp i 


r 0 

c pi 

= 1 

tf> 

<X 

<pi 

( ( 


'pi 

fX 


i 0i 

<> , 

f 0t 

t pi 

T 

' 01 

t pi 

- 0 

tp 


rpi 

i r 


'P. 

i r 


r0a 


' 02 

i P\ 

4 

' 02 

t Pi 

- 0 

'P 

ix 


ix 


'Pi 

( A 



whence, multiplying by ( ^, 
<P 


rp 

fix 


r ^. < -? 3 . respectively and adding, we find 

< p < p 


tp 


\* 

/ '"'01 \ “ , 

It 08 \ 

4 

T-) 4 


1 

V tp f 

\ tp / 


Then, calculating i'p/i'y and ip/lz in like manner, it is easj to see that 
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Let os now set 





where the symbol $ indicates, as before, that we are to replace 0 by 01 , then 
by <h, and add. Then the preceding equation and the two analogous equations 
may be written 


Lame obtained the expressions for A a (p), A 2 (pi), A a (pa) as functions of p, p,. 
pj by a rather long calculation, which we may condense in the following form. 
In the identity (34) 


* „ i e*r 

3 _ n cp 2 + //, 


1 iH' 


n, 


1 r"V ?V IV fV 

. - } - + A 2 (p) — + As (pi) ~ + A 2 (pj) 

Pa = - 


a ' Pi 


Bpi 


Bpa 


let us set successively F = x, T’ = y, \ r — z. This gives the three equations 


H Bp* Hi Bp* + Hi rp 2 

I i’h 1 0*01 1 0A01 

If Tp^ + l7| rp\ + H\ c4 

1 ^ J_B a 0a 

II ip> 171 7$ Hi 


+ Aj(p) 

+ Aj(p) 
4- Aa(p) 


f 0 

+ 

A 2 (p,) 

f 0 

+ 

Aj(pj) 

00 

= 0, 

^P 


fPl 



Bpz 


r 0! 

4- 

Aj(pi) 

< 01 

+ 

Aj(pj) 

B 01 

= 0, 




<Pl 



?Pa 



+ 

Ar(Pi) 

f 0w 

f 

Aj (pi) 

001 

= o, 




<W 



0Pl 



which we need only solve for Aj(p), A 2 (pi), A 2 (pj) For instance, multiplying 
by 00/Bp, 00i/Bp, 00a/ Bp, respectively, and adding, we find 


AaWN+i^ 


?0 ? 2 0 


+ N^Bp 


B 0 r 3 0 


Bp* 


1 rrB 0 0*0 _ 0 
Bp Bpi 


Moreover, we have 


p00 0*0 _ 1 BN 
Bp Bp 5 2 Bp 


and differentiating the first of equations (32) with respect to pi, we find 


C y 0 

0 Bp 0 p? 




00 B*0 
Bpi Bp Bpi 


1 Bfl, 

2 ‘Bp ‘ 


In like manner we have 

r» 00 0*0_ 1 BHj 

07 Bp] = ~ 2 "Bp"’ 

and consequently 


A»(p) = - 


1 0 H 
2 ff* 0 p + 


J 


Bill 

Bp 


. 1 BN, 

2 fflfj Ip 


1 0 
211 Bp 
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B =W 


Bx ~ ftf’ 


H >=k' 


this formula becomes 


A aW = ^(log^) ; 

and in like manner we find 

A a (pi) = h\ -L (log h.\ , A 2 ( Pi ) ~ h\ ~ (log ~~ ) • 

cp x \ hhiJ dp% \ hhi/ 

Hence the formula (84) finally becomes 


( 86 ) 


v p 5 v ?u r 

£x 2 cy~ 02 2 

4- At 


4- 


0 p _ 


or, in condensed form, 


r e2r + f Ao g h \ 

L <v V v 

'<4; + i ( lng *« yn 

_ fpl <>i V hh 2 /rp\_ 

‘c*r ? / r A s \cV~ 

i_ '>? (>l ° K 

isr^wP/* ? n+/ ("> lIW-L/** f T\l. 

L r > VAiAi dp / fpj VAA-t tpi / r > 2 \AAi epj / J 

Let us apply this formula to polar coordinates The formulae of transforma¬ 
tion are 

x — p sin 0 coop, V-p sin# Bin 0 , Z = pcos0, 

where # and <p replace pi and p 2 , and the coefficients h. A,, A a have the following 
values: 

A = 1, Ai=\ A 2 = — • 

P p sin 8 

Hence the general formula becomes 

„ Tr ' f?/, ?F\ ?/ „?r\ f/1 eF\~) 

p^sinPLfp \ ip ) if \ f 6 / ip \sinP dip / _J 


or, expanding. 


it y 1 Pit y 

a, r = 1-4 + 1‘4. + 


ip 2 ’ p 2 w 
which is susceptible of direct verification 


1 r 2 V 2 i V rot. B r V 

p 2 sin ,J P cp 2 p ip p 2 if 


EXERCISES 

1. Setting u = x 2 + y 2 + z 2 , v = x + y + z, w = xy + yz + zx, the functional 
detevminant D(u, n, ui)/D(x, y, z) vanishes identically. Find the relation which 
exists between u, t>, to. 

Generalize the problem. 
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2. Let 



Deri re the equation 

D(«i. u,, ■ ■ ■, u») __ 1 _ 

n[z u ^-- \x n ) - - x y+' a 

3. Using the notation 

Xi = COS 0i, 

x 2 = sin 0 i cos 03 , 

Xs = sin 0 i^sin 02 cos 0 g, 

. • • * 

z„ = sin <t>\ sin 0 S ■ ■ • sin <p„ . i cos 0 „, 

show that 

li"sin" 0 i sm " -1 0 a sm" - * 0 B • ■ sin 5 0 „_i sin 0 ,. 

D(<Pu 0i. • ■ - . 0«) 

4. Prove directly that the function z ~ Ff x . y) defined by the two equations 

t = ax + + 0(<t). 

0 = z + yf'(a) + <t>'{n), 

where a is an auxiliary variable, satisfies the equation rt — a- as 0 , where/(it) 
and 0 (a) are arbitrary functions. 

5. Show in like manner that any implicit function z - F(z , ;/) defined hj 
an equation of the form 

y =x 0 (z) + i (z). 

where <t>(z) and 0(z) are arbitrary functions, satisfies the equation 
rq’ 2 - 2 pqs + O' 2 — 0. 

6 . Prove that the function z = F(s. y) defined by the two equations 

. z0'(«) = O - 0 (a)] 4 , (x + «) 0 '(n) - y — 0 (<t), 

where a is an auxiliary variable and <p (a) an arbitrary function, satisfies the 
equation pq — z. 


Improve that the function z - F(x, y) defined by the two equations 
[z - 0 (a)] 4 = z‘ (y 2 — tr-j, [z — 0 (<r)] 4 >'la) = ax' 2 

satisfies in like manner the equation pq = xy. 


8*s/LagTange'« formula. Let y be an implicit function of the two variables 
x and a, defined by the relation y = a + x<P{y)\ and let u = f(y) be any func¬ 
tion of y whatever. Show that, in general, 


ftc» 




[Larne*.] 
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Note- The proof is based upon the two formulae 

i.rF(u)®"“i=- s .rF(u ) f L u "| 

a«L sx J ax|_ v 


iu , , cu 

- = <t>(V) — i 
dx da 


where u is aDy function of y whatev<r, and F(u) is an arbitrary function of u. 
It is shown that if the formula holds for any value of n, it must hold for the 
value 71 + I 

Setting x = 0, y reduces to a and u to f(a), and the nth derivative of it with 
respect to x becomes 


/&'u\ f>»-i r ~1 


9 If X = /(«, e), V — 4>(u i) are two fum-uons which satisfy the equations 

< f _ < V> </_ r $ 

CU (V [V cu 

show that the following equation is satisfied id< micatl' 

‘•»V* r u-v <-i \ f /</y /,/\n 

f lt a cl'- \cx- C 1 / / \ _\C It / V c t / _J 

10 If the function 1’ (x y, z) satisfies the equation 


. , t-T <-Y c-V ,, 

Ail = -t ,4- =0, 

<x- 1 IJ- cz- 


siiow that the function 


1 I (k- x i y a-M 

r \ 7 ) - r 3 / 


satisfies the same, equation where A is i constant uid r" = x J + y 2 + 2 s 

lLoan Khvin ] 

11 If T’(x, y 2) and I _ i (x. y z) are two solutions of the tquation A S F = 0, 
show that the function 

IT = T(x, y, 2) + (r 3 + y’ + 3 ) I't yx, y, z) 
satisfies the equation 

A 2 A_r~ 0 

12 What form does the equation 

(x - x s )y'+ (1 - 3x=)y - xy - 0 


assume when we make the transformation x — VI t 1 ? 


J3 What form does the equation 

~l + 2xy i<Z + 2(jt - y 8 )'* + i 2 y s z =0 

0x a cx cy 

assume when we make the transformation x = itt, y = 1/t) f 

14# Let cf,(x,, xq, , x„ , U|, u, , «„) he a function of the 2 n independent 
variables ii, xj, , x,, «i, uj, , u„, homogeneous and of the second degree 
with respect to the variables uj, uj, , in. If we set 
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m 


0 d> 

_= P1 , -=*, 


f><t> 

-— = Pnt 
C«n 


and then take pi, Pi, • ■ ■, p„ as independent variable* In the place of Ui, u», • 
the function $ goes oyer into a function of the form 

*(*i, xj, •• •> *»; Pi, Pa. • •,?.)• 


Deriye the formulae: 


5, f> _ __ d$ 

dpt ’ tit dxt 


16. Let y be the point of intersection of a fixed plane P with the normal MN 
erected at any point M of a given surface 5. Lay off on the perpendicular to the 
plane P at the point N a length Nm = NM. Find the tangent plane to the 
surface described by the point m, as itf describes the surface S. 

The preceding transformation is a contact transformation. Study the inverse 
transformation. 


16. Starting from each point of a given surface S, lay off on the normal to 
the surface a constant length 1. Fmd the tangent plane to the surface £ (the 
parallel surface) which is the locus of the end points. 

Solve the analogous problem for a plane curve. 

17*. Given a surface S and a fixed point O , join the point O to any point M of 
the surface S, and pass a plane OMN through OAf and the normal MN to the 
surface S at the point M. In this plane OMN draw through the point O a per 
pendicular to the line O.lf, and lay off on it a length OP = UM. The point 1‘ 
describes a surface 2, which is called the ajmidal surface to the given surface .s 
Find the tangent plane to this surface. 

The transformation is a contact transformation, and the relation between the 
surfaces S and £ is a reciprocal one. When the given surface S is an ellipsoid 
and the point O is its center, the surface £ is Fresnel's wave surface. 


18*. Halphen's differential invariants. Show that the differential equation 

VyVyd'y ( 

<lx* <Lc*dx* 1 


J<Pv\ 2 dty_ 
\dz 2 / dr 4 


C)'*» 


remains unchanged when the variables z, y undergo any projective transf"! 
mation (§ 37), 


19. If in the expression Pdx + Qdy + Rdz, where P, Q, B are any function* 
of z, y, z, we set 

z=/(u, v, in), y = ip (u, t>, to), z = f(u, v, to), 
where u, v, to are new variables, it goes over into an expression of the form 
P t du + Qi dv + R t dui, 

where P t , Q It iil, are functions of «, t>, to. Show that the following equation u 
satisfied identically: 


D<z, v, z) 
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where 


+ »f*s 

a*/ 



£Q 

dz 

tQi 

du 


)• 

> 


20*. Bilinear covariants Let Q d be a linear differential form 

O / — A i tixj 4- A 2 •+ Jf,, , 

wbeye JTj, Xj f , A n au* functions of the tl vanables stj, X2, 
consider the expression 

n 

// = XX t*. lix.S-a, 

i-i ' i 

where 

a*-="' ' 

<-Ti cz 


, Z„ Lf-t Ufl 


and where there are two .si stems of differentials, d and 5 If we make any 
transformation 

i - <p Gj\ it. , y ), (t - 1 A n). 
the expression H,/ goes over into an txprtvsion of tin same form 
H; - i'i d,ji + ■+■ 5 , dy , 

where Fi, r 3 , , Y„ are functions of yi y. y, Let us also set 


and 


< I < )< 

i < 

< l/l <u 

II XX « 1 dy 5 V( 


•Show that II = II', idcntieally pi outlet! that we rtplace dx, and Sz it respec- 


tively by the expressions 



[+'d yi 


f , 

+ dv„ 

<y i 

<vi 

Tv. 


r d>i 

+ JVs -r 

+ »>* 

cy i 

<>-• 



The expression H is called a bilinear cotanunt of Hi 


21* Beltrami's differential parameters If in a given expression of the form 

E kr‘‘ + 2 F dx dy + G dy- 

where E , F, G are functions of the variables z Rnd y, we make a transformation 
1 =/{u, v), y = <p(u, ti), we obtain an expression of the same form 

A’i du 1 + 2 f’i da dv + G t dv s , 
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where J?i, F u <?, are functions of u and e. Let 0(x, y) be any function of the 
variables * and y, and #1 («, v) the transformed function. Then we have, iden- 
tically, 


a( e9 Y- ”+*(”)' Gi f^Y- 2F™± (*h)' 

\ix/ _fie iy \iy / __ \fu / in tv \ tv ) 


EG - F 3 


If, <?, - Ff 


v'eG-F 1 ?x \ ^EG - F J 


G — — F 
fx fy 


If _ p£f 
fty fx 


V 


Etf - F J 


*n -- - 


f.7 1 


v Lf.' - f 2 ? v 

1 i I tv fu I 


Vj?, ff, _ F; f “ \ ^F, ff, - Ff / V F, ff, - Ff ‘® V / 


22. Schwartum. Setting y = (dr + 6)/(cx + b), where x is a function of t and 
a, b, c, d are arbitrary constants, show that the relation 

r"" __ 3 ?/'" _ 3 ///'V 

*> 2\x'/ (/' 2\y'/ 

is identically satisfied, where x', x". r'". y', y", y '' denote the derivatives with 
respect to the variable t. 


23*. Let u and v be any two functions of the two independent variables x and y 
and let us set 

.. au f 6c + r n' ii 4 (/ u 4 c' 

G —. I - *., ” i 

a a -1 0 c + r ii u 4 6 r 4 c 

where a, 6, c, • • ■, c" are constants, i’rove the formula-. 

i*utv <»rer f*r ?rr 

it i ix ix- ix _ ix 3 fx fix 3 ix 
(«, v) ( IT, J') 

Flue's t* r F'" ^ /tv T-it in i 3 v \ 
ex 3 iy ix 1 iy Vex ixiy ix ixiy) 

<«, ») 

in? i r i‘ y i y / f -r r*c _ru ? s r \ 

— fx- <y fx a iy \ i 1 , ixiy ix ixiy/ 

iV.V) 

and the analogous formulse obtained by interchanging x and y, wliere 

(m v) = *2 *• -£2 (ir F) = 

cx iy iy ix ix iy ix. iy 

[Goursat and Pain lev 4, Complex rendu*, 18B7 ] 
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TAYLOR’S SERIES ELEMENTARY APPLICATIONS 

MAXIMA AND MINIMA 

v 

I. TAYLOR'S SERIES WITH A REMAINDER 
TAYLOR'S SERIES 

44. Taylor’s series with a remainder. In elementary texts on the 
Calculus it is shown that, if J\x) is an integral polynomial of 
degree n, the following formula holds for all values of a and h : 

(i) /(,« + A) =/(«) + \f(a) + ~/V) + + nr~/ ( ” , (“)- 


This development stops of itself, since all the derivatives past the 
(n + ljth vanish. If we try to apply this formula to a function 
f(x) which is not a polynomial, the second member contains an 
infinite number of terms. In ordei to find the proper value to 
assign to this development, we will first try to find an expression 
for the difference 

f(a + h) - fin ) ~ ~/'(") - TT r >f‘' ia) ~ ' ' “ 1 .2 


with the hypotheses that the function f(i >. together with its first n 
derivatives fix), f "(■*)• ■ , ), *s continuous when x lies in the 

interval (a, a + A), and that f'"\x ) itself possesses a derivative 
f(n i i u Hie same interval. The numbers a and a + h being 
given, let us set 


( 2 ) 


I /(« + ><) =/(«) + £/’<«) + —>/"(«) + ■ 


+ v 


1.2--n 


1 

/"■>(„) + 


K p 


1.2 ■■■n.p 


P, 


where p is any positive integer, and where P is a number which is 
defiiied by this equation itself. Let us then consider the auxiliary 
function 
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c + A 7 -* 


tw,i« 


+(*) -/(•+A> -/(*) - (?± rv f } V , (») 

_ ( tt . _ (a± k-*y 

1.2 • ■ • n 7 w 1.2 • ■ • * .jp • 


It is clear from equation (2), which defines the number P, that 
4>(a) = 0, <l>(a + A) = 0; 

and it results from the hypotheses regarding /(*) that the func¬ 
tion <fi(z) possesses a derivative throughout the interval (a, a + h) 
Hence, by Rolle’s theorem, the equation = 0 must have a root 
a + $h which lies in that interval, where 6 is a positive number 
which lies between zero and unity. The value of after some 

easy reductions, turns out to be 

<#>'(*) = ^ ~ [P - (« + >> - *)—» + «/«-+«>(*)]. 

1 • 4 • H 


The first factor (a + h — x) p - 1 cannot vanish for any value of x 
other than a + h. Hence we must have 


/>= /t"-r + >(l - 0 )-~-i’ + 1 /<* + l >(a + Oh), where O<0<1; 
whence, substituting this value for P in equation (2), we find 


(3) /(« + A)=/(a) -f|/'(«)+^/''(«) + ■ ■ • + YJ—;/'"(.*)+ 

where 


R» 


A" *-'(1 - &)•->' 
1 . 2 - n p 


/'*■*■»(a + 0A). 


We shall call this formula Taylor’s scries with a remainder, and 
the last term or R, the remainder. This remainder depends upon the 
positive integer p, which we have left undetermined. In practice, 
about the only values which are ever given to p are p = n + 1 and 
p — 1. Setting p = n + 1, we find the following expression for the 
remainder, which is due to Lagrange : 


R. — 


A ’ +1 


1 . 2 •■•«(» + 1 )' 


/*"■»(«+«); 


Setting p = 1, we find 


R. - h : i'$ - £ : f <H+1 K a + «*>» 
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an expression for the remainder which is due to Cauchy. It is 
clear, moreover, that the number 8 will not be the same, in general, 
in these two special formulae. If we assume further that f (a+v ‘(x) 
is continuous when x = a, the remainder may be written in the form 


n = 


/ t * +1 


1.2 • ■ (n + 1) 


r/(- + .)( a ) + t ], 


where t approaches zero with h 

Let us consider, for definiteness, Lagrange’s form If, in the gen¬ 
eral formula (3), n be taken equal to 2, 3, 4, . -.ueeessively, we 

get a succession of distinct foimulj* which give closer and closer 
approximations tor f(a-j-h) for small values of It. Thus for n = 1 
we find 

/(a + h) =/(«) + \f\a) + —/"(« + $h), 


which shows that the difference 

/(« + h) - f(«) - ~f\a) 

is an infinitesimal of at least the second order with respect to h, 
provided that f" is finite near a = a. Likewise, the difference 

f(a + It) - f(a) - \f\u) - j^/V) 


is an infinitesimal of the third order . and, m general, the expression 
/(« + A)-/(«)- j/'(“) - ~ 'i/ < " ) ( a ) 


is an infinitesimal of order n + 1. But, in order to have an exact 
idea of the approximation obtained by neglecting It, we need to 
know an upper limit of this remainder. Let us denote by M* an 
upper limit of the absolute value of / ( ’ , + 1) (x) m the neighborh’ood 
of x = a, say in the interval (a — r), a + if) Then we evidently have 




provided that |7*| < v . 


* That is, l)(x) | when |x — a i < The expression “ the upper limit,*' 

define^ in $ must be carefully distinguished from the expression 44 an upper limit/* 
which is used here to denote a number greater than or equal to the absolute value of 
the function at any point in a certain interval. In this paragraph and in the next 
+ is supposed to have an upper limit near r — o — Trans. 
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45. Application to curves. This result may be interpreted geomet¬ 
rically. Suppose that we wished to study a curve C, whose equa¬ 
tion is y =f(x), in the neighborhood of a point A, whose abscissa 
is a. Let us consider at the same time an auxiliary curve C, whose 
equation is , - 


y-/(•) +if-/w + ^Vv> 


+ + 


(x — a)’ 


/«(•)■ 


A line x = a -f- h, parallel to the axis of y, meets these two curves 
in two points M and M\ which are near A. The difference of their 
ordinates, by the general formula, is equal to 


n-y=~. 


1.2 (»+l) 


/<* +i, (o + eh). 


This difference is an infinitesimal of order not less than n + 1; and 
consequently, restricting ourselves to a small interval (a — y. a + r/i, 
the curve C sensibly coincides with the curve C. liy taking large! 
and larger values of n we may obtain in this way curves which 
differ less and less from the given curve C ; and this gives us a 
more and more exact idea of the appearance of the curve near the 
point .1. 

Let us first set n = 1. Then the curve C is the tangent to the 
curve C at the point A : 

=/(«) + (■* -«)/'(«); 

and the difference between the ordinates of the points M and M' 
of the curve and its tangent, respectively, which have the same 
abscissa a + h, is 

v - y = + oh). 


Let ns suppose that f"(a) sfc 0, which is the case in general. The 
preceding formula may be written in the form 

y ~ r * r*2 [/"<") + «]. 


where e approaches zero with h. Sinee /"(«) =£ 0, a positive num¬ 
ber rj can be found such that |cj < |/"(«)j, when h lies lietween - v 
and -f r). For such values of h the quantity f’\») + « will have 
the same sign as /"(a), and hence y — Y will also have the same 
sign as/"(a). If f"{a) is positive, the ordinate y of the curve is 
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greater than the ordinate T of the tangent, whatever the sign of h 
and the curve C lies wholly above the tangent, near the point .1 
On the other hand, if f"(a) is negative, y is less than and the 
curve lies entirely below the tangent, near the point of tangency. 

If /"(a) = 0, let f l, '\a ) be the first succeeding derivative which 
does not vanish for x = a. Then we have, as before, if is 

continuous when x = a, 

v- Y = TT~jM ( ” )(a ) + ^ 

and it can be shown, as above, that in a sufficiently small interval 
(a — 7j, a 4- tj) the difference y — ) has the same sign as the product 
li r f < - p> (o). When p is even, this diffoienie does not change sign 
with h, and the curve lies entirely on the same side of the tangent, 
near the point of tangency. Hut if /< lie odd, the difference y — Y 
changes sign with h, and the (uiie <' crosses its tangent at the 
point of tangency. In the latter case the point .1 is called a point 
of inflection; it oecuis, for example, it 0. 

Let us now take n — 2. The cuive <’’ is in thin case a parabola: 

Y =f(a) -f (x — a )/'(") + ——/"(«), 

whose axis is parallel to the axis of ;/, and the difference of the 
ordinates is 

//- r = r4~;it/'>) + ‘]- 

If/"'(a) does not vanish, y — t - has the same sign as A 8 /"''(a) for 
sufficiently small values of It. and the curve C crosses the parabola, 
f' 1 at the point A. This parabola is called the osculatory parabola, 
to the curve C; for, of the parabolas of the family 

)' = in x- -fi nr + }>• 

this one comes nearest to coincidence with the curve C near the 
point A (see § 213). 

46. General method of development. The formula (3) affords a 

method for the development of the infinitesimal /(« + h) — f(a) 
according to ascending powers of h. But, still more generally, let 
* he a principal infinitesimal, which, to avoid any ambiguity, we 
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will suppose positive; and let y be another infinitesimal of the 
form 

(4) y = A 1 a^ + A,a* + ---4-*'*(A J1 + «), 

where n u »,,•••, n y are ascending positive numbers, not necessarily 
integers, A „ A„ A p are constants different from zero, and t is 
another infinitesimal. The numbers ti lf A,, n a , A t , • may be cal¬ 
culated successively by the following process. First of all, it is 
clear that «, is equal to the order of the infinitesimal y with 
respect to x, and that A, is equal to the limit of the ratio y /x"i when 
x approaches zero. Next we have 

y — A l x u ‘ = h i = A j.r"» + • • ■ + (•>„ + t) x’V, 

which shows that n, is equal to the order of the infinitesimal » t , 
and A, to the limit of the ratio h,/x">. A continuation of this 
process gives the succeeding terms. It is then clear that an infini¬ 
tesimal y does not admit of two essentially different developments of 
the form (4). If the developments have the same number of terms, 
they coincide; while if one of them has /> terms and the othei 
p + q terms, the terms of the first occur also in the second. This 
method applies, in particular, to the development of f(n -f A) — /(a) 
according to powers of A; and it is not necessary to have obtained 
the general expression for the successive derivatives of the func¬ 
tion f(x) in advance. On the contrary, this method furnishes 
us a practical means of calculating the values of the derivatives 
f\a), 

Example*. Let us consider the equation 

(5) F(x, y) - Ax' + By+ xy<t>(x, y ) + fV + l + -|- Ihf + ■ • • = 0, 

where <t>(x, y) is an integral polynomial in x and y, and where the 
terms not written down consist of two polynomials P(x) and Q(y), 
which are divisible, respectively, by x " * 1 and if. The coefficients A 
and B are each supposed to be different from zero. As x approaches 
zero there is one and only one root of the equation (5) which ap¬ 
proaches zero (§ 20). In order to apply Taylor’s series with a 
remainder to this root, we should have to know the successive deriv¬ 
atives, which could be calculated by means of the general rules 
But we may proceed more directly by employing the preceding 
method. For this purpose we first observe that the principal part 
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of the infinitesimal root is equal to — (A JB)x * For if in the equa- 
tion (5) we make the substitution 


and then divide by x ", we obtain an equation of the same form: 


.... ( F,(x, !h) = dix-i + %, 4 x ih <1., (x, y,) 

{ ’ 1 + C,r"t * 1 -r + D t >j f-f • =0, 

which has only one term in y,, namely /.’//,. A.s r a]i])roaches zero 
the equation (6) possesses an infinitesimal root m //,, and conse¬ 
quently the infinitesimal root of the equation 15) has the principal 
part — (/t / H) s", as statexl above Likewise, the principal part of 
i/j is — (A t /B)x"i ; and we may set 



where y, is another infinitesimal whose principal part may be found 
by making the substitution 


!/i 



in the equation (6). 

Continuing in this way, we may obtain for this root y an expres¬ 
sion of the form 

y = ux*4-<r,x” + *. + rr a x" + ”. + «. + • + («„ + <)x“-- + ”r, 

which we may carry out as far as we wish. All the numbers n, 
>i\, n„ ■■■, n p are indeed positive integers, as they should be, since 
we are working under conditions where the general formula (3) is 
applicable. In fact the development thus obtained is precisely the 
same as that which we should find by applying Taylor’s series with 
a remainder, where a = 0 and h = x. 

Let us consider a second example where the exponents are not 
necessarily positive integers. Let us set 

_ A J° 4- B x* + Cxf 4- • ■ ■ 

V 1 4-S 1 3 J, '4-C^x’'’4-■•• , 
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where a, fi, y, and p u y u are two ascending series of positiv, 
numbers, and tbe coefficient A is not zero. It ib clear that the pnn 
cipal part of y is Ax*, and that we have 

fix* + C t y + -A z*(B x x*' + C\ r* + ) 

V — A x a = -"■- a -’ 

y 1 + B, + (\x^ + 

which is an expression of the same form as the original, and whose 
principal part is simply the term of least degree m the numerate! 
It is evident that we might go on to find by the same process as 
many terms of the development as we wished 


Let / (z) be a {unction which possesses n + 1 succissne demativcb Thei 
replacing a by x in the formula (3), we find 

/(z + A)=/(x) + j/'(r)+ ~f\x) + + { [/<■»<*) + «], 

where « approaches zero with h Let us suppose, on the other hand, that we 
had obtained by anj process whatever another expression of the same form fur 
/(* + ft) 

/(I + ft) =/(x) + A«i(z)+ h-ipj |J) + + ft" [?>„(!) + f ] 

These two developments must coincide term by term, and hence the coefficients 
$i, <fa, , <t>„ are equal, save for (.tiUni numerical tailors to the Buccesmu 
derivatives of f(x) 

*(*> = /'<*>. = ^ 

12 1 2 n 


This remark is sometimes useful m the calculation of the derivatives of certain 
functions Suppose, for instance, that we wished to calculate the nth derivative 
of a function of a function 

y — f(u), where u = <p{x) 

Neglecting the terms of order higher than n with respect to ft, we have 


f 


= * (* + ft) -<t>(x)= * <P’U) + , h „ <#>"<-') + + — 0 ( "> (I), 

1 12 1 2 • n 


and likewise neglecting terms of order higher than n with respect to k y 

^ V W bn 

. . /<*>(»). 


/(« + k) - f(u) = * f(u) + - - 2 /"(,') + 


+ 1 2 


If in tbe nght-hand side k be replaced by the expression - 
t *'<*) + .*"<*> + + r - n (x), 

1 12 1 2 n 


and the resulting expression arranged according to ascending powers of ft, n r> 
evident that the terms omitted will not affect the tei ins m A, ft 3 , , ft“ i 
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coefficient of h n , for instance, will be equal to the nth derivative of 
divided by 1.2 • • • n ; and lienee we may write 

iy $/[*(*>] 1 = 1-2-.™ [^/'(u) + + • ■ • + j, 

where A t denotes the coefficient oi h n in the development of 
*'<*> + •• + 1 * n *<’"(*>]' 

For greater detail concerning this method, the reader is ieferred to Here in:’* 
Cours (}'Analyse Ip. hil). 

47 Indeterminate forms,* Let fix) .mil </>(<) be two functions 
which vanish for the same value id tin taiiable x = a. Let us try 
to find the limit approached by the iatio 

f(a-rji) 

<f>(" + h) 

as h approaches zeio. This is merely a special ease of the problem 
ol finding the limit approached b\ the iatio of two infinitesimals 
The hunt in question may be detei mined immediately if the prin¬ 
cipal part of each of the infinitesimals is known, which is the case 
whenever the formula (.'{) is applicable to each of Hie functions 
f(x) and <f>(x) in the neighbor hood ol the point a. Let us suppose 
that the first cion value of /( r ; winch docs not vanish lor a 1 = a is 
that of order j>, f {n (iii . and that likewise the first derivative of 
<f>(r) which does not vanish foi x — <i is that of older y. <f> (,/l ( a). 
Ajiplying the formula pi) t<> eai h of the functions/'( j) and <f>(-r) 
and dividing, we find 

+ ? 1 __ 2 __ 7 f ’) + c _ 

<f>(« + //) 1.2 /> if>‘"( i/)-)-t' 

where t and e 1 arc two infinitesimals It is clear from this result 
that the given ratio increases indefinitely when h approaches zero, if 
<1 is greater than p; and that it approaches zero if </ is less than ji. 
If 7 — ]>, however, the given ratio appioaehes f ir \a ) j as its 
bunt, and this limit is different fiom /eio. 

Indeterminate forms of tliis sort are sometimes encountered in finding the 
tangent to a curve. Let 

*=/(<),. z = lM 0 


See also § 7 



98 


TAYLOR’S SERIES 


[m, l« 


be the equations o£ a curve C In terms of a parameter t. The equations of the 
tangent to this curve at a point M, which corresponds to a value to of the param¬ 
eter, are, as we saw in 5 5, 

X—/(to) = X- ^(to) _ Z-^(to) 

/'(to) ¥ (to) nu) 

These equations reduce to identities if the three derivatives/"(t), £'(t), ¥(t) all 
vanish for t = t 0 . In order to avoid this difficulty, let us review the reasoning 
by which we found the equations of the tangent Let M' be a point of the 
curve C near to M , and let t„ + A be the con espondmg value of the parameter 
Then the equations of the secant MM' are 

x-/(«,,)__ r - *>(t„) _ z - * (to) 

/ (to -f A) — / (to) -h h) — tj> (to) (t (hi -f- A) — ^ (to) 

For the sake of generality let us suppose that all the derivatives of order less 
than p(p> 1) of the functions /(f), <t> (f), 4> (f) vanish for t = to, hut that at least 
one of the derivatives of ordei p, say /<r>((,,). is not zero Dividing each of the 
denominators in the preceding equations by A'’ and applying the general for¬ 
mula (3), we may then write these equations in the form 

X - f (to) _ Y- (MM = Z -t (to) 

/< el (to) + e <p< 1 1 (to) + i' e) (to) + «"' 

where e, e" arc three infinitesimals. If we now let A approach zero, these 
equations become tu the limit 

A'-/(to) _ r- »(t,,) _ z - f (t „) 

/<e> (4) *«<io) (<„)”’ 

in which form all indetermination has disappeared. 

The points of a curve C where this happens are, in general, singular points 
where the curve has some peculiarity of form. Thus the plane curve whose 
equations are 

X — t 1 , y = fi> 

passes through the origin, and dx / dt = dp / (if = 0 at that point. The tangent 
is the axis of x, and the origin is a cusp of the first kind. 

48. Taylor’s series. If the sequence of derivatives of the function 
f{x ) is unlimited in the interval (a, a 4 - h), the number n in the 
formula (3) may be taken as large as we please. If tlte remainder 
It n approaches zero when n increases indefinitely, we are led to write 
down the following formula : 

(7) f(a+ h) — /(«) + \f(a ) + —/"(«) + ■ •+j——/<»>(«) + • 
which expresses that the series 

/(«) + J/*(*) +- +i".2*... * 


/*(■)+••• 



99 


u {48 ] TAYLOR'S SERIES WITH A REMAINDER 

w 

3 convergent, and that its “ sum ” * is the quantity f(a -f hi). Thia 
ormula (7) is Taylor’s series, properly speaking. But it is not justi- 
iable unless we can show that the remainder R n approaches zero when 
i is infinite, whereas the general formula (3) assumes only the existe¬ 
nce of the first n -f 1 derivatives. Replacing a by x, the equation 
7 ) may be written in the form 

f(x + h)= fix) + \f'ix)+ + — f-— n /<"><>) + . 

)r, again, replacing h by x and setting a = 0 , we find the formula 

( 8 ) /Or)=/( 0 ) + y/'( 0 )+ ■ +j-~--/"’( 0 )+. •. 


This latter form is often called Maclanr in's serifs , but it should 
ie noticed that all these different forms are essentially equivalent. 
The equation ( 8 ) gives the development of a function of x ai’cord- 
ng to powers of x ; the formula (7) gives the development of a func- 
lon of h according to powers of It . a simple change of notation is 
ill that is necessary in order to pass from one to the other of these 
orms. 

It is only in rather specialized cases that we are able to show 
hat the remainder lt„ approaches zero when u increases indefinitely 
f, for instance, the absolute value of any derivative whatever is less 
ban a fixed number M when x lies between a and a + h, it follows, 
rom Lagrange’s form for the remainder, that 


! 1 < >/ 


1.2 (71 4 - 1 ) 


® inequality whose right-hand member is the general term of a 
‘divergent series.t Such is the case, for instance, for the functions 
”, sin x, cos x. All the derivatives of e are themselves equal to 
and have, therefore, the same maximum in the interval con- 
ddered. In the case of sin x and cos x the absolute values never 
‘xeeed unity. Hence the formula (7) is applicable to these three 
unctions for all values of a and h. Let us restrict ourselves to 
he form ( 8 ) and apply it first to the function f(x) = r'. We find 

/(°) = 1 , /'( 0 )= 1 , ; 


, * Wat is to say, the limit of the sum of tbe first it terms as n becomes infinite 
or a definition of tile meaning of the technical phrase “ the mini of a series,” see 
’St -Trans. 

1 ^‘ lf ‘ order of choice is a, h, if, n. not a. A, n, M. This is essential to the cou- 
ergence of the series in question.—T rans. 
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and consequently we have the formula 


(9) 


eX= 1 + T + o + - 


■+ 


1 . 2 -•• 


which applies to all values, positive or negative, of x. If a is any 
positive number, we have a 1 = «' 108 and the preceding formula 
becomes 


(10)a * = 1 + ^ + &^ + .. + g££IV 


Let us now take f(x) = sin x. The successive derivatives form a 
recurrent sequence of four terms cos x, — sin x, — cos r, sin x ; and 
their values for x = 0 form another recurrent sequence 1, 0, — 1, 0 
Hence for any positive or negative value of x we have 


(11) sin^ = T - 03+r -- ir ,-- - • 

+ (-1)“J70 3 . „ + ij + • •• > 

and, similarly, 

(12) cos X = 1 - + J7271T4 + 1 )’’ rT3~27, + 


Let us return to the general case. The discussion of the remain 
der R „ is seldom so easy as in the preceding examples; but (lie 
problem is somewhat simplified by the remark that if the remain¬ 
der approaches zero the series 

/(«)+* /'(«)+■ ■ + rf~n + • • • 


necessarily converges. In general it is better, before examining 
R n , to see whether this series converges. If for the given values <>f 
a and h the series diverges, it is useless to carry the discussion 
further; we can say at once that R, does not approach zero when n 
increases indefinitely. 


48 Development of log(l + *). The function log(l + x), together 
with all its derivatives, is continuous provided that * is greater 
than — 1. The successive derivatives are as follows: 
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A*)- 
/'"(*) = 


- 1 

(1 + *) 1 ’ 
1.2 

(1 + IT) 8 ’ 


/«(*)«(- I )- 1 


/<» + >)(.r) = (- 1/ 


1.2 


a nr 1 


Let us see for what values of x Maclaunn’s formula ( 8 ) may be 
applied to this fuiction, Writiug hist the series with a remainder, 
we have, under any circumstances, 

log(l+x) = j-^ + ^+ + <-l)~‘£ + *. 


The remainder R , does not approach zero unless the sei ies 


x 

1 



+ 


+ (- 



+ 


converges, which it does only foi the values of x between — 1 an d 
4-1, including the upper limit 4- 1 Wlitn x lies in this interval 
the lemainder may be written in the Cauchy form as follows- 

R _ ^'(i-0j’(-iyi 2 n _ 

" 1.2 • • •» (l+flx )"* 1 ^ ’ (I4te) ,+I ’ 

or 

R = (- l)"a:" + 1 /-^ —-- 

” ’ \1 +6r/l+0x 

Let us consider first the case wheio .r<l The first factor x 
appioaches zero with x, and the second f.ictoi (1 — 6) /(l -)- (hr) is 
less than unity, whether x be positive oi negative, for the numer¬ 
ator is always less than the denominator. The last factor remains 
finite, for it is always less than 1/(1 — I*]) Hence the remainder 
R„ actually approaches zero when n increases indefinitely. This 
fonn of the remainder gives us no information as to what happens 
when x = 1 ; but if we wiite the remainder in Lagrange’s form, 

' 1 1 
R "~( 1 ^’)i4i(i + #r 1 ’ 

it is evident that /?„ approaches zero when n increases indefinitely. 
An examination of the remainder for x = — 1 would be useless, 
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sin£&.iha.series diverges for that value of x. We have then, when 
x lies between — 1 and •+■ 1, the formula 

(13) log(l + *) = f-f + |‘- ■■■ + (-l)—f + .... 

This formula still holds when x = 1, which gives the curious 
relation 

(14) log2 = l~2 + S~!+ ■ +(-l)-‘l + .... 

The formula (13), not holding except when x is less than or equal 
to unity, cannot be used for the calculation of logarithms of whole 
numbers. Let us replace a- by — x. The new formula obtained, 

X J * 8 X n 

(13') log(l- 3 -)=- i -- 2 -- I - -- n - •, 


still holds for values of x between — 1 and + 1 ; and, subtracting 
the corresponding sides, we find the formula 


(15) log 



+• • 


-t- i 

+ 27rn + 


When x varies from 0 to 1 the rational fraction (1 + x)/(l — .n 
steadily increases from 1 to + as, and hence we may now easily t al 
uulate the logarithms of all integers. A still more rapidly con 
verging series may be obtained, however, by forming the different e 
of the logarithms of two consecutive integers. For this purptce 
let us set V. 

i A 1+ a- IV+ 1 1 

1 - x N ’ or * aiv+i* 


Then the preceding formula becomes 

log(A"+l) —logA' = 2 — — r + r-T^—- - - 1 - -- + • 

B L^A'-fl 3(2A^+1)» 5(2A r +l) 6 ^ J 

an equation whose right-hand member is a series which converges 
very rapidly, especially for large values of N. 


Note. Let us apply the general formula (3) to the function log (1 + x), seuins 
Oj=0, fcjryr, n — 1, and taking Lagrange’s form for the remainder. We find m 
this way 
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If we now replace x by the reciprocal of an integer n, this may be written 



where („ ie a positive number less than unity. Some interesting consequences 
may be deduced from this equation. 

1 ) The harmonic series being divergent, the sum 


increases indefinitely with n. Iiut the difference 

ft,, — lug n 

approaches a finite limit. For, let us write this difference in the form 

i 1 - iog i) + G ■ h,g S + • • + G - + ■ 

. /1 , n+l\ n+] 

\n n / n 

How 1 / p - tog (1 + 1 / p) is the general term oi a convergent series, for by the 
equation above 



which shows that this term is smaller than the general term of the convergent 
series 1(1 /p-). When n increases indefinitely the expression 

log n f 1 = log /1 a. 1 \ 
ii \ it/ 

approaches zero. Hence the difference uader consideration approaches a finite 
limit, which is called Euler's eonstunt Its exact value, to twenty places of 
decimals, is C = 0.57721&004801o32B0U60. 


2 ) Consider the expression 


1 1 

2 ~ H--f 

n + 1 n + 2 


1 

n + )> 


where n and p are two positive integers which are lo increase indefinitely. Then 
we may write 

2 = (l + 1 + ■ ■ F - - -) ^ (> + .’+••■ + - 1 ) ' 

\ 2 n + J>/ V 3 n! 

1 + 1 d-+ —- = io K (» + P) + Pn + r , 

2 n + p 

i + ! + ... + I 

2 71 


~ log 71 + Pn , 
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where p* +J) and approach the same value C when n and p increase indefi. 
nitely. Hence we have also 

1 + Pi+p — h\- 

Now the difference p„ + p — p n approaches zero. Hence the sum 2 approaches 
no limit unless the ratio p/n approaches a limit. If this ratio does approach ,i 
limit a, the sum 2 approaches the limit log (1 + a). 

Setting p = n, for instance, we see that the sum 

1 1 1 

-f —- ■+••* + — 
n 4-1 n + 2 2 n 

•approaches the limit log 2. 


; = log ^ 


50. Development of (1 4- x) m . The function (1 + x) m is defined and 
continuous, and its derivatives all exist and are continuous func 
tions of x, when 1 + ,r is .positive. for tiny value of m ; for the 
derivatives are of the same form as the given function : 


f\x)=m(l + x)' u -\ 
f'\x)= m(m — 1) (1 + x) 


^ nl _ 1 ) (w — it + 1) (1 -f x) 

+ m(m — 1) (m — «J(1 + :r)"' _l '~'. 

Applying the general formula (.')). we find 


(1+^=1+^+ - -J 2 — + 


i/i (m — 1) •(>«—« + l) 


1.2 n 


x n + !(,.; 


and, in order that the remainder should approach zero, it is tiist 
of all necessary that the senes whose general term is 


in (w — 1) (m — n + 1) 

1.2 « 


should converge. But the ratio of any term to the preceding is 

m — n + 1 


which approaches — x as n increases indefinitely. Hence, exclud 
irig the case where m is a positive integer, which leads to the elf 
mentary binomial theorem, the series m question cannot coiivei p‘ 
unless lsc|< 1. Let us restrict ourselves to the ease in wliich |/j • I 





TAYLOR'S SERIES WITH A REMAINDER 


105 


To show that the remainder approaches zero, let us write it in the 
Cauchy form: 1 ' H' 


m(m — 1 ) 

r* = - a -- 


1.2 




"(r 


4- 6x 


(1 + «/■)— 


The first factor 


(m-u) 
1.2 n 


approaches zero since it is the geneial term of a convergent 
series The second factor (1 — 6) / (I + Or) is less than unity, and, 
finally, the last factor (1 + 0x) m ~ 1 is less than a fixed limit For, 
it m — 1 > 0, we have (1 -f &r)’“ 1 < 2"‘~' , while if m — 1 < 0, 
(1 + < (1 — ■> I)”'Hence toi every value of x between 

— 1 and +1 we have the development 


(lb) 


(1 + x)”' =l+jx + x* + 


+ : 


1 2 

("IT 1 > K m -" + 1 ) , 

12m t 


We shall postpone the discussion of the case where x = ± 1. 

In the same way we might establish the following formulie: 


arc sin x = x + 


1 


V 

2 4 o 


1 tl «) 

+ 2 4 


(2/,-l) 
0 l l n 


r , r x 1 

arc tan x = x — — + - — ~ -f 
3 5 < 


2 « + 1 
+ (-!)" 


+ 


2 n + 1 


+ 


which we shall prove latei by a simpler process, and which hold 
foi all values of x between — 1 and + 1 

Aside from these examples and a few others, the discussion of 
the remainder presents great difficult} on account of the increas¬ 
ing complication of the suo/essive derivatives It would therefore 
seem from this first examination as if the application of Taylor’s 
senes for the development of a function in an infinite senes were of 
limited usefulness Such au impression would, however, be utterly 
false; for these developments, quite to the contrary, play a funda¬ 
mental role in modern Mathematical Analysis. In order to appre¬ 
ciate their importance it is necessary to take another point of 
view and to study the properties of power series for their own 
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soke, irrespective of their origin. We shall do this in several 
the following chapters. 

Just now we will merely remark that the series 

/(0) + l/'(0)+ 0/"(°)+-■ ■ + ■ ■ 

may very well be convergent without representing the function 
f(x ) from which it was derived. The following example is due to 
Cauchy. Let f(x) = e ~ l/ < Then /'(x) - (2/a 8 )e~‘ / ' 1 ; and, in 
general, the mth derivative is of the form 



where P is a polynomial. All these derivatives vanish for x = 0, 
for the quotient of e~ ,/xS by any positive power of x approaches 
zero with x.* Indeed, setting x = 1 /z, we may write 



and it is well known that e?/x m increases indefinitely with z, no 
matter how large m may be. Again, let <f> (x) be a function to which 
the formula (8) applies : 

*(*) = *(0) + ~ + ■ ■ + f-f — #">(0) + ■ • .. 

Setting F(x) = </>(x) + e -1/l3 , we find 

F(0) = t(0), n0) = *'(0), •• , F (n, (0) = *<»>(0), 

and hence the development of F(x) by Maclaurin’s series would 
coincide with the preceding. The sum of the series thus obtained 
represents an entirely different function from that from which the 
series was obtained. 

In general, if two distinct functions f(x) and $ (*), together with 
all their derivatives, are equal for x — 0, it is. evident that the 


•It is tacitly assumed that /(0) — C, which is the only assignment which would 
render/ (/) continuous at * = 0 But it should Ire noticed that no further assignment 
is necessary lot f'(f), etc., at r - 0. For 


r<f» = 


Hm /(0> _ 

x = 0 x 


Which defines f(r) at* = 0 and makes/'(r) continuous at as = 0, etc. — Tbaks. 
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Maelaurin series developments for the two functions cannot both 
be valid, for the coefficients of the two developments coincide. 


51. Extension to functions of several variables. Let us consider, for 
definiteness, a function u> =f(x, y, z) of the three independent vari¬ 
ables x, y, 2 , and let us try to develop f(x + h,y + k, z + l) accord¬ 
ing to powers of h, k, l, grouping together the terms of the same 
degree. Cauchy reduced this problem to the preceding by the fol¬ 
lowing device. Let us give x, y, z, h, k , l definite values and let 
us set 

4>(t) =f(x + ht, y 4 - kt, 2 + It), 

where t is an auxiliary variable. The function <f>(t) depends on t 
alone ; if we apply to it Taylor's series with a remainder, we find 


(17) 


I = *(0) + - *'(0) + ~-5 <!>"( 0) + • • 


4* 


1 . 2 - 


+“”( 0 ) ■ 


1.2 ■ • •(n + 1 ) 




where (" 0 ), <f>‘( 0 ), •, are the values of the function <£(<) 

and its derivatives, for t — 0 ; and where <j > ( " +11 (6t) is the value of 
the derivative of order n + 1 for the value 6t, where 6 lies between 
zero and one. But we may consider d> (/) as a composite function of 
t, <j>(t) = /(«, v, w), the auxiliary functions 

w = x -(- ht, v — y 4 - kt, w = 2 + It 


being linear functions of t. According to a previous remark, the 
expression for the differential of order m, d m <j>, is the same as if «, 
v, w were the independent variables. Hence we have the symbolic 
equation 


+ 9 /k + ¥l) 

OV CW J 


\oii d v cia / \cu 

which may be written, after dividing by dt™, in the form 

*.. w . 

For t = 0, u, v, w reduce, respectively, to x, y, z, and the above 
equation in the same symbolism becomes 



^8 

Similarly, 
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■^here x, y, z are to be replaced, after the expression is developed, by 
x 4 - dht, y 4- 6kt, z + Bit, 
respectively. If we now set t = 1 in (17), it becomes 

f(x + h, y 4- k, 2 4- 0 =/(*, y, s) + + j^k 4- +■■■ 


(18) 


1.2 n \dx dycz 


The remainder It, maj' be written in the form 

__ 1 __ (i£j 

* 1.2 (»4l)\« ‘ 


4- — A 4- — / 
cy cz 


<n+ I) 


where x, y, z are to be replaced by x 4- Oh, y 4- 61, z 4- 61 after the 
expression is expanded.* 

This formula (18) is exactly analogous to the general formula 
(3). If for a given set of values of x, y, z, h, k, l the remainder It, 
approaches zero when n increases indefinitely, we have a develop¬ 
ment of /(* 4- h, y + k, 4- l) in a series each of whose teims is a 
homogeneous polynomial in It, k, 1. But it is very difficult, in gen¬ 
eral, to see from the expression for It, whether or not this remainder 
approaches zero. 


52. From the formula (18) it is easy to draw certain conclusions 
analogous to those obtained from the general formula (3) in the 
case of a single independent variable. For instance, let z =/(x, y) 
be the equation of a surface .s’. If the function /(x, y), together 
with all its partial derivatives up to a certain order n, is continuous 
in the neighborhood of a point (x„, y„), the formula (18) gives 


/(*0 + k, y„ 4- k) =/(x 0 , y 0 ) + 


(»£♦*© 


_L (%L 

1.2 \cx 0 " r 8y 0 " / 


if \ (t) 

h + k ) 4 ' • • ■ + . 


Restricting ourselves, in the second member, to the first two terms, 
then to the first three, etc., we obtain the equation of a plane, then 


* It is assumed here that all the derivatives used exist and are continuous.—Tuans. 
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that of a paraboloid, etc., which differ very little from the given sur¬ 
face near the point (x 0 , y 0 ). The plane in question is precisely the 
tangent plane; and the paraboloid is that one of the family 

z = Ax‘ + 2 lixy + Cy‘ + 2 Ox + 2 Ey + F 

which most nearly coincides with the given surface S 

The formula (18) is also used to determine the limiting value of 
a function which is given m indeteinnnate form. Let f(x, y) and 
y) be two functions which both vanish for x — a, y — b, but 
which, together with their partial deinatives up to a certain order, 
are continuous near the point (a, b). Let us try to find the limit 
approached by the ratio 

/O, >/) 

<t> (*. y) 


when x and y approach a and //, respectneh . Supposing, first, that 
the four first derivatives cf/ca, rf/fb, r<j>/in, r<j>/rb do not all 
vanish simultaneously, we may write 


f (’’ -f- A, h -f- k ) 
((Z h , A -f- k ) 



where c, e,, approach zero with h and When the point 
(x, y) approaches (a, b ), h and k appioach zero; and we will sup¬ 
pose that the ratio k/h approaches a certain limit ir, i.e. that the 
point (x, //) describes a curve which has a tangent at the point («, b). 
Dividing each of the tenns of the preceding ratio by /?, it appears 
that the fraction f(x, y) / <f> (x, y) approaches the limit 


if , if 

+ U ~ 
Cl X CO 


dxf, 

- 1 - LX 

on go 


This limit depends, in general, upon a, i e. upon the manner in 
which x and y approach their limits a and b, rospectir elv. In order 
that tills limit should be independent of <r it is necessary that the 
relation 

<ff_i± _£/(^ = 0 

in cb ih ca 

should hold; and such is not the case in general. 
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If the four first derivatives dfjda, df/db, o<j>/ca, '<«$>/cb vanish 
simultaneously, we should take the terms of the second order in the 
formula (18) and write 


f(a 4 ■ h, b + k) 

-f h, b 4- l") 



where c, t', e", e,, c,', c" are infinitesimals. Then, if a be given the 
same meaning as above, the limit of the left-hand side is seen to be 


ay ■ „ h \f , 

da 2 + 2 -- + 


ay 


which depends, in general, upon a. 


II. SINGULAR POINTS MAXIMA AND MINIMA 

53. Singular points. Let (x 0 , y 0 ) be the coordinates of a point M a 
of a curve C whose equation is F(x, y ) = 0. If the two first par¬ 
tial derivatives dF/dx, dFjdy do not vanish simultaneously at this 
point, we have seen (§ 22) that a single branch of the curve C passes 
through the point, and that the equation of the tangent at that 
point is 

dF dF 

where the symbol d p *' ! F jdx’h dyl denotes the value of the derivative 
b r+, F/dx r by* for x = x 0 , y = y a . If cF/dXf, and dF jdy 0 both van- 
ish, the point (r 0 , Vo) is, in general, a singular point * Let us suppose 
that the three second derivatives do not all vanish simultaneously 
ifor x — x„, y = y c „ and that these derivatives, togethfir-with tlie third 
derivatives, are continuous near that point. Then the equation of 
the curve may be written in the form. 


* That is, the appearance of the carve It, in general, peculiar at that point, For an 
exact analytic deSnilion of a singular point, see } 182.—Teaks. 
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(19) 


(0 ~F(x, y) 

-^1 x \ 


'YAl'exl 
+ 


* o)2+ 2 <* ' ^ )(y ~ y ° )+ M (y 

l fap. " 1<3) 

I s:(“•- *•) + ... 

Hll-lfr 


1.2.3\_dx 


'O'J 


-y«) a J 

-](*) 

(y-y«) 

-J ^ 0 + 0(1/ — vl) 


where x and y are to be replaced in the third derivatives by 
r 0 + 8(x — x 0 ) and ?/ 0 + 8 (>/ — y„), respectively. We may assume 
that the derivative f) 2 F/di/f, does not vanish; for, at any rate, we 
could always bring this about by a change of axes. Then, setting 
y — y„ = t(x — t 0 ) and dividing by (r ~ x 0 ) 1 , the equation (19) 
becomes 


(2o) H + 2 + S + ^ /,(r ~ 3 '“’ /)=o ’ 


where P(r — x 0 ,t) is a function which remains finite when x 
approaches x 0 . Now let f t and be the Iwo roots of the equation 



2< - < -f. + ,^4' 

CX \ii 


0. 


If these roots are real and unequal, i c. if 

/ C*F V r 2 F c a F 

\rx 0 iyj cx* c,f„' 

the equation (20) may lie written in the form 

v t/o 

For x = x 0 the above quadratic has two distinct roots t = < l( t = 

As x approaches x„ that equation lias two roots which approach t t 
and t 2 , respectively. The proof of tins is merely a repetition of 
the argument for the existence of implicit functions. Let us set 
t = t, + u, for example, and write down the equation connecting x 
and u: 

u (<! — <„ + «) + (x — x 0 ) Q (.r, u) = 0, 

where Q(x, u) remains finite, while x approaches x 0 and v approaches 
zero. Let,us suppose, for definiteness, that t x — t, > 0, and let M 
denote an upper limit of the absolute value of Q(x, «), and m a 
lower limit of t, — t 3 + «, when x lips between x 0 — h and x 0 + h, 
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and w between — A and + A, where A is a positive number less than 
ty — Now let c be a positive number less than A, and 17 another 
positive number which satisfies the two inequalities 

m 

v < h, V<jj f 

t 

tit x be given such a value that j x — x 0 is less than 17 , the left-hand 
side of the above equation will have different signs if — t and then 
4 -, 1 « substituted for u. Hence that_ equation has a root which 
approaches zero as r approaches r„, and the equation (19) has a 
root of the form 

y — !/o + ( x - *o) Oh + a )t s u "Jo ( 

where a approaches zero with x — x 0 It follows that there is one 
branch of the curve C which is tangent to the stiaight line 

y - ?/o = h (r - x«) 

at the point (x 0> y„) 

In like manner it is easy to see that another branch of the 
curve passes through this same point tangent to the straight line 
|y — y 0 ~ t%(x — x„) The point V# is called a double point, and 
the equation of the s} stem of tangent# at tins point may lie found 
by setting the terms of the second degree in (r ~ x 0 ), (y — y 0 ) in 
(19) equal to zero. 

If 

/ c'F V c-V „ 

-- ) - -r~ —< 0 , 

CT o C 'fo 

the point (x 0 , y 0 ) is called an isolated double point Inside a suffi¬ 
ciently small cncle about the point J / 0 as center the first member 
F{x, y) of the equation (19) does not vanish except at the pomt M„ 
itself. For, let us take 

x = I, 4 - p cos 1 fr, y = t/o + p sin <#> 

as the coordinates of a point neai M 0 Then we find 

f(x> y) * 2 (y p ° 82 * +2 c ° s +■■ sm ++§■ sm2 t+p 1 )’ 

where L remains finite when p approaches zero. Let II be an upper 
limit of the absolute value of L when p is less than a certain posi¬ 
tive number r. For all values of <f> between 0 and 2 tt the expression 

F (PF S ! F 

-v-j-cos*^ + 2——~ cos 4 , sin 4> + — Sin s 4 
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lias the same sign, since its roots are imaginary. Let to be a lower 
limit of its absolute value. Then it is clear that the coefficient 
of p 1 cannot vanish for any point inside a circle of radius p< m/11 . 
Hence the equation F(x, y) = 0 has no root other than p — 0, i.e. 
x — x 0 , V — yo> inside this circle. 

In case we have 

/ d 1 F V_ fF c'-F 

wW ~~ c !/l' 

the two tangents at the double point coincide, and there are, in gen¬ 
eral, two branches of the given curve tangent to the same line, thus 
forming a cusp. The exhaustive study of this case is somewhat 
intricate and will lie left until later, .lust now we will merely 
remark that the variety of cases which may arise is much greater 
than in the two cases which we have just discussed, as will be seen 
from the following examples. 

The curve if = a- 8 has a cti.yi of the Jh-.it h im/ at the origin, both 
branches of the curve lieing tangent to the axis of x and lying on 
different sides of this tangent, to the light of the y axis The 
curve y~ — 2i l i/ + x' — x 6 -- 0 has a cusp of the second kind, both 
branches of the curve lieing tangent to the axis of x and lying on 
the same side of this tangent; for the equation may be written 

• 

y = r‘± x‘, 

and the two values of y have the same sign when x is very small, 
but are not real unless x is positive. The curve 

x* + x 2 ;/ 1 — 6 x ! ;/ + if 0 

has two branches tangent to the x axis at the origin, which do not 
possess any other peculiarity; for, solving foi //, the equation becomes 

3 x s ± x x Vs - x J 
V ~ 1 + x 2 

and neither of the two branches corresponding to the two signs 
before the radical has any. singularity whatever at the origin. 

It may also happen that a curve is eomposed of two coincident 
branches. Such is the case for the curve represented by the 
equation 

F(x, //) = if - 2 x’;/ + x* = 0. 

When the point (x, y) passes across the curve the first member F(x, y) 
vanishes without changing sign. 
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Finally, the point (x a , y,} may be an isolated double point. Such 
is the case for the curve y J -f- x f + y* — 0 , ou which the origin is an 
isolated double point. 

54. In like manner a point M„ of a surface .S’, whose equation is 
F(x, y, ~) = 0, is, in general, a singular point of that surface if the 
three first partial derivatives vanish for the coordinates x 0 , y„, z 0 of 
that point: 

|£_o. — = (>. 

Cro /'* r ~-» 

The equation of the tangent plane found above (§ 22) then reduces 
to an identity; and if the six second partial derivatives do not all 
vanish at the same point, the locus of the tangents to all curves on 
the surface .S’ through the point M„ is, in general, a cone ot the 
second order. For, let 

«•=/(')* y = <#>(')> ~ = 4>(t) 

be the equations of a curve V on the surface S. Then the three 
functions /(f), <#>(/, </'(/) satisfy the equation F(x. y, z) = 0, and 
the first and second differentials satisfy the two relations 

dF J L tF , L dF , A 

— dx + du + v— dz = 0, 

ox cy cz 


(ZF dF r 

\-r-dx A - di/ + - 

\ox cy o 


cz j cx 


OF dF 

cPx + ~-d 2 y + ~—(Pz^ 0. 
Cy Cz 


For the point x = ,r 0 , y = y„, z — z„ the first of these equations 
reduces to an identity, and the second becomes 

d 1 F c 2 F c 1 F 

jT dx 2 + -z~ dy 2 + v-.- dz 2 
<>4 oif n cz 2 

r 2 F d 1 F d a F 

+ 2-— dx dy + 2 5 -- dy dz A- 2 ;—— dx dz = 0. 

r - r i>“.'/ii dy„Oz 0 J cx„oz a 

The equation of the locus of the tangents is given by eliminating 
dx, dy, dz between the latter equation and the equation of a tangent 
line 

x ~ x o _ Y ~y<, _ % —*o 


which leads to the equation of a cone T of the second degree; 
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( 21 ) 


d*F d*F d*F 

Y + 7t ( T-*r+-£<*-<r 

d*F 


4- 2 


dx 0 3y ( 


(X - x 0 )(Y - y„) 


c 1 F & F 

+ 2 <ui7z ~ yd ( z ~ *»)+ 2 ox p. (-^ — x o) ( z ~~ *«) = 

e, yo c *« Oa o^»o 


On the other hand, applying Taylor's senes with a remainder 
and carrying the development to terms of the third order, the equa¬ 
tion of the surface becomes 


( 22 ) 


0 = F(r, y, z) 


+ 


1 p F 

1.2.3L?* 


(*- 


dF , 


- 1 ( 2 ) 

*■ ¥. <J,_ 

+ r : - *i>) 

f •() 

J 

f F . 

OF 

1 ( 3 ) 

1 

k 

+ 

y„)+ — (s —z„i 

K + IKi-V) 

cz 



where x, y, s in the terms of the third order are to he replaced by 
*0 + #(x — x 0 ), y„ + B{y~-y„), 4- 0(- - ~ 0 ). respectively The 

equation of the cone T may he obtained In setting the terms of 
the second degiee in x — r„, y — y 0 , z — z„ m the equation (22) equal 
to zero. 

Let us then, fiist, suppose that the equation (21) represents a real 
non-degenerate roue Let the surface .s and the tone T lie cut by a 
plane P which passes through two distinct generators G and G' of 
tlie cone In order to find the equation of the section of the sur¬ 
face 5 by this plane, let us imagine a transformation of coordinates 
carried out which changes the plane P into a plane parallel to the 
•ry plane. It is then sufficient to substitute z — z 0 in the equation (22) 
It is evident that for tins curve the point M n is a double point with 
real tangents ; from what we have just seen, this section is composed 
of two branches tangent, respectively, to the two generators </, O' 
The surface .S’ near the point A/ 0 thei efore resembles the two nappes 
of a cone of the second degree near its vertex Hence the point V 0 
is called a conical point. 

When the equation (21) represents an imaginary non-degenerate 
cone, the point Af 0 is an isolated singular point of the surface .S’ 
Inside a sufficiently small sphere about such a point there exists no 
set of solutions of the equation I\x, y, z) = 0 other than x = x„, 
V — y<„ z = £ 0 , For, let M be a point in space near M 0 , p the 
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distance MM 0 , and a, ft. y tlie direction cosines of the line M 0 M. 
Then if we substitute 


x = x 0 + pa r, y = y 0 + pft> z = ~o + PY, 

the function F(x, y, z) becomes 


F(x, y, 2 ) = | a* + 


d*F 

d lA 


ft *+ ■■■ +2 


c*F 


ay + pL 


)■ 


where L remains finite when p approaches zero. Since the equation 
(21) represents an imaginary cone, the expression 

c*F , „ d*F 

-5— «* H-h 2 ■■■ ,— ay 

rxi cx a oz„ 


cannot vanish when the point (ir, ft. y) describes the sphere 
<r 2 + ft-+ f = 1- 

Let m be a lower limit of the absolute value of this polynomial, 
and let H be an upjier limit of the absolute value of L near the 
point M„. If a sphere of radius m / If be drawn about ;W„ as center, 
it is evident that the coefficient of p* in the expression for F(x. y, z) 
cannot vanish inside this sphere. Hence the equation 


F(x, y, a) = 0 

has no root except p — 0. 

When the equation (21) represents two distinct real planes, two 
nappes of the given surface pass through the point M 0 , each of 
which is tangent to one of the planes. Certain surfaces have a 
line of double points, at each of which the tangent cone degenerates 
into two planes. This line is a double curve on the surface along 
which two distinct nappes cross each other. For example, the circle 
whose equations are z = 0, x* 4- y* = 1 is a double line on the surface 
whose equation is 


a 4 + 2 3 2 (z 2 + y 2 ) — (> 2 + y ' 1 — l) 2 = 0. 

When the equation (21) represents a system of two conjugate 
imaginary planes or a double real plane, a special investigation is 
necessary in each particular case to determine the form of the sur¬ 
face near the point !/„. The above discussion will be renewed in 
the paragraphs on extrema. 

(to }Extrema of functions of a single variable. Let the function /(a-) 
be continuous in the interval (a, A), and let e be a point of that 
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interval The function f(x) is said to have an extremum (1 e. a 
maximum 01 a minimum,) for x — c it a positive numbei q can be 
found such that the difference f(c + h) — /(c), which vanishes for 
h = 0, has the same sign for all other values of h between — q 
and + q If this diffeienee is positive, the function J (s) has a 
smaller value for r = c than for an\ value of x neai < , it is said 
to have a minimum at that point On the contraiv, if the differ - 
ence f(c + h) — f(c) is negative, the function is said to have a 
maximum 

If the function f(x) possesses a derivative foi x — r, that deriva¬ 
tive must vanish For the two quotients 

f(< + h) - f(r) f(r-), )-/ V> 
k ’ — h 

each of which appioaches the limit /'(c) when h approac lies zero, have 
different signs, hence then common limit f'(t) must be /eio Con- 
versel\, let c be a loot of the equation /'( r) =. 0 which lies between 
u and li, and let us suppose, icn the sake of gennalitv, that the 
first derivative which docs not vanish ten x — < is that of oidei n, 
and that this deinative is continuous when x = r TIipu Tajloi's 
senes with a leniaiudtr, if we stop with n teims, gives 

f(c + >>) j-j — + 6h 

which may be w r ntteii m the form 

/(c + h) -.Ac) = ~"— n [f<*X') + «]» 

where c appioaches zero with h Let q In a positive number such 
that ]/" , (r)| is greater than « when x lies between c — -q and e + q. 
hoi such values of a-, /‘“’(c) + < has the same sign as and 

consequently f(c 4- h) — /(c) has the same sign as A”/ 1 ' 0 (c) If 
n is odd, it is clear that this difference 1 lianges sign with h, and 
there is neither a maximum nor a minimum at x — c If n is even, 
/(<- + h) —/(c) has the same sign as/ c " > (c), whethei h be positive 
or negative, hence the function is a maximum if/'"'(c) is negative, 
and a minimum if / ( ">(c) is positive It follows that the necessary 
and sufficient,condition that the func tion/(x) should have a maximum 
or a minimum for * = c is that the first derivative which does not 
vanish for x = c should lie of even order. 
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Geometrically, the preceding conditions mean that the tangent to 
the curve y = f(cr) at the point A whose abscissa is c must be par¬ 
allel to the axis of x, and moreover that the point A must not be 
a point of inflection. 

Notes. When the hypotheses which we have made are not satisfied 
the function f(x) may have a maximum or a minimum, although 
the derivative /'(x) does not vanish. If, for instance, the derivative 
is infinite for x = c, the function will have a maximum or a mini¬ 
mum if the derivative changes sign. Thus the function y — x* is at 
a minimum for x = 0, and the corresponding curve has a cusp at the 
origin, the tangent being the y axis. 

When, as in the statement of the problem, the variable x is 
restricted to values which lie between two limits a and b, it may 
happen that the function has its absolute maxima and minima pre¬ 
cisely at these limiting points, although the derivative f'(x) does 
not vanish there. Suppose, for instance, that we wished to find 
the shortest distance from a point P whose coordinates are (a, 0) 
to a circle C whose equation is x‘ 4- >/ — R* = 0. Choosing for our 
independent variable the abscissa of a point M of the circle C, we 
find 

d l = PM 4 = (x — a) 1 + y 2 = x % -f y l — 2 ax a 1 , 
or, making use of the equation of the circle, 
d} = It 2 -f- a 1 — 2 ax. 

The general rule would lead us to try to find the roots of the derived 
equation 2a — 0, which is absurd. But the paradox is explained if 
we observe that by the very nature of the problem the variable x 
must lie between — It and + It. If a is positive, d z has a minimum 
for x = It and a maximum for x = — It. 

d£> Extrema of functions of two variables. Let f(x, y) be a con¬ 
tinuous function of x and y when the point M, whose coordinates 
are * and y, lies inside a_ region Q bounded by a contour C. The 
function/(x, y) is said to have an extremum at the point Af e (x 0 , y„) 
of the region 0 if a positive number y can be found such that the 
difference 

A =/(** + } h yo + k) -/(*,o, y„), 

which vanishes for h = k = 0, keeps the same sign for all other sets 
of values of the increments h and k which are each less than rj in 
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absolute value. Considering y for the moment as constant and 
equal to >/ 0 , » becomes a function of the single variable x • and, by 
the above, the difference 


f(x 0 + h, y 0 ) -/(*„, y«) 


cannot keep the same sign for small values of h unless the deriva-l 
tive df/ox vanishes at the point M a . Likewise, the derivative bf/by 
must vanish at M n ; and it is apparent that the only possible sets of 
values of x and y which can render the function f(r, y) an extre¬ 
mum are to be found among the solutions of the two simultaneous 
equations 




Let x — x 0 , y = y 0 bo a set of solutions of these Iwo equations. 
We shall suppose that the second partial derivatives of y) do 
not all vanish simultaneous!} at the point . 1 /,, whose coordinates 
are (x a , y 0 ), and that they, together with the third derivatives, are 
all continuous near M 0 . Then we have, from Taylor's expansion, 


(23) 


•A —f(x„ -f ft, y„ + k)-/{.<■„, y„j 

1 


1.2 

+ 




(. \ ex <yl'< 


1) 


9 >> 
K 1 


We can foresee that the expression 



<*t (-t 

h 2 - 4- 2 hi; -+ 

wj cx„o/„ 


k l 




will, in general, dominate the whole discussion. 

In order that tlieie lie an extremum at M a it is necessary and 
sufficient that the difference A should have the same sign when the 
point ( x 0 4- h, t/ 0 + k) lies am where inside a sufficiently small square 
drawn about the point, M a as venter, except at the center, where 
A = 0. Hence A must also have the same sign when the point 
(s u + h, y 0 + k) lies anywhere inside a sufficiently small circle whose 
center is Jlf„; for such a square may always be replaced by its 
inscribed circle, and conversely. Then let (' be a circle of radius 
r drawn about the point M a as center. All the points inside this 
circle are given by 

h — p cos <£, k — p sin <f>, 
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where is to vary from 0 to 2 w, and p from — r to -f- r. We might, 
indeed, restrict p to positive values, but it is better in what follows 
not to introduce this restriction. Making this substitution, the 
expression for A becomes 

A = (A cos 2 + 2 B sin <£ cos <j> + C sin 3 d>) + L, 

A V 

where 

.Vf K== JVL, r= jy, 

c 1 ^’ 

and where i is a function whose extended expression it would be 
useless to write out, but which remains finite near the point (r„, y„). 
It now becomes necessary to distinguish several cases according to 
the sign of S- — .(f 

/Vraf case. Let — A f 1 > 0. Then the equation 

A cos ‘<f> + 2 B sin <£ cos <£ + C sin 3 <£ = 0 

has two real roots in tan <£, and the first member is the difference 
of twcL squares. Hence we may write 

i » 

A = p - [a (a cos <f> 4- b sin $)" — f}(a’ cos <f> -f V sin <£) 2 ] + l, 
where 

cr > 0, /3>0, ah'— bu'^ 0. 

If <f> be given a value which satisfies the equation 
a cos <£ + b sin <J> = 0, 

A will be negative for sufficiently small values of p ; while, if 4> be 
such that a’cos<t> + J'sin<£ = 0, A will be positive for infiuitesimal 
values of p. Hence no number r can be found such that the differ¬ 
ence A has the same sign for any value of <j> when p is less than r. 
It follows that the function f(x, y) has neither a maximum nor a 
minimum for x = x 0 , y = y„. ’ ~~ ~ 

Second, case. Let IP — AC <C 0. The expression 

A cos 3 <£ + 2 B 0080 sin -|- C sin*4> 

cannot vanish for any value of <£. Let m be a lower limit of its 
absolute value, and, moreover, let H be an upper limit of the abso¬ 
lute value of the function L in a circle of radius ft about (x 0 , y 0 ) a* 
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center. Finally, let r denote a positive number less than R and lebs 
than 3m ///. Then inside a cncle of radius r the difference A will 
have the same sign as the coefficient of p", i e the same sign as A 
oi V Hence the function /(x, y) has either a maximum or a mini¬ 
mum for a- = x 0 , y = y 0 . 

To recapitulate, if at the point (x„, y„) we have 

(*£- 

\dx 0 <ty„ 

there is neither a maximum nor a lniinmuni But if 

-^Y_ o, 

< < ■>-„ cy;, 

there is either a maximum oi a miiiinnini, depending on the sign of 
the two derivatives < //('„, r °f/ f >/i Tin re is a liuumum it these 
derivatives aie negative, a minimum if they aie positive 


)- 


( V^>o, 


57 The ambiguous case The case wlieie It 2 — 1C = 0 is not eov- 
eied by the preceding discussion 'the geometiual interpretation 
shows why there should he eJjfJL trllv in this rase Let .s be the 
suiiace lepieseuted by the eipiation x=J(x,y) If the function 
_/(r, y) lias a maximum oi a minimum at the point (ay,, y 0 ), near 
winch the Dilution and its deiivatives ate lontinuous, we must have 


whicli shows that the tangent plane to the surface S at the point 
If,, whose coordinates aie (r„, „t, must he paiallel to the ry 

plane In oidei that there should be a maximum or a minimum it 
is also necessaiy that the smfaee s, neat the point M 0 , should lie 
mtiiely on one side of the tangclit jdane , hence we are led to study 
the hehavioi of a suitaie with lesjiett to its tangent plane neai the 
point of tangeney 

Let us suppose that the point of tangemy lias been moved to the 
oiigm and that the tangent plane is the n/ plane Then the equa¬ 
tion of the surface is of the form 


(24) r = <, x 2 + 2 bsy + (/ + «/-f ftx l y + 3 yxy 2 -f 8if, 

where a, b, r aie constants, and where a, ft, y, 8 are functions of x 
and 1 / which remain finite when x and i/ appioaeh /eio This equa¬ 
tion is essentially the same as equation (19), where x„ and //„ have 
been replaced by zeros, and h and k by x and y, respectively. 
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In order to see whether or not the surface S lies entirely on 
one side of the xy plane near the origin, it is sufficient to study the 
section of the surface by that plane. This section is given by the 
equation 

(25) ax 1 + 2bxy + ey 1 + ax % -\ -= 0; 

hence it has a double point at the origin of coordinates. If ft 8 — ac 
is negative, the origin is an isolated double point (§ 53), and the 
equation (25) has no solution except x = y — 0, when the point 
(x, y ) lies inside a circle C of sufficiently small radius r drawn 
about the origin as center. The left-hand side of the equation (25) 
keeps the same sign as long as the point (x, y) remains inside this 
circle, and all the points of the surface S which project into the 
interior of the circle C are on the same side of the xy plane except 
the origin itself. In this ease there is an extremum, and the por¬ 
tion of the surface .S near the origin resembles a portion of a sphere 
or an ellipsoid. 

If b- — ac > 0, the intersection of the surface .s’ by its tangent 
plane has two distinct branches <\ which pass through the 
origin, and the tangents to these two branches are given by the 
equation 

ax’ + 2 bxy +- cy 1 — 0. 


Let the point (x, y) l>e allowed to move about in the neighborhood 
of tire origin. As it crosses either of the two branches (\, C\, the 
left-hand side of the equation (25) vanishes and changes sign. 
Hence, assigning to each region of the plane in the neighborhood 
of the origin the sign of the left-hand side of the equation (25), we 
find a configuration similar to Fig. 7. Among the points of the 
surface which project into points inside a circle about the origin in 



Fio.7 

The case where b' 1 — 


the xy plane there are always some which 
He below and some which lie above the 
xy plane, no matter how small the circle 
tie taken. The general aspect of the sur¬ 
face at this point with respect to its tan¬ 
gent plane resemblps that of an unparted 
hyperboloid or an hyperbolic paraboloid. 
The function /(x, y) has neither a maxi¬ 
mum nor a minimum at the origin, 
ac = 0 is the case in which the curve of 


intersection of the surface by its tangent plane lias a cusp at the 
origin. We will postpone the detailed discussion of this case. If the 



UI.5 58] singular points maxima AND MINIMA 123 


intersection is composed of two distinct branches through the origin, 
there can be no extremum, for the surface again cuts the tangent 
plane If the origin is an isolated double point, the function f(x, y) 
has an extremum for x = y = 0 It may also happen that the inter¬ 
act tion of the suiface with its tangent plane is composed of two 
coincident branches For example, the surface z = y % — 2 x*y + x* 
is tangent to the plane ? = 0 all along the parabola y = x l . The 
function y 1 — 2 x 2 i/ + x* is zero at eveiy point on this parabola, but is 
positive for all points near the origin which aie not on the parabola 

68 In order to see which of these casts holds in a given example it is neces¬ 
sary to take into account the dent attves of the thnd and fourth orders, and some¬ 
times denvatives of still higher order The following discussion, which is usually 
sufficient 111 practice, is applicable only in the most general cases When 
i> 3 — ac — 0 the equation of the surface may b, written in the following form 
by using Taylor’s development to terms of the fouith order 

(20) z = /(x, y) ~ A (.tMtiw - ycosu) 2 + p a (x, y) + (x t,7 + j/ c )», 

24 \ cx i'll / f)„ 

I,et us suppose, for definiteness, that A is positive In order that the surface S 
should he entirely on one Rule of the xy plane netr the ongin, it is necessary that 
all the curves of intusecUon of the surface b\ planes through the z axis should 
lie on the same side of the xy plane near the origin But if the surface be cut 
by the secant plane 

y — x tan <f> , 

the equation of the curve of intersection is found by making the substitution 
x — p comp, y — psin0 

in the equation (26), the new axes being (he old z axis and the trace of the secant 
plane on the xy plane Performing this operation, we find 

z — A p 2 (cos ip sin w — cos <v sin ip) 1 + K p* + L p*, 

where K 1b independent of p If tan u tan <p z is positive for sufficiently small 
values of p , hence all the corresponding secl'ons lie above the xy plane near the 
origin Let us now cut the surface by the plane i 

y — z tan w 

If the corresponding value of ft is not zero, the detelopment of z is of the form 

x = p"(A' + t) 

and changes sign with p Hence the settion of the surface by this plane haa a 
point of Inflection at the origin and crosses the xy plane It follows that the 
function /(i, y) has neither a maximum nor a minimum at the origin Such is 
the case when the section of the surface by its tangent plane has a cusp of the 
first kind, for instance, for the surface 

* = y 1 - x‘ 
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I{ K = 0 for the latter substitution, we would carry the development out to 
terms of the fourth order, and we would obtain an expression of the form 

z = p*(K l + 0> 

where Ki is a constant which may be readily calculated from the derivatives of 
the fourth order. We shall suppose that Ki is not zero. For infinitesimal val¬ 
ues of p, z has the same sign as Ky , if Ki is negative, the section in question lies 
beneath the xy plane near the oiigin, and again there is neither a maximum nor 
a minimum. Such is the case, for example, for the surface z — y' 1 — x 4 , whose 
intersection with the xy plane consists of the two parabolas y=ij" Hence, 
unless K — 0 and A' t >0 at the same time, it is evidently useless to earn the 
investigation farther, for we may conclude at once that the surface crosses its 
tangent plane near the origin. 

But if K = 0 and A’, > 0 at the same time, all the sections made by planes 
through the z axis lie above the xy plane neai the origin But that does not 
show conclusively that the surface does not cioss its tangent plane, as is seen 
by considering the particular surface 

z = (</ - x-) {y - -2 x-), 


which outs its tangent plane in two parabolas, one of which lies inside the other 
In order that the surface should not cross its tangent plane it is also necessary 
that the section of the s-urface made by any cylinder whatever which passes 
through the z axis should he wholly above the xy plane. Let y = <p(z) be the 
equation of the tiace of tins cylinder upon the xy plane, where y> (x) vanishes for 
x = 0 The function F(.t) —f[x, ^(x)] must lie at a minimum for x — 0, what¬ 
ever be the function <p(x) In order to simplify the calculation we will suppose 
that the axes have been so chosen that the equation of the surface is of the form 


z = Ay 1 + $> 3 (x, y) + , 

where A is positive With this system of axes we have 


e/ =0, "=0. ^- = 0, ^>0, 

(x<j<!/o cyl 


?Xo cy 0 <z‘ 

at the origin 

The derivatives of the function F{x) are given by the formula! 

if 


r <*)=|£ + 

dx 




cy 


+’ {*), 


+ 2 — <fj' -j- 

faf* toicy * 


iy 1 




r " (x) = (z) + 3 iL ♦'•w + 


m' l cy 


Pxty* 


+ 3 f{~ 0" (x) + 3 W 

(Xiy cyl 


f-Vw. 

<v 

«)/“ 
if 
<v 




F,TW - U* 4 Si*' w + '\-x%^ + *££.*'•<*> + Z*' t{x) 
+ + +« % ***" 


£2f 

+ 4 u^*"' {x) + 
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from which, for x = y = 0 , we obtain 

F'(0) = 0, F"(0) = [*'(<>)]* 

nif, 

If (t'(0) does not vanish, the function F (x) lias a miiiinmm, as is also apparent 
from the previous discussion. But if 0 '(O) 0 , we find the formulae 


F'(0) = 0, F"(0) -- 0, 


c 3 f 


T ,v (0) = + 0 . ' ’/ *"(0) + 3'/{ [0"(O)]* 

Hence, in order that F(x) he at a minimum, it is necessary that fjy/cxJ vanish 
and that the following quadratic form in 

c*f r'f c-r 

. *"(0) + 3 . w (0>]L 

( !/h 


be positive for all values of 0 ' ( 0 ) 

ll is easy to show that these conditions are not sal ished fm the above function 
2 - y‘ - 3x s y + ‘ix 4 , but that they are satisfied foi tin function z =■ if 2 + x 4 - 
ll is evident, in fact, that Ihe latter surface lies entirely above the xy plane. 

We shall not attempt to carry the discussion faithei, for it requires extremely 
nice reasoning to render it absolutely rigorous Tin' reader wbo wishes to exam¬ 
ine the subject in gnaier detail is icfcricd to an impoilaut memoir bv Ludwig 
Scheffer, in Vut XXXV of tiie .l/ccf/ccinciOjcc fit Annntcu 


59. Functions of three variables Ltd it =/t x. y, z) lie a continuous 
funition of tlio three vanahles x. //, t. Then, as before, this func¬ 
tion is said to have an extremum tmaximum or minimum) for a set 
of values x„, .Vc» ~o if a positive numboi tj can be found so small 
tliat the difference 


A —/(•*■(> + A, .Vo + + I) —f(r o, y,o 

which vanishes for h = f.- = / = 0 , has the same sign for all other 
sets of values of h, !;. f, each of which is less in absolute value 
than ij If only one of the variables x. ;/. z is given an increment, 
while the other two are regarded as constants, vve find, as above, 
that u cannot be at an extremum unless tlie equations 


rf 


= 0 . 


?.f 

<>!/« 


= 0. 


^ = 0 
cz„ 


are all satisfied, provided, of course, that these derivatives are con¬ 
tinuous near the point (x,„ y,„ ~,) Let us now suppose that x„, y 0 , 
are a set of solutions of these equations, and let .If,, lie the point 
whose coordinates are x 0 , //„, v„. There will lie an extiemum if a 
sphere can be drawn about A/„ so small that f(x, y, z) — /(x u , y 0 , z^) 
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has the same sign for all points ( x , y, z) except M 0 inside the sphere. 
Let the coordinates of a neighboring point be represented by the 
equations 

x = x 0 + pa, y = y» + pft> * = *o + py> 

where a, ft, y satisfy the relation a 3 + ft* + y 3 = 1 ; and let us replace 
.* — x m y - y m z - in Taylor's expansion of f(x, y, z) by pa, pft, 
py, respectively. This gives the following expression for A : 

a = p s [<H«, $ y) +:+■]> 

where <f>(a, ft, y) denotes a quadratic form in a, ft, y whose coeffi- 
cients are the second derivatives of f(x, y, x), and where h is a 
function which remains finite near the point 1 \f„. The quadratic 
form may be expressed as the sum of the squares of three distinct 
linear functions of a, ft, y, say P, P', P", multiplied by certain con¬ 
stant factors a, a', a", except, in the particular case when the dis¬ 
criminant of the form is zero. Hence we may write, in general, 

<H«, P, y) = al* + a-'!"- + 

where a, a 1 , a" are all different from zero. If the coefficients a, a 1 , a" 
have the same sign, the absolute value of the quadratic form <j> will 
remain greater than a certain lower limit when the point a, ft, y 
describes the sphere 

« 2 + ft 2 + y 2 = 1, 

and accordingly A has the same sign as a, a 1 , a" when p is less than 
a certain number. Hence the function f(x, y, z) has an extremum. 

If the three coefficients a, a 1 , a" do not all have the same sign, 
there will be neither a maximum nor a minimum. Suppose, for 
example, that a > 0, a' < 0, and let us take values of a, ft, y which 
satisfy the equations P' = 0, P" — 0. These values cannot cause P 
to vanish, and A will be positive for small values of p. But if, on 
the other hand, values be taken for a, ft, y which satisfy the equa¬ 
tions P = 0, P" = 0, A will be negative for small values of p. 

The method is the same for any number of independent variables : 
the discussion of a certain quadratic form always plays the prin¬ 
cipal r51e. In the case of a function u =f(x, y, z) of only three 
independent variables it may be noticed that the discussion is 
equivalent to the discussion of the nature of a surface near a singu¬ 
lar point. For consider a surface 5 whose equation is 

F (x, y, z) =/(x, y, *) -/(*„, y„, z„) = 0; 
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this surface evidently passes through the point M„ whose coordi¬ 
nates are (x 0 , y 0 , «„), and if the function f(x, y, z) has an extremum 
there, the point M„ is a singular point of 2. Hence, if the cone of 
tangents at M 0 is imaginary, it is clear that F(x, y, z) will keep the 
same sign inside a sufficiently small sphere about M n as center, and 
/( x, y, e) will surely have a maximum or a minimum. But if the 
cone of tangents is real, or is composed of two real distinct planes, 
several nappes of the surface pass through M„, and F(x, y, z) 
changes sign as the point (x, y, z) crosses one of these nappes. 


60. Distance from a point to a surface. I,et us try to find the maximum and the 
minimum values of the distance from a fixed point (a, b, c) to a surface S whose 
equation is F(x, jq z) = 0. The square of this distance, 

H = d 3 — (x — (i) 2 -t- (y - b)' 1 + (z - c) 2 , 

is a function of two independent variables only, — z and y, for example, if z be 
considered as a function of z and y defined by the equation F - 0. In order 
that u be at an extremum for a point (z, y, z) of the surface, we must have, for 
the coordinates of that point, 

1 in , , , , .< z 

- = (x.~a) + {z - o). = 0, 

a <x a 

t c it ., r z 

- = (.« - b) + (z - c) — - 0. 

2 ? (/ < v 


We find, in addition, from the equation F = 0, the relations 


rF + cF?z 

fx <Z IX. 


= o, 


tF +‘' FU = 0, 

nj iz cy 


whence the preceding equations take the form 

x — n_y~b_z — r 
iF IF ~~ t F 
ix fy iz 

This shows that the normal to the surface S at the point (z. y. z) passes through 
the point (a, b, c). Hence, omitting the singular points of the surface the 
points sought for are the feet of normals let fall from the point (a, 6, c) upon the 
surfaee 5. In order to sec whether such a point actually corresponds to a maxi¬ 
mum or to a minimum, let us take the point as origin and the tangent plane as 
the xy plane, so that the given point shall lie upon the axis of z. Then the func¬ 
tion to be studied has the form 


u. - x/> + y° + (z - r)», 

where z is a function of I and y which, together with both its first derivatives, 
vanishes for x = y = 0. Denoting the second partial derivatives of z by r, s, f, 
we have, at the origin, 


ex' 


= 2{1 -cr). 


a a ti 

tziry 


= —2 c», 


i 1 u 
cl 


= 2 (I - ci), 
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and it only remains to study the polynomial 

A(c) = c 3 « 3 - (1 - cr) (1 - ct) = c 2 (a 2 - rt) + (r + t)c - 1, 

The Toots of the equation A(t) = 0 are always real by virtue of the identity 
( r q. t)s + 4 (s 2 - r£) = 4 s 3 + (r - t) 2 There are now several cases which must 
he distinguished according to the sign of a 3 — rt 

First case Let s 2 - rt < 0 The two roots r, and r 2 of the equation A (c) — 0 
have the same sign, and we may write A (c) = (s 3 - rt) (c — fi) (c — c a ) Let us 
now mark the two points A , and A% of the z axis whose cooulmates are ti and c.j 
These two points He on the same side of the origin , and if we suppose, as is 
always allowable, that r and t are positive, they lie on the positive part of the 
z axis If the given point A (0, 0, t) lies outside the sigment rt u <l 2 , A(c) is 
negative, and the distance OA is a maximum or a minimum In order to see 
which of the two it is we must consider the sign of 1 - cr 1 his eoefhcient 
does not vanish except when c = 1 /r , and this value of c lies between r, and iq, 
since A(l/r) =- s-/r 3 But foi c = 0, 1 — cr is positive , hence 1 - ir is posi¬ 
tive, and the distance OA is a minimum if the point 1 and the otigm lie on 
the same side of the segment A x d 2 On the othei hand, tin distance OA is a 
maximum if the point A and the origin he on difficult suits of that segment 
When the point A lies between A t and yl 2 the distance is n< ithcr a minimum 
nor a maximum The case where A lits at one of the points A ,, A « is left m 
doubt 

Second case Let s 3 — rt > 0 One of the two roots <q and c s of A (c) = 0 is 
positive and the other is negative, and the origin lies Ixtweui tin two points 
A\ and A t If the point A does not he between -I, and d 2 A(c) is positive 
and there is neither a maximum nor a minimum If A Sits hi tween A i and 
A j, A (c) is negative, 1 - cr is positive, ami hence the distance OA lsaunnimum 

Third case Let s 3 — rt — 0 Then A(r) — (r + I) (i — rq), and it is easily 
seen, as above, that tht distance 0.4 is i minimum if the point A and the origin 
he on the same side of the point A i, whose coordinates are. (0, 0, iq), and that 
there is neither a maximum nor a minimum if the point A , lies between the point 
A and the origin 

The points A : and A . are of fundamental importance in the study of curva¬ 
ture, they are the prlnupul centers of curvature of the surface S at the point O 

61 Maxima and minima of implicit functions We often need to find 
the maxima and minima of a function of several variables which 
are connected by one or more relations Let us consider, for 
example, a function w — f(x, y , z, u) of the four variables x, y, z, v, 
which themselves satisfy the two equations 

/i ( x > y, «) = 0, f t (x, y, a, u) = 0 

For definiteness, let us think of x and y as the independent van 
ables, and of z and u as functions of x and y defined by these equa¬ 
tions. Then the necessaiy conditions that u> have an extremum ate 
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dx dx dx Cu ox ’ dy dz dy bu, by ’ 


and the partial derivatives bz/8x, du/dx, bz/by , cu/dy are given 
by the relations 


d fi + <L~ + °f' d JL - o 

dx cz ox cu cx ’ 

i if of, iz of bn 

cy ci cy cu cy 


bfs + df, bz c f ? tbu _ o 
ox o\ cx cu cx ’ 

? f‘ + *£ tl + 'ft G f = (,. 


"J 


(z cy cu Cy 


The elimination of cz/cx, cujbx , cz j cy, bu/by leads to the new 
equations oi condition 


(27) 


ixf.f .f.) = 0 ^(.f-P.O 

D(x,z,u) ’ !>(>/, z,v) 


■which, together with the relations,/’, = <f f. — 0. determine the val¬ 
ues of x, y, ii, which maj coriespond to extrema l>ut the equa¬ 
tions (27) express the condition that we can find values ol X and y 
which satisfy the equations 


(28) 


( f .f. V ? /l 4 G fi 

-h A + M 

CX cx cx 


0, 


-•£ + x ?r ’ + / ,2 = <>, 

cz cz (Z 


tL + ^tL+ //• = <>, 

<'J oy cy 

bf b f, c f, 

- + X ' ‘ + y ' 2 = 0; 
cu cu cu 


hence the two equations (27) may be leplaeed by tlie four equations 
(28). wdiere X and y are unknown auxiliary Junctions. 

The pi oof of the general theoiem is self-evident, and we may 
state the following practical rule . 

(liven a function 

/(->• i, 

of n variables, connected by h distinct relations 

4>i = 0, fa = 0, , </>/, = 0; 

in order to find the values of r x , r„ , x n which may render this 
function an extremum we must equate to zero the partial derivatives 
of the auxiliary function 

/+ X, <^>, + ■ + X, 

regarding X„ X 3 , ■ , X* as constants. 
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82. Another example. We shall now take up another example, where the mini- 
mam la not necessarily given by equating the partial derivatives to zero. Given 
a triangle ABC ; let us try to find a point P of the plane for which the sum 
PA + PB + PC of the distances from P to the vertices of the triangle is a 
minimum. Let ( 01 , hi). («z. hr), (a», ha) be respectively the coordinates of the 
vertices A, B, C referred to a system of rectangular coordinates. Then the func¬ 
tion whose minimum is sought is 

(20) z = V(x - u,) 2 + (y - b i) 2 +V (x- a 4 ) 2 + (y - bs) 2 +V(* - a »)» + (y - h)\ 

where each of the three radicals is to be taken with the positive sign. This equa¬ 
tion (29) represents a surface S which is evidently entirely above the xy plane, 
and the whole question reduces to that of finding the point on this surface which 
is nearest the xy plane. From the relation (29) we find 

g z _ x — a\ ^ x — Oa + x — a 3 

Sx V'(I - «i) a + (y - i,) 2 ~J(X - as) 2 + (y - h*) 2 v / (z - <t,,) 2 + (y - bj) 2 

_ y~ b 1 _ + _ '/ - _ + V-bt 

ty v/(z _ aq) 2 + (y - 6i) J V(x - a 2 ) 2 + (ij - b,)- V(x - aa) 2 + (y - b a ) 2 

and it is evident that these derivatives are continuous, except in the neighbor¬ 
hood of the points A, B, C , wlieie they become indeterminate. The surface B, 

therefore, has three singular points which project into the vertices of the given 
triangle. The minimum of z is given by a point on the surface where the tan¬ 
gent plane is parallel to the xy plane, or else by one of these singular points. In 
order to solve the equations rz/?* = 0, iz f cy = 0, let us write them in the 
form 

x - a\ 4 __ x - a? _ _ __ Xj~ a 3 

V(X - aj) s +(y - hi)- v'<z - as) 2 +\y - b 2 ) 2 v / (x - a,) 2 + (y - b 3 ) 2 

__y -Jh__ y - t>i __ _ __~ N 

v '(* - a,) 2 +{y - hi) 2 V(Z -Oj) 2 + (p - b 2 ) 2 V(~x~-~a B ) 2 + (y - b,) 2 

Then squaring and adding, we find the condition 

1 + 2 (Z - Ui) (X - Qz) + (y - hi) (y - b a ) _ 0 
V(x - a,) 2 + (jr - hi) 2 V(z - a,) 2 + (y - bj) 2 

The geometrical interpretation of this result is easy; denoting by a and /S the 
cosines of the angles which the direction PA makes with the axes of x and y, 
respectively, and by o' and p' the cosines of the angles which PB makes with the 
same axes, we may write this last condition in the form 

l + 2(<r<r'+fty) = 0, 
or, denoting the angle APB by u, 

2 cos u + 1 = 0. 

Hence the condition in question expresses that the segment AB subtends an 
angle of 120° at the point P. For the same reason each of the angles BPC and 
CPA must he 120°.* It is clear that the point P must lie inside the triangle 


* The reader is urged to draw the figure. 
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ABC, and that there is no point which possesses the required property If any 
angle of the triangle ABC is equal to or greater than 120° In case none of the 
angles Is as great as 120°, the point P is uniquely determined by an easy con¬ 
struction, as the intersection of two circles In this case the minimum is giveD 

by the point P or by one of the vertices of the triangle But it ib easy to show 

that the sum PA + PB 4- PC is less than the sum of two of the sides of the tri¬ 
angle For, since the angles APB and A PC arc each 120°, we find, from the 
two triangles PAC and PBA, the formula 

AB = Va 2 4- 6 2 4- ah, AC — Va 2 4 c 2 + an , 

where PA = a, PB — 6, PC = c But it is evident that 

Va 2 + Ir + alj > b + \ Va 2 + r 2 + ac > e + 

and hence 

AB + AC > a + 6 4- c 

The point P therefore actually corresponds to a minimum 

When one of the angles of the triangle ABC is ujuil to or greater than 120° 
there exists no point at which each of the sides of the triangle ABC subtends an 
angle of 120", and hence the surface S has no tangent plane which is parallel to 
the ay plane In this '•asc the minimum must be given by one of the virtues of 
the triangle, and it is evident, in fact, that this is the vtrtex of the obtuse angle 
It is easy to verify this fact geometrically 

68 D'Alembert’s theorem let F(x, y) be a polynomial in the two variables 
x and y axianged into homogeneous groups of ascending order 

F( x, y) - 11 + 4>r (*i (/) 4 <t>, t -1 (x, y) + + <t> m (x, V), 

w here H is a constant If the equation <p t , (x, //) = 0 considered as an equation 
m y/Z, has a simple root, the function F (x, y) cannot hav e a maximum or a mini¬ 
mum for x = y = 0 For it results from the discussion above that there exist sec¬ 
tions of the surfare z + If = F(x, y) made by plains through the z axis some 
of winch lie above the xy plane and others below it near the ongin From this 
remark a demonstration of d’Alembert s theorem may lie deduced For, let/(z) 
be an Integral polynomial of degree m, 

f(z) = Ao + AiZ + A 2 z*+ 4 A,a™, 

where the coefficients are entirely arbitrary In order to separate the real and 
imaginary parts let us wnte this in the form 

f(x 4 - ly) = uo + tbo 4- (a, 4- tbj) (z + ly) + + ( a„ 4- tb„) (z + 

where a#, ft 0 , a It bi, , a,„, are real We have then 
f(z) = P+iQ, 

where P and Q have the following meanings 

P = On 4- o.\X - b t y 4- 
Q = b 0 t- biX 4 a, y + 

and hence, finally, 

|/(Z)! =VF 2 + q 2 
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We will first show that |/(z) |, or, what amounts to the same thing, that 
pa 4 . Q 2 , cannot be at a minimum lor x = y = 0 except when a a — b 0 = 0. For 
this purpose we shail introduce polar coordinates p and <t>, and we shall suppose, 
lor the sake of generality, that the first coefficient after A o which does not 
vanish is A p . Then we may write the equations 

P — a<i 4- (a,, cos p<f> - b p sin p<f>)p>' + • • ■, 

Q = b 0 + ( 6 ,, cos p<p + a p sin p£) pr> + - ■ ■, 

P 2 + <? 2 = a, 2 + bl + 2 pP [(a u a,, + !*,!>,,) cosp 0 + (bpa p - Oo b p ) sin p<p] + ■ • ■, 

where the terms not written down are of degree higher than p with respect to p. 
But the equation 

( 0 * 0 ,, + 6 0 f>,,) cos p<)> + (b u o p — a«fv) sin P<t> — ® 

gives tan p<f> — K, which determines p straight lines winch arc separated hy 
angles each equal to 2 n/p. It is therefore impossible by the above lemark that 
P 2 + (p should have a minimum for x ~ y z. 0 unless the quantities 

«o«p + bob,,, boa,, - a,\ 

both vanish. But, since a 2 + ft 2 is not zero, this would require that a n ~ b„ — 0; 
that is, that the real and the imaginary parts of f (z) should both vanish at the 
origin. 

If i/(z) | has a minimum for x = a, y = p, the discussion may be reduced to 
the preceding by setting z = ir + i/3 4 z'. It follows tliat i/(z) | cannot be at a 
minimum unless P and Q vanish separately for x — <r, y = pi. 

The absolute value of /(z) must pass through a minimum for at least one 
value of z, for it increases indefinitely as the absolute value of z increases indefi¬ 
nitely. In fact, we have 

P 2 + = (a 2 + b 2 )/>*>" + • • ■, 

where the terms omitted are of degree less than 2m in p. This equation may be 

written in the form _ 

Vpa + qt = P* ( v / a 2 + * l + e), 

where e approaches zero as i> increases indefinitel y. Henc e a circle may be 
drawn whose radius 11 is so large that the value of Vp 2 + y 2 is greater at every 
point of the circumference than it is at the origin, for example. It follows that 
there is at least one point 

x = a, y = p 

inside this circle for which Vp* + Q 3 is at a minimum. By the above it fol¬ 
lows that the point x = a, y = /9 is a point of intersection of the two curves 
P = 0, Q = 0, which amounts to saving that z — a -+ jii is a, root of the equation 

m = fi¬ 
le this example, as in the preceding, we have assumed that a function of the 
two variables x and y which is continuous in the interior of a limited region 
actually assumes a minimum value inside or on the boundary of that region. 
This is a statement which will be readily granted, and, moreover, it will he 
rigorously demonstrated a little later (Chapter VI). 
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1 Show that the number d , which occurB In Lagrange’s form of the re¬ 
mainder, approaches the limit 1/ (n + 2) as h approaches zero, provided that 
/(H + 2;(a) is not zero. 

2 I>et F{x) be a determinant of order n, all of whose elements are functions 
of x Show that the derivative F'(x) is the sum of the n determinants obtained 
by replacing, successively, all of the elements of a single line by their deriva¬ 
tives State the corresponding theorem for derivatives of higher order 

3 Find the maximum and the minimum values of the distance from a fixed 
point to a plane or a skew curve , between two vaiiable points on two curves , 
between two variable points on two surfaces 

4 The points of a surface S for which the sum of the squares of the dis¬ 
tances from n fixed points is an extremum art the ftcl of the nounals let fall 
upon the surface from the center of mean distances of the given n fixed points 

5 Of all the quadiilaterals which can be formed from four given sides, that 
which is inscriptible jd a <mle ha»s the gitatest area State the analogous 
theuiem for polygons of n sides 

6 Find the maximum volume of a rectangular parallelopiped inscribed m 
an ellipsoid 

7 Find the axes of a cential quadi ic from the consideration that the vertices 
are the points from vvhith the distant to the cmttr is an txtiemum 

8 Solve the analogous problem for the axes of a central sec lion of an ellipsoid 

9 Find the ellipse of minimum area whi< h passes through the three vertices 
of a given mangle ami the ellipsoid of minimum volume which passes through 
the foui veitices of a given tetrahedion 


10 Find the point from winch the sum of the distances to two given straight 
lines and the distance to a given point is a minimum 

[Joseph Bsrtram> ] 

11 Pzove the following formula* 


lug(z + 2) -2 log<x + 1) - 2iog(x 1) + log(x - 2) 


+2 [x. J + ] 

[Bonne’s Senes ] 


log (x + 6) = 


log (x + 4) + log (x t-3)-2 log x 
+ log (x - ]) + log (X - 


4) - log<x - 5) 

_„r 72 1 / __72_y 

“ 2&J;a + ?2 3 \x* - 25x 2 + 72/ 


] 


[Uaku’s Senes ] 



CHAPTER IV 


DEFINITE INTEGRALS 

I. SPECIAL METHODS OF QUADRATURE 

64. Quadrature of the parabola. The determination of the area 
bounded by a plane curve is a problem which has always engaged 
the genius of geometricians. Among the examples which have 
come down to us from the ancients one of the most celebrated is 
Archimedes’ quadrature of the parabola. W'e shall proceed to 
indicate his method. 

Let us try to find the area bounded by the arc A CD of a parabola 
and the chord AJi. Draw the diameter CD, joining the middle 
point D of A B to the point (\ where the tangent is parallel to A IS. 
Connect AC and DC, and let E and E' be the points where the 

tangent is parallel to DC and 
AC, respectively. AVe shall 
first compare the area of the 
triangle DEC, for instance, 
with that of the triangle AIK 
Draw the tangent ET, which 
cuts CD at T. Draw the diam¬ 
eter EF, which cuts CD at F\ 
and, finally, draw EK and FH 
parallel to the chord AD. By 
an elementary property of the 
parabola TV = CK. Moreover, 
CT = EF = KH, and hence 
EF = CH / 2 = CD j 4. The 
areas of the two triangles BCE 
and BCD, since they have the 
same base DC, are to each other as their altitudes, or as EF is 
to CD. Hence the area of the triangle BCE is one fourth the area 
of the triangle BCD, or one eighth of the area of the triangle ABC. 
The area of the triangle A CE' is evidently the same. Carrying out 
the same process upon each of the chorda BE, CE, CE', E'A , we 
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obtain four new triangles, the area of each of which is S/ 8 J , and so 
forth. The »th operation gives rise to 2" triangles, each having the 
area S/ 8 *.' The area of the segment of the parabola is evidently 
the limit approached by the sum of the areas of all these triangles 
as n increases indefinitely; that is, the sum of the following descend¬ 
ing geometrical progression: 


S s s 

s + 4 + 41 + " ■ + 4- + ' ■ 


and this sum is 4 ,S/3. It follows that the required, area is equal to 
two thirds of the area of a parallelogram whose sides are Ah and CD. 

Although this method possesses admirable ingenuity, it must be 
admitted that its success depends essentially upon certain special 
properties of the parabola, and that it is lacking in generality. The 
other examples of quadratures which we might quote from ancient 
writers would only go to corroborate this remark : each new curve 
required some new device. Hut whatever the device, the area to be 
evaluated was always split up into elements the number of which 
was made to increase indefinitely, and it was necessary to evaluate 
the limit of the sum of these partial areas. (hnitting any further 
particular cases,* we will proceed at once to give a general method 
of sulidivision, which will lead us naturally to the Integral Calculus. 


65. General method. For the sake of definitenesR, let us try to 
evaluate the area .s' bounded by a curvilinear arc .-1.1/D, an axis xx’ 
which does not cut that arc, and two perpendiculars AA U and BB„ let 
fall upon xx' from 
the points .-1 and B. 

We will suppose 
further that a par¬ 
allel to these lines 
-A -1 o, DD 0 cannot 
cut the arc in more 
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than one point, as * 
indicated in Fig. 9. 

Let us divide the segment A S D„ into a certain number of equal or 
unequal parts by the points 1*1) 1**} * * ' 7 J'm- 1) and through these 
point's let us draw lines PiQi, parallel to .4 A „ 

and meeting the arc AB in the points Q,, Q 2 , • • ■, respectively. 

--—■- - - 

*A large number of examples of determinations of areas, ares, aud volumes by 
die methods of ancient writers are to be found in Duluunellft Traiti. 
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Now draw through A a line parallel to xx', cutting P, Q, at q x ; 
through Q, a parallel to xx', cutting P,Q, at q % \ and so on. We 
obtain in this way a sequence of rectangles /i„ Ji a , ■ • ■, Il t , ■ ■ ■, H„. 
Each of these rectangles may lie entirely inside the contour ABB lt A 
but some of them may lie partially outside that contour, as is 
indicated in the figure. 

Let a, denote the area of the rectangle N,, and ji, the area bounded 
by the contour P t _,P, Q, In the first place, each of the ratios 

$i/ a n , /3 ,/»,, approaches unity as the number of 

points of division increases indefinitely, if at the same time each 
of the distances ,l„Pj, P,• ••, P,_,P,, •• approaches zero. For 
.the ratio /?,/<*„ for example, evidently lies between /,/P,_ L <«?._, and 
l-t/P.-iQ.-i, where l , and /., are respectively the minimum and the 
maximum distances from a point of the arc < 2 , _, y, to the axis jj 1 . 
Rut it is clear that these two fractions each approach unity as the 
distance P,_,P, approaches zero. It therefore follows that the ratio 

"i -F - )-+ a n 

fit + fit + • • + A. 

which lies lie tween the largest and the least of the ratios a,/ 
a 3 /ft, <*»/&„> w dl also approach unity as the number of the 
rectangles is thus indefinitely increased. Rut the denominator of 
this ratio is constant and is equal to the required area ,S\ Hence 

this area is also equal to the limit of the sum nr, + rr 2 q-+ n„, as 

the number of rectangles n is indefinitely increased in the manner 
specified above. 

In order to deduce from this result an analytical expression for 
the area, let the curve AB be referred to a system of rectangular 
axes, the x axis Ox coinciding with xx', and let y=/(x) be the 
equation of the curve AB. The function/(a - ) is, by hypothesis, a 
continuous function of x between the limits a and b, the abscissa* 
of the points A and B. Denoting by x 1; Xj, ■ • •, x„_, the abscissae 
of the points of division P u P 2 , - P„_,, the bases of the above 

rectangles are x, — a, x 4 — aq, ■, x, — x,_„ ■ • •, b — x„_,, and their 
altitudes are, in like manner, /(«),/(x,), - /(*,_,), ■■■, 

Hence the area s is equal to the limit of the following sum : 

(1) (*, - a)f(a) -p (x 2 - x,)/(x,) + ... 4- (i _ 

as the number n increases indefinitely in such a way that each of 
the differences x x — a, x t — x x , • • • approaches zero. 
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66 . Examples. If the base Ali be divided into n equal parts, each 
of length h (b — a — nh ), all the rectangles have the same base h, 
and their altitudes are, respectively, 

/(a), f(a + A), f(a + 2 h), ■ ■■, /[a + (» - 1) A]. 

It only remains to find the limit of the sum 

A {/(«) +y(« + A) +f(a + 2 h) -f- • 4-/[a. + ( n — 1) A] J, 

where 



as the integer n increases indefinitely. This calculation becomes 
easy if we know how to find the sum of a set of values f(x) corre¬ 
sponding to a set of values of x which form an arithmetic progres¬ 
sion; such is the case if f(x) is simply an integral power of x, or, 
again, if f(x) = sm mr or f(x) = cos mx, etc. 

Let us reconsider, for example, the parabola x 1 = 2 py, and let us try 
to find the aiea enclosed by an arc OA of this parabola, the axis of x, 
and the straight line x = a which passes tluough the extremity A. 
The length being divided into n equal parts of length h (nh = a), we 
must try to find by the above the limit of the sum 

[A» + 4 A* +••• + (» - 1 Y A 1 ] =^[1+4+9+ 4- (» - l) 5 ]. 

The quantity inside the parenthesis is the sum of the squares of the 
fiist (n — 1 ) integers, that is, n(n — 1) (2 n — 1 )/G; and hence the 
foiegoing sum is equal to 

n(n - l)( 2 w - li , 

12 /m* 

As n increases indefinitely this sum evidently approaches the limit 
a?/*'>!> = (1/3)(a. a i /2p), or one thud of the rectangle constructed 
upon the two coordinates of the point -■(, which is in harmony with 
the result found above. 

In other cases, as in the following example, which is due to 
Fermat, it is better to choose as points of division points whose 
abscissa ase in geometric progression. 

Let us try to find the area enclosed by the curve y — Ax >*, the 
axis of x, and the two straight lines x=-a,x = b (0 < a < b), where 
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tiie exponent fi is arbitrary. In order to do so let us insert between 
a and b, n — 1 geometric means so as to obtain the sequence 

a, a(l + a), a(l + a) s , •••, a(l + a)" - ', b, 

where the number a satisfies the condition «(1+ <*)" = £>. Tak¬ 
ing this set of numbers as the absciss* of the points of division, the 
corresponding ordinates have, respectively, the following values: 

Aa», + <r) 4 , ■ ■, 

and the area of the /ith rectangle is 


[a (1 + a)” - a (1 + o)e-i] Ja" (1 + a)= Aa Mi1 o (1 + ap-We+O. 
Hence the sum of the areas of all the rectangles is 


Aa" J *rr[l + (1 + a)“ M + (1 -f a) sl '“-" + +(1 + a y»-l,(* + ]>}_ 


If fi -f 1 is not zero, as we shall suppose first, the sum inside the 
parenthesis is equal to 

(1 4- a)"" 1 *" - 1 . 

(1 +«)<**>-1 ’ 


or, replacing a(l + a)" by b, the original sum may be written in the 
form 


A (b* ^ 1 


«“ + 1 ) 


iT 

(1 + of Vl - l‘ 


As a approaches zero the quotient [(1 + <»)’ , + 1 — l]/n approaches 
as its limit the derivative of (1 + ' ‘ with respect to <r for a = 0, 

that is, n +1 ; hence the required area is 


/((fto-H —, t e+ lj 
P + 1 

If fi = — 1, this calculation no longer applies. The sum of the 
areas of the inscribed rectangles is equal to nAa, and we have to 
find the limit of the product nn where n and a are connected by the 
relation 

a(l + a )* = b. 

From this it follows that 


, b a , b 

l 0 e alog(l+„) = l0 ^ 


log(l +<*)« 
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where the symbol log denotes the Naperian logarithm. As a 
approaches zero, (1 + a)'/* approaches the number e, and the prod¬ 
uct na approaches log(4 /a). Hence the required area is equal to 
A log (J/a). 

67. Primitive functions. The invention of the Integral Calculus 
j educed the problem of evaluating a plane area to the problem of 
finding a function whose derivative is known. Let y = f (x) be the 
equation of a curve referred to two leetaugular axes, where the 
function fix) is continuous. Let us consnlei the area enclosed by 
this curve, the axis of x, a fixed ordinate and a variable 

ordinate MP, as a function of the abscissa x of the var iable ordinate. 
In order to include all pos¬ 
sible cases let us agree to 
denote by .1 the sum of the 
areas enclosed by thegiven 
curve, the x axis, and the 
straight lines M U P„, MP, 
each of the portions of 
this area being affected 
by a eeitain sign- the 
sign + for the portions to 
the right of and above <>x, the sign —f the portions to the 
right of M U I\ and below ox, and the opposite convention for por¬ 
tions to the left of Thus, if MP were in the position 31'P’, we 

" mild take A equal to the difference 

M„P„r - M'P'C; 

and likewise, if MP were at 1 1"P", A = M"P"D — 3f„P„P, 

With these conventions w'e shall now show that the derivative of 
the continuous function A, defined in this way, is precisely f(x). As 
in the figure, let us take two neighboring ordinates MP, XQ, whose 
abscissa' are x and x + Ax. The increment of the area A-f evidently 
lies between the areas of the two rectangles which have the same 
base PQ , awl whose altitudes are, respectively', the greatest and the 
least ordinates of the arc MX. Denoting the maximum ordinate by 
H and the minimum by h, we may therefore write 

hlx < A-4 < //Ax, 

* 

°r, dividing by lx, h<lA /Ax < H. As Ax approaches zero, II and 
ll approach the same limit MP, or /(x), since /(x) is continuous. 
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Hence the derivative of A is f(x). The proof that the same result 
holds for any position of the point . 1 / is left to the reader. 

If we already know a primitive function of f(x), that is, a function 
F(x) whose derivative iaf(x), the difference A — F(x) is a constant, 
since its derivative is zero (§ 8 ). In order to determine this con¬ 
stant, we need only notice that the area A is zero for the abscissa 
x = a of the line MP. Hence 

A = F(x)-F(a). 

It follows from the above reasoning, first, that the determination 
of a plane area may lie reduced to the discovery of a primitive func¬ 
tion; and, secondly (and this is of far greater importance for us), 
that every continuous function f (x) is the derivative of some other 
function. Tins fundamental theorem is proved here by means of 
a somewhat vague geometrical concept, — that of the area under a 
plane curve. This demonstration was regarded as satisfactory foT a 
long time, but it can no longer he accepted. In order to have a stable 
foundation for the Integral Calculus it is imperative that this theo¬ 
rem should be given a purely analytic demonstration which does not 
rely upon any geometrical intuition whatever. In giving the above 
geometrical proof the motive was not wholly its historical interest, 
however, for it furnishes us with the essential analytic argument of 
the new proof. It is, in fact, the study of precisely such sums as 
( 1 ) and sums of a slightly more general character which will he 
of preponderant importance. Bpfore taking up this study we must 
first consider certain questions regarding the general properties of 
functions and in particular of continuous functions.* 

II. DEFINITE INTEGRALS ALLIED GEOMETRICAL CONCEPTS 

68 . Upper and lower limits. An assemblage of numbers is said to 
have an upper limit (see ftn., p. 91) if there exists a number N so 
large that no member of the assemblage exceeds N. Likewise, an 
assemblage is said to have a lower limit if a number N' exists tlian 
which no member of the assemblage is smaller. Thus the assem¬ 
blage of all positive integers has a lower limit, but no upper limit; 


• Among the most Important works on the general notion of the definite integral 
there should be mentioned the memoir by Riemann: Uber die MOgHchkeit, cine Func¬ 
tion tlurch tine trigonometnsche Reihe durznstellen ( Werke, 2d ed., Ltfiradg, 
p. 2:», and also French translation by Laugel, p. 225); and tbe memoir bvjteboux ; fc to 
which we have already referred : Sur les /(motions discontinues {AnnXsde VIScole 
Normale Suptrieure, 2d series, Vol. IV). * 
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the assemblage of all integers, positive and negative, has neither; 
and the assemblage of all rational numbers between 0 and 1 lias 
both a lower and an upper limit. , 

Let ( E ) be an assemblage which has an upper limit. With 
lespect to this assemblage all numbers may be divided into two 
(lasses. We shall say thafr^number a belongs to the hist class if 
there are members of the assemblage (/;) which are gieater than a. 
and that it belongs to the second class if tlieie is no member of the 
assemblage (/„') greater than a Since the assemblage (/.) has an 
upper limit, it is clear that numbers of e.u li class exist. If 1 be 
a number of*the first class and 11 a number of the second class, it 
is evident that .1 <71; tlieie exist memliers of the assemblage (7.) 
wlmh lie between 1 and 11, but tlieie is no member of the assem¬ 
blage (77) whnh is greater than 11 The numbei < —(I + B)/2 
may belong to the fiist or to tht second (lass In the foimer case 
cve should replace the interval ( I. U) by the internal (( , IS'), m the 
latter case by the interval ( I, < ) The new interval ( I,, 77,) is half 
the interval ( (, 11) and has the same propeitit s there exists at least 
one meinbei of the assemblage (/. 1 vvhn li is gieatcr than .1,. but none 
which is gieatei than 11, Operating upon ( I,, 11,) in the same way 
that we operated upon ( 1, 11), and so on lndefinitel), we obtain an 
unlimited sequence of intervals ( I, li), ( l u 11,U ( l s , 11,), , each 

of wliidi is half the preceding and possesses the same property 
as ( t, 11) with respect to the assemblage (7 ) Since the numbers 
t, A„ t 5 , , l n nevei dei least and are alwavs less than B, they 

approach a limit A ( § 11 Likewise, since the numbers 11,11,, li 2 , 
nevei increase and are alw aj s gieater than l.thev appi oach a limit A' 
Moreover, since the ditfeience— l„ -(/> — I) 2" appioaches zero 
as n increases indefinite!}, these limits must be equal, i e. A 1 = A. 
Let L be this common limit, then L is called the v/ijnr limit of the 
assemblage (11). Fiom the manner in ninth we have obtained it, 
it is clear that L has the following two properties 

1) No member of the assemblage (11) is greater than I., 

2) Tin re always exists a membtr of the assimbiage ( 11) which is 
li eater than L — t, wlure € it any arbitrarily small jtositirr number. 

For let us suppose that there were a member of the assemblage 
greater than L, say 1. + h (It > 0) Since B n approaches 1. as n 
increases indefinitely, 11 n wall be less than L -f h aftei a ceitam 
value of n. But tins is impossible since /(„ is of the second class. 
On the i((ther hand, let t be any positive liuinbci, Then, after a 
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©ertain value of n, A, will be greater than L — <; and since there are 
members of ( B) greater than A„ these numbers will also be greater 
than L — t. Tt is evident that the two properties stated above can¬ 
not apply to any other number than L. 

The upper limit may or may not belong to the assemblage (E), 
In the assemblage of all rational numbers which do not exceed 2, 
for instance, the number 2 is precisely the upper limit, and it belongs 
to the assemblage. On the other hand, the assemblage of all irra¬ 
tional numbers which do not exceed 2 has the upper limit 2, but 
this upper limit is not a member of the assemblage. It should be 
particularly noted that if the upper limit L does not belong to the 
assemblage, there are always an infinite number of members of (/;) 
which are greater than L — c, no matter how small < he taken. For if 
there were only a finite number, the upper limit would be the largest 
of these and not /,. When the assemblage consists of « different 
numbers the upper limit is simply the largest of these n numbers. 

It may be shown in like manner that there exists a number 
in case the assemblage has a lower limit, which has the following 
two properties: 

1) No member of the assemblage is less than I.'. 

2) There exists a member of the assemblage u-hich is less than 
V 4- 1 , where c is an arbitrary positive number.* 

This number V is called the lower limit of the assemblage. 

69. Oscillation. Let fix) lie a function of x defined in the closed t 
interval (a, b) ; that is, to each value of x between a and b and to each 
of the limits a and b themselves there corresponds a uniquely deter- 
i mined value of f(x). The function is said to be finite in this closed 
interval if all the values which it assumes lie between two fixed 
numbers A and B, Then the assemblage of values of the function 
has an upper and a lower limit. Let M and m be the upper and 
lower limits of this assemblage, respectively; then the difference 


• Whenever all iramlwrs can be separated into two Hasses A and B, according to 
any characteristic property, in snch a way that any number of the class A is less than 
any number of the class B, the upper limit /. of the numbers of the class A is at the 
same time the lower limit of the numbers of the class B. It Is clear, first of all, that 
any number greater than L belongs to theclass B. And if there were a number //< L 
belonging to the class B, then every number greater than U would belong to the das sB. 
Hence every number less than L belongs to the class A, every number greater than I. 
belongs to the class B. and h itself may belong to either of the two classes- 
t The word " closed ” Is used merely for emphasis. See } 2.— Tasxs. 




IV, § 70] 


ALLIED GEOMETRICAL CONCEPTS 


143 


A = M — m is called the oscillation of the function /(*) in the 
interval (a, b ). 

These definitions lead to several remarks. In order that a func¬ 
tion be finite in a closed interval (a, b) it is not sufficient that it 
should have a finite value for every value of x. Thus the function 
defined in the closed interval (0, 1) as follows: 

/(0) = 0, /(x) = l/* for x >0, 

has a finite value for each value of x ; but, nevertheless it is not 
finite in the sense in which we have defined the word, for fix') > A 
if we take x < 1/A. Again, a function whi<h is finite in the closed 
interval ( a , 4) may take on values which differ as little as wo please 
from the upper limit M or from the lower limit m and still never 
assume these values themselves. For instance, the function /(x), 
defined in the closed interval (0, 1) by the relations 

/(0) = 0, /(x) = 1-r for 0 < ^ 5 1, 

has the upper limit M = 1, but never reaches that limit. 

70. Properties of continuous functions. We shall now turn to the 
study of continuous functions in particular. 

Theorem A. Letf(x) be a function wh ich is continuotis in the closed 
interval ( a, b) and « an arbitrary positive, number. Then we can 
always break up the intercut (a, b) into a certain number of partial 
intervals in such a way that for any two values of the variable 
whatever , x' and x", which bcloncj to the same partial interval, We 
always have \f(x')—f{x")\<t. 

Suppose that this were not. true. Then let r = (a + b) j‘2 ; at 
least one of the intervals (a, c), (c, b) would have the same prop¬ 
erty as (a, b); that is, it would he impossible to break it up into 
partial intervals which would satisfy the statement of the theorem. 
Substituting it for the given interval (a, b) and carrying out the 
reasoning as above (§ 68), we eould form an infinite sequence of 
intervals (a, 4), (a u 4,), (a 2 , 4 2 ), - • , each of which is half the preced¬ 
ing and has the same property as the original interval (a, 4). For 
any value of n we could always find in the interval («„, 4.) two 
numbers x' and x" such that |/(x') — f(x") | would be larger than c. 
-Now let A he the common limit of the two sequences of numbers 
u ! a i> • • • and 4, 4„ • ■ Since the function f(x) is continuous 

for x = A, we can find a number y such that |/(x) — /(A)| <e/2 
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whenever \x — X| is less than 17 . Let us choose n so large that both 
a„ and i>„ differ from X by less than r/. Then the interval (a n , 6,) 
will lie wholly within the interval (X — ij, X + «j); and if x' and x" 
are any two values whatever in the interval (a„, /.>„), we must have 

|/(*') - /(A)| < e/2, |/(x”) -/(X) | < e/2, 

and hence |/(x') —/(*") | < c. It follows that the hypothesis made 
above leads to a contradiction j hence the theorem is proved. 

(Corollary /) Let a, x,, x 5 , ■ •, x,,_,, b be a method of subdivision 
of the Interval (a, b ) into p subintervals, which satisfies the con¬ 
ditions of the theorem. In the interval (a, Xj) we shall have 
|/(x)| < ]/(a)| + e; and, in particular, j/(x,) j < j/(a)|-)-e. Like¬ 
wise, in the interval (x,, x 2 ) we shall have j/(x) | < |/(x,) |-f e, 
and, a fortiori, |/(x) | < |/(o) | 4- 2 <; in particular, for x = -r 2 , 
|/(x 2 ) [ < |/(«) j 4- 2 1 ; and so forth. For the last interval we shall 
have 

• ‘ ' !/( j: )I<!/( 3 >-i)! + ‘<|/(' 7 )I+^- 

Hence the absolute value of /(x) in the interval (a, b) always 
remains less than |/(«)j + /'c. It follows that every function which 
I is continuous in a closed interval (a, b) is Jinite in that interval. 

Corollary II. Let us suppose the interval (a, b ) split up in t o 71 sub- 
intervals (a, x,), (x„ x 2 ), ■ ■, (x p _ x , b) such that |/(x') -/(x ") T <</2 
for any two values of x which belong to the same closed subinterval. 
Let y be a positive number less than any of the differences x t — a, 
Xj — x, • , b — x,, _,. Then let us take any two numbers whatever 
in the interval (a, b) for which |x' — x"|< 7 , and let us try to find 
an upper limit for |/(x') ~f(x")\. If the two numbers x'and x" 
fall in the same subinterval, we shall have |/(x') —/(x")|< t/ 2 . 
If they do not, x' and x 1 ’ must he in two consecutive intervals, 
and it is easy to see that |/(x') — / (x ”)I < 2(t/2) — t. Hence cor¬ 
responding to any positive number t another positive number rj can be 
found such that 

j/(x')-/(x")!<e, 

where x' and x" are any two numbers of the interval (a, b) for which 
\x’ — x"\<rj. This property is also expressed by saying that the 
function/(x) is uniformly continuum in the interval (a, b). 

Theorem B. A function f(x) which is continuous in a closed 
interval (a, b ) takes on every value between f (a) and fib) at least 
once for some value of x which lies between a and b. 
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Let us first consider a particular case. Suppose that f(a) and 
f(b) have opposite signs, — that /( a ) < 0 and f(b) > 0, for instance. 
We shall then show that there exists at least one value of x between 
a and b for which /(x) = 0. Now/(x) is negative near a and posi¬ 
tive near b. liet us consider the assemblage of values of x between 
a and b for which /(x) is positive, and let A. be the lower limit of 
this assemblage (a<\<b). By the very definition of a lower 
limit /(A — h) is negative or zero for every positive value of //. 
Hence /(A), which is the limit of /(A — /i), is also negative or zero. 
But/(A) cannot be. negative. For suppose that /(A) = — m, where 
m is a positive number. Since the function fix ) is continuous for 
x = A, a number y can be found such that, 'f(x) — f( A)j < wt when¬ 
ever |x — A]< y, and the function f(x} would lie negative for all 
values of x between A and A + q. Hence A could not be the lower 
limit of the values of x for which /(x) is positive. Consequently 
/(A) = 0. 

Now let N be any number between /(ra) and f(b). Then the 
function 4>(x) = /(x) — N is continuous and has opposite signs for 
x = ir and x = b. Hence, by the particular case just treated, it 
vanishes at least once in the interval («, b). 

Theorem C. Every function irbivk is continuous in a dosed inter¬ 
val (a, b) actually assumes the v<duc of its upper and of its lower 
limit at least once. 

In the first place, every continuous function, since we have 
already proved that it is finite, has an uppei limit M and a lower 
limit m. Let us show, for instance, that /(.r) =: M for at least one 
value of x in the interval (n, li). 

Taking c = (a 4 - b) /2, the upper limit of fix) is equal to M for 
at least one of the intervals {a, <•), o, b). Let us replace (a, b) 
by this new interval, repeat the process upon it, and so forth. 
Reasoning as we have already done several times, ve could form 
an infinite sequence of intervals (a, b), («,, /<,), (o 2 , b.j), ■ ■ ■, each of 
which is half the preceding and in each of which the upper limit of 
/(x) is M. Then, if A is the common limit of the sequences a, a l} 
■ and b, b u ■ ■■, /(A) is equal to M. For suppuse that 

/(A) = M — h, where h is positive. We can find a positive number 
7 / such that fix) remains between /(A) + hJ2 and/(A) — h / 2, and 
therefore less than. M ’~ as long as x remains between A — i) 
and A -f y. Let us now choose n so great that o„ and b H differ from 
their common limit A by less than y. Then the interval (a., b„) lies 
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■wholly inside the interval (X — ij, X + q), and it follows at once 
that the upper limit of f(x) in the interval (a, 0 b n ) could not be 
equal to M. 

Combining this theorem with the preceding, we see that any func¬ 
tion which is continuous in a closed interval (a, b) assumes, at least 
once , every value between its upper and its lower limit Moreover 
theorem A may be stated as follows Given a function which is 
continuous in a closed interval (a, b), it is possible to divide the inter¬ 
val into such, small subregions that the oscillation of the function in 
any one of them will be less than an arbitrarily assigned positive 
number. For the oscillation of a continuous fnuction is equal to 
the difference of the values of/(a-) for two particular values of the 
variable. 

71 The sums S and s Let f\x) be a finite function, continuous 
or discontinuous, m the mteival (a, b), where a < b Let us sup¬ 
pose the inters al (a, h) divided into a number of smaller partial 

intervals (a, x,), (x,, xf, , (,r l b), svhere each of the numbeis 
or,, x v , x p is greater than the pieced mg Let A! and m be the 
limits of f(x) in the original interval, and M, and m t the limits 
in the interval x,), and let ns set 

.S’ = I/, (x, - a) + ,U, (JO - jr.) + + M„ (b 

s = m,(x, — a) + m.(x i — x,) + + m t ,{b — 

To every method of division of (a, b) into smaller intervals there 
corresponds a sum S and a smallei sum » It is ev ulerit that none 
of the sums .S’ aie less tlian m(b — «), for none of the numbers \1 , 
are less than m , hence these sums .S' have a lower limit / * Like¬ 
wise, the sums s, none of which exceed M(b — a) ha\ e an upper 
limit We_pro£fied. tajhow that /' is at most equal to I. For this 
purpose it is evidently sufficient to show that s % S' and s' S’, where 
and S', s' acc -thfi .two sets of sums which correspond to any 
two given methods of subdivision of the interval (a, b) 

In the first place, let us suppose each of the subintervals (a, *,), 
(x„ x a ), redivided into still smaller intervals by new points of 

division and let 

a t Vit Vt, ' > Vic-ii x u Ht+ii > Hi—u x i> Vi+it > it 


* If fir) is a constant, S = >, M — i n, and, in general, all the Inequalities mentioned 
become equations — Trans 
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be the new suite thus obtained. This new method of subdivision 
is called consecutive to the first. Let 2 and <r denote the sums anal¬ 
ogous to S and s with respect to this new method of division of the 
interval (a, V), and let us compare S and .? with 2 and a. Let us 
compare, for example, the portions of the two sums S and 2 which 
arise from the interval [a, x,). Let M[ and m[ be the limits of 
f(x) in the interval (a, y,), ,l/ 2 and m[ the limits in the interval 
(</,, y 2 ), • • •, M[ and m[ the limits in the interval (>/ L _ l( x,). Then 
the portion of 2 which comes from (a, x,) is 

M{{y, - a) + Mil;/, — </,)+ + - 7/1 - yt _ 0 ; 

and since the numbers Ml, ■■ ■ , Ml cannot exceed .7/,, it is clear 
that the above sum is at most equal to ,V,(x, — n). Likewise, the 
portion of 2 which arises from the interval (x t , x.,) is at most equal 
to 7/ s (x 2 — x,), and so on. Adding all these inequalities, we find 
that 2 5 .S, and it is easy to show in like manner that a > s. 

I#£_us now consider any two methods of subdivision whatever, 
and let S, s and S', s' be the corresponding sums. Superimposing 
the points of division of these two methods of subdivision, we get a 
third method of subdivision, which may be considered as consecu¬ 
tive to either of the two given methods. Let 2 and cr be the sums 
with respect to this auxiliary division. By the above we have the 
relations 

2 < -S’, <r>s, 2 < s', <T>s'-, 

and, since 2 is not less than <r, it follows that s'< S and sS A”'. Since 
none of the sums S are less than any of the sums s, the limit I 
cannot be less than the limit /'; that is, 

72. Integrable functions. A function, which is finite in an inter¬ 
val (a, b) is said to Ire integrable in that interval if the two sums 
S and s approach the same limit when the number of the partial 
intervals is indefinitely increased in such a way that, each of those 
partial intervals approaches zero. 

The necessary and sufficient condition that a function be integrable 
w an interval is that corresponding to any positive number c another 
number y exists such that S — s is less than t whenever each of the 
partial intervals is less than y. 

This condition is, first, necessary, for if A and s have the same 
limit 7, we can find a number y so small that | S — 7| and j* — 7| are 
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each less than « /2 whenever each of the partial intervals is less 
than i). Then, a fortiori, o' — s is less than e. 

Moreover the condition is sufficient, for we may write * 

.S-s=S-I + I-r + r-s, 

and since none of the numbers A' — 7, 7 — I', 1' — s ean be negative, 
each of them must be less than c if their sum is to be less than e. 
But since 7 — 7' is a fixed number and e is an arbitrary positive 
number, it follows that we must have 7'=7. Moreover .S' —7<t 
and 7 — s < t whenever each of the paitial intervals is less than g, 
which is equivalent to saving that .V and .« have the same limit 7. 

The function f(x\ is then said to be integrnb/e in the interval 
(a, ft), and the limit 7 is called a definite integral. It is represented 
by the symbol 



which suggests its origin, and which is read “the definite integral 
from a to b of f(x)dx llj its very definition 7 al wav s lies lie tween 
the two sums S and s for any method of subdivision whatever. 
If any number between o' and s be taken as an approximate value 
of 7, the error never exceeds .S' — s. 

Every continuous function is intcgrabie. 

The difference S — s is less than or equal to (ft — a) a, where 
<o denotes the upper limit of the oscillation of f(x) m the partial 
intervals. But g may be so chosen that the oscillation is less than 
a preassigned positive number in any interval less than g (§ 70). 
If then g be so chosen that the oscillation is less than t/(ft — a), 
the difference S — s will lie less than e. 

Any vwnotonicaliy increasing or monotonically decreasing function 
in an interval (.« iutegrabie in that interval. 

A function fix) is said to increase monotonicaihj in a given interval 
{a, ft) if for any two values x’, x" in that interval fix’) >/(*") when¬ 
ever x' > x". The function may be constant in certain portions of the 
interval, but if it is not constant it must increase with x. Dividing 
the interval (a, ft) into n subintervals, each less than g, we may write 

s =/(*i) ( x i ~ a ) +f(x,) (x 2 - z,) +-(-/(ft) (ft - *„_,), 

s =/(»)(*;i ~ a) +f(x,)(x 2 - *,) 4 


♦For tin* proof that / and V exiBt, aee $73, which may be read before § 72. —Taans. 
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for the upper limit of /(x) in the interval (a, x,), for instance, 
is precisely /(x,), the lower limit/(a); and so on for the other 
subintervals. Hence, subtracting, 

S - s = (xi - a)[/(as,)-/(<*)] + (x 2 - x,)[/(x 2 ) -/(x,)] 

+ —f- (4 — x„_,)[/(/'j — /(■*■„-,)}• 

None of the differences which occur in the right-hand side of this 
equation are negative, and all of the differences x, — a, x„ — x xt 
• ■ are less than r;; consequently 

S-s< v[/(x,) -/fa) + /fx,) -/(•'.) + ■ ■ ff/(A) - /(*»_ i)]» 


or 

■ s '- * < ’»[/(*)-/(<»)]> 
and we need only take 

V< JV‘) -f(«) 

in order to make S — * < t. The reasoning is the same for a mono- 
tonically decreasing function. 

Let us return to the general case. In the definition of the inte¬ 
gral the sums .s' and s ntaj la- replaced by more general expres¬ 
sions. Given any method of sulxlivision of the interval (a, A): 


<*, X|, x 4l i x,_ ,, x,, • •, X„ A; 


let £„ £ 2 , - be values belonging to these intervals in order 

"? x,). Then the sum 


/((,)(•<•, - x,_,) = 

I /(£i)(*i - <*) -*,) + ••• + /(£„)(A - 2 »-i) 


evidently lies between the sums ,s’ and s, for w/s always have 
w,5/(f.) < 3/,. If the function is integrable. this new sum has the 
limit I. hi particular, if we suppose that £,. f 2 , , coincide 

with a, x,, • ■, x„_,, respectively, the sum (2) reduces to the sum 
(1) considered aliove (§ (iff). 

There are several propositions which result immediately from the 
definition of the integral. We have supposed that a < A; if we now 
interchange these two limits a and A, each of the factors x, — x,_, 
changes sign; hence 
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It also evidently follows from the definition that 


f f(x)dx ~ f f(x)dx+ f f(x)dx, 

a \s a %sc 


at least if c lies between a and b, the same foi inula still holds when 
h lies between a and c, for instance, piovided that the function/(a-) 
is integrable between a and c, foi it may be wntten in the foim 


f/ (x)dx =L f(x)dx -f f(x)dx =J f(x)dx +Cf(x)dx. 

If f(x) — \ <f> (r) + B\j/{x), where A and B are any two constants, 
we have 


J f(r)d.r = I J 4>(-r) dx -f bC 


<Hx)dx, 


and a similar formula holds for the sum of any number of functions 
The expression fit ) m (2) may he n placed by a still more gen¬ 
eral expression Tin internal (<r, b) being divided into n sub 
intervals (a, x,), (x x ), , let us associate with each of the 

subintervals a quantity £, which appioai lies /eio with the length 
x, — x,_, of the subinterval m question We shall say that £ 
approaehes zero uniformly if toiresponding to every positive mim 
ber e another positive number y tan be found independent of i and 
such that £, < « whenever x — x is less than y We shall now 
proceed to show that the sum 


• s '“ 2 
« 1 

approaches the definite integral J^ffxfdx as its limit provided 
that £, approaehes zeio umfoimly For suppose that y is a numbei 
so small that the two inequalities 


Cf(x)dx 

(acl l/ff 


<*, lt|<« 


are satisfied whenever each of the subintervals x, — x,_j is less 
than rj Tlien we may write 


S' —J" f(x)dx = 

f /(x)dx]| + %l(?> -a-i). 

ft- } 
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S' — J* f(x)dx | < e -f t(b — a) 

whenever each of the subintervala is less than yj. Thus the theorem 
is proved.* 

73. Darboux's theorem. Given any function X(f^whichjH_ r /iMi/ : e in an inter¬ 
val (Oj b) \ t he sums -S' and s approach their limits I and 7", respectively, when 
the number of subintervals increases indefinitely in such a way that each of 
them approaches zero. Let us prove this for the sum 8, for instance. We 
Hindi suppose thataj^b, and that /(x) is positive in the interval (a, b), -which can 
he brought about by adding a suitable constant to /(x), which, in turn, amounts 
to adding a constant to each of the sums .s’. Then, since the number I is the 
lower limit of all the sums »S, we can find a particular method of subdivision, say 

a, Xi. i 2 , , h, 

for which the sum S is less than 7 -f f/ 2 , where c is a preassigned positive num- 
hei Let us now consider a division of («, h) into mien nK less than 17 , and let us 
try to find an upper limit of the corresponding stun a" Taking first those inter¬ 
vals which do not include any of the points jr ly r 2 , . x,, _j. and recalling the 

reasoning of § 71, it is clear that the poitmn of S winch comes from these inter¬ 
vals will be less than ihc original sum A\ that is, le^s than 7 + < /2 On the other 
hand, the number of interval which include a point of the set Xi, • < •, i J( _ t 
cannot exceed p — 1, and hence their contribution to the sum S' cannot exceed 
(p - 1)3/)?, where M is the upper limit id/(/). lienee 

.s" < 7 4 - e/2 -T- (j> - 1 ) A/ 77 . 

and we need only choose rj less than «/2 37 (]> ~ 1) in order to make S' less than 
/re. Hence the lower limit 7 of all the sums A* I*' also the limit of any sequence 
of A’’s which corresponds to uniformly infinitesimal subintervals. 

It may be shown in a similar manner that the sums s have the limit V 
If the function /(x) is any function whatevei, these two limits 1 and 1' are in 
general different. In order that the functiou be integrable it is necessary and 
sufficient that I' = 7. 

74. First law of the mean for integrals. From now on we shall 
assume, unless something is explicitly said to the contrary, that 
the functions under the integral sign are continuous. 

* Tlie above theorem can lie extended without ditheulty to doable and triple inte¬ 
grals ; we shall make use of it in several places (§§ 80, 95, 97, 131,144, etc.). 

The proposition is essentially only an application of a theorem of Duhamers 
according to which the limit of a sum of infinitesimals remains unchanged when 
(, ach of the infinitesimals is replaced by another infinitesimal which differs from the 
Kiven infimteshnal by an infinitesimal of higher order. (See an article by W. F. 
itogood, Annals of Mathematics t 2d series, Yol. IV, pp. 101-178 . The Integral as 
llic Limit of a Sum and a Theorem of JhihamcVs.) 
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Let /(x) and. <f> (x) be two functions which are each continuous 
in the interval (a, b), one of which, say $ (x), .has the same sign 
throughout the interval. And we shall suppose further, for the 
sake of definiteness, that a< b and <f> (x) > 0. 

Suppose the interval (a, b) divided into subintervals, and let 
£„ fs> •■,£„••• be values of x which belong to each of these 
smaller intervals in order. All the quantities /(£,) lie between the 
limits M and m of f(x) in the interval (a, b) : 

5/(£.) = D. 

Let us multiply each of these inequalities by the factors 

- x,_0, 

respectively, which are all positive by hypothesis, and then add 
them together. The Sinn 2/l £,)<£(£,)(x, — x,_,) evidently lies 
between the two sums m 2$(£,) (x, — x,_,) and .112 <#>(£,) (x, — x,_,). 
Hence, as the number of subintervals increases indefinitely, we 
have, in the limit, 


m f $(s)dx?k C f(r)<f,(j)du < M C 

J a a J a 

which may be written 


h 

<f>(x)dx, 


£f(x)<t>(r)dx = 


<t>(x)dx, 


where fi lies between m and M. Since the function f(x) is con¬ 
tinuous, it assumes the value p for some value £ of the variable 
which lies between a and b ; and hence we may write the preceding 
equation in the form 


x)<b(x')dx —f(£)J 4>(x)dx, 

where £ lies between a and b.* If, in particular, 4> (x) = 1, the 
integral dx reduces to (A — «) by the very definition of an inte¬ 
gral, and the formula becomes 



(4) 


X 


f{x)dx = (A — n.)/C£). 


* The lower sign holds in the preceding relations only when / (a*) ~ k. It is evident 
that the formula still holds, however, and that <*<{ < b in any case. — Trans. 
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75. Second law of the mean for integrals. There is a second formula, due to 
Bonnet, which he deduced from an important lemma of Abel’s. 

Lemma. Let to, n, • • •, e p be a set of monotonically decreasing positive quanti¬ 
ties, and u 0 ,u t , u p the same number of arbitrary positive or negative quantities. 

If A and B are respectively the greatest and the least of all of the sums a 0 = «o, 
a, = Uo + ui i • ■ •, = “o + *ti + • ■ • + n p , the sum 

S = c 0 Uo + <i«i +-1- tpU p 

will lie between A t 0 and Be 0 , i-e. Ai 0 > X> }i, a 
1'or we have 


Uo = «o, «i = «i — «o, •••, Up = Sp - a p _i, 

whence the sum X is equal to 

So (to — e l) -f Sl (tl — Cj) + • • -f Sp -1 (fp_ 1 — tp) + Sptp. 

Since none of the differences to — <i, «i — ««, ■ , _ i — are negative, two 

limits for S are given by replacing s 0 , «i, - ■ •, s p by their upper limit A and then 
by their lower limit B. In this way we find 

S < A (to — ti -f «i — to + * • + tp-i — tp -1- e p ) = Aco, 
and it is likewise evident that S' f Bi,j . 

Now let f(x ) and <p{x) lie two continuons functions of I, one of which, £(*), 
is a positive monotonically decreasing function in the intenal a<x<b. Then 
the integral f*f(, r) <p(x)dx ia the limit of the Bum 

f(a)<t>(a) (at! - a) + f{x x )<p(x x ) (x* - xi) + • • ■. 

The numbers 4> (a), <t> (x{), ■■ form a set of monotonically decreasing positive 
numbers ; hence the ahoie sum, by the lemma, lies between A <p (a) and B<p (a), 
where A and B are respectively the greatest and the least among the following 
sumB: 

f(a) (xi - a ), 

f(a) (*i - a) + f(x i) (x 5 - Xi), 

/(<*) (*i - a) +f(x i)(x s - x,) + +/(x„_i)(6 - x„_,). 

Passing to the limit, it is clear that the integral in question must lie between 
A x tf(a) and B x <t>(a), where A x and B x denote the maximum and the minimum, 
respectively, of the integral fjfix)dx, as c varies from a to b. Since this inte¬ 
gral is evidently a continuous function of its upper limit c (§ 76), we may write 
the following formula: 

(6) f f(z) 4 >(x)dx= <t>{a) ff(x)dx, a<(<b. 

Ja •■'a 

When the function <p (x) is a monotonically decreasing function, without 
being always positive, there exists a more general formula, due to Weierstrass. 
In such a case let us set g> (x) = (&) + f (x). Then f (x) is a positive monoton¬ 
ically decreasing function. Applying the formula (5) to it, we find 

i 

£/(x)^(x)<Ix = [*(o) - *(!>)] f a /(*)<&=• 
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From this it is easy to derive the formula 

f f(x) 0(x) dx = f f(x)4(b)dx + [0(a) — 0(b)] f ( f(x)dx, 

J a s' o - v a 

or 

j''’f{z)<p(x)dx = 4(a) jjf(x) dx + 0(b) j' f(x)dx. 

Similar forinulse exist for the case when the function 0 ( 1 ) is increasing. 

76. Return to primitive functions. We are now in a position to 
give a purely analytic proof of the fundamental existence theorem 
(§67). Let/(j) be any continuous function. Then the definite integral 

F(x) =Jf(t)dt, 

where the limit a is regarded as fixed, is a function of the upper 
limit x. We proceed to show that the derivative of this function 
is f(x). In the first place, we iiave 

X Jf + A 

f(t)dt, 

or, applying the first law of the mean (4), 

K* + h) - F(x) = hf((), 

where i lies between x and x + h. As h approaches zero, f(() 
approaches fix) ; hence the derivative of the function F{x) is f(x), 
which was to be pr oved".' 

ATr"ofhei'~FulTc"tious which have this same derivative aTe given 
by adding an arbitrary constant V to F(i). There is one such 
function, and only one, which assumes a preassigned value i/„ for 
z = a, namely, the function 

y° + f f^ dt ' 

When there is no reason to fear ambiguity the same letter x is 
used to denote the upper limit and the variable of integration, and 
fjf(x) dx is written in place of fjf(t) dt. But it is evident that 
1 definite integral depends only upon the limits of integration and 
;be form of the function under the sign of integration. The letter 
which denotes the variable of integration is absolutely immaterial. 

Every function whose derivative is f(x) is called an indefinite 
integral of fix), or a primitive function of /( x), and is represented 
by the symbol 

Jf(z)dx, 
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the limits not being indicated. By the above we evidently have 

J'f(x)dx =J'f(r)dx + C 

Conversely, if a function F(x) whose derivative is f(x) can be 
discovered by any method whatever, we may write 

£ f(x)dx = l\x) + ( 

In order to determine the constant < we need only note that the 
left hand side vanishes for x = « Heme ( =. — h(a), and the 
fundamental formula becomes 


(<>) 



F(x) - l\a) 


It in this formula f(x) be replaced by l'\x), it becomes 


F(r )- 1 (a) 



oi, applying the first law of the mean for integrals, 

F(x) — F(a) = (x - a ) /”(£), 

where $ lies between a and x This constitutes a new proof of the 
law of the mean foi derivatives, but it is less general than the one 
given m seition 8, for it is assumed heie that the derivative F’(x) is 
continuous 

We shall consider m the next chapter the simpler < lasses of func¬ 
tions whose primitives are known dust now we wull merely state 
a few of those wlin h aie apparent at onte 


J' l(a - — <t)“dx = 1 ^ --ft, a + 1 0, 


/ 


r dx 

J A j-— a = A log (a- -a)+ C, 

■ f- 

/ g*j 

e?“dx - - 1 - C, 

m 


cos x dx = sin x 4- ( 

* 


sin x dx = — cos x 4- C; 


m =#= 0; 



156 


DEFINITE INTEGRALS 


[IV, $ 76 


/ dx 
l + x>~ 


arc tan x + C; 


f 


dx 


V1- 


/vfe =log(a ' +v ^' TT)+t ' : f~'M r 


= arc sin x-f (7; 
= iog/(x) + r. 


The proof of the fundamental formula (6) was based upon the 
assumption that the function f <x) was continuous in the closed inter¬ 
val (a, b). If this condition be disregarded, results may Ire obtained 
which are paradoxical. Taking f(x) = 1 /x 2 , for instance, the for¬ 
mula (6) gives 

) x 2 a b 


The left-hand side of this equality has no meaning in our present 
system unless a and b have the same sign ; but the right-hand side 
has a perfectly determinate value, even when a and b have different 
signs. We shall find the explanation of this paradox later in the 
study of definite integrals taken between imaginary limits. 

Similarly, the formula (6) leads to the equation 


I 


h f(x)dx 

/(•<•) 


= log 



If /(a) and f(b) have opposite signs,/(x) vanishes between a and b, 
and neither side of the above equality has any meaning for us at 
present. We shall find later the signification which it is convenient 
to give them. 

Again, the formula (6) may lead to ambiguity. Thus, if 
f(x ) = 1 /(I + x 2 ), we find 



dx 

1 +x 2 


= arc tan b — arc tan a. 


Here the left-hand side is perfectly determinate, while the right- 
hand side has an infinite number of determinations. To avoid this 
ambiguity, let us consider the function 


F(x) 


-fi 


dx 


+ * 3 


This function F(x) is continuous in the whole interval and van¬ 
ishes with x. Let us denote by arc tan x, on the other hand, an 
angle between — ir/2 and +ir/2. These two functions have the 
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same derivative and they both vanish for x = 0. It follows that 
they are equal, and we may write the equality 


1 dx 

1 + x 1 


r b dx 

A i +^ 2 



“ dx 
1 + -r» 


= arc tan h — 


arc tan a, 


where the value to be assigned the arctangent always lies between 
— 7r/2 and + 7r / 2. 

In a similar manner we may derive the formula 



= arc sin /, — 


are sin a , 


where the radical is to lie taken positive, where <t and b each lie 
between — 1 and + 1, and where arc sin x denotes an angle which 
lies between — w/2 and + n r/2. 


77. Indices. In general, when the primitive F(x) is multiply determinate, we 
should choose one of the initial values f>’(o) and follow the continuous variation 
of this branch as x varies froni u to b L( t us considei, for instance, the integral 


where 



f'Q- /'V 

r- + v- 



/'(*) 

1 +/-(!) 


dx, 



and wliere P and Q are two functions which are botli continuous in the interval 
(n, b) and which do not botli vanish at the same time. If Q does not vanish 
between a and b, / (x) does not become infinite, and ai r tan f lx) remains between 
-- ir/2 and + n/2. But tins is no longer true, in general, if the equation Q = 0 
has roots in this interval. In order to see how the formula must be modified, let 
us retain the com ention that are tan signifies an angle between - Tt /2 and + 7r/2, 
and let us suppose, in the first place, that Q vanishes just once between a and b 
for a value x = r. We may write the integral in Hie form 


I 


jTixidx _ r “ 


r: 



where « and *' are two very small positive numbers Since fix) does not become 
infinite between a and c — nor between r + f ' and b, this may again be written 



fdx 
i + f* 


= arc tan/(o - e) - arc tan/(o) 


+ arc tan/(ft) — arc tan/(r + e 



Several cases may now present themselves. Suppose, for the sake of definite¬ 
ness, that /(x) becomes Infinite by passing from + oo to — cc. Then /(c — e) will 
he positive and very large, and arc tan/(c - e) will be very near to ir/2; while 



158 


DEFINITE INTEGRALS 


[IV,» 78 


f(t 4 . e') will be negative and very large, and arc tan/(c + «') will be very near 
— !r/S. Also, the integral J e tV wU1 be very small in absolute value; and, 
passing to the limit, we obtain the formula 

J-Q — = it + arc tan/(M — arctan/(o). 

1 



Similarly, it is easy to show that it would be necessary to subtract it if f(x) 
passed from — 00 to + so. In the general case we would divide the interval 
(a, b) into subintervals in such a way that /( x) would become infinite just once 
in each of them. Treating each of these subintervals in the above manner and 
adding the results obtained, we should find the formula 




f'(z)dz 
1 +/*(*) 


= arc tan/ (b) - arc tan/ (a) + (K — A”) it, 


where S denotes the number of times that/(.r) becomes infinite by passing from 
+ od to — 00 , and K' the number of times that, f{x) passes from - so to 4 00 . 
Tbe number K — K' is called the iiulex of the function /(j) between a and b. 

When fix) reduces to a rational function Fj/F. this index may be calculated 
by elementary processes without knowing the roots of F. It is clear that we 
may suppose F, prime to and of less degree than F, for the removal of a poly¬ 
nomial does not affect the index. I,et us then consider the series of divisions 
necessary to determine the greatest common divisor of F and I/, the sign of the 
remainder being changed eacli time. First, we would divide F by I/, obtaining 
a quotient Qi and a remainder - Fj. Then we would divide I r t by Fj, obtaining a 
quotient Q s and a remainder — F B ; and so on. Finally we should obtain a con¬ 
stant remainder — F„+ 1 . These operations give the following set of equations; 


v = r,«, - r„ 

V\ = 1 zQz — Fa, 

F,-] = F„Q„ - F„' + j. 
The sequence of polynomials 


(7) V, F,, F 2 , •••, F,- t , F r , F r + „ F„ F„ + 1 

has the essential characteristics of a Sturm sequence: 1) two consecutive poly¬ 
nomials of the sequence cannot vanisli simultaneously, for if they did, it could 
be shown successively that this value of x would cause all the other polynomials 
to vanish, in particular F« + i; 2) when one of the intermediate polynomials Fj, 
F s , • • • , F„ vanishes, the number of cliangeB of sign in tbe series (7) is not altered, 
for if V r vanishes for 1 = c, F r -i and F r+I have different signs for x = c. It 
follows that the number of changes of Bign in the series (7) remains the same, 
except when x passes through a root of F= 0. If Fi/F passes from + 00 to — 00 , 
this number increases by one, hut it diminishes by one on the other hand if 
V\/V passes from — 00 to + oo. Hence the index is equal to the difference of 
the number of changes of sign in the series (7) for x = 6 and x = a. 


78. Area of a carve. We can now give a purely analytic definition 
of the area bounded by a continuous plane curve, the area of the 
rectangle only being considered known. For this purpose we need 
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only translate into geometrical language the results of § 72. Let 
f(r) be a function which is continuous in the closed interval (a, b), 
and let us suppose for definiteness that a < b and that f(a •) > 0 in 
the interval. Let us consider, as above (Fig. 9, § 05), the portion of 
the plane bounded by the contour AMJSH„A„, composed of the seg¬ 
ment A„fS„ of the, :r axis, the straight lines l.l„ and parallel to 
the y axis, and having the abscissa- a and b, and the arc of the curve 
AMB whose equation is y =f(x). Let us liuuk off on A„l!„ a certain 
number of points of division/q, P„ ,■ , whose abscissa? 
are x%, x,, ■ ■ , x,_ v x n ■ -, and thiough these points let u,; draw- 
parallels to the y axis which meet the arc .1 U!'> in tlie points 
</,, Q 2 , y,_„ <1,, • , respectively. Let us then consider, in 

particular, the portion of the plane hounded hv the contour 
Q,-iQ,P,P,-\Q,-u and let us mark upon the arc l tj i the highest 
and the lowest points, that is, the points which correspond to the 
maximum M, aud to the minimum wi, of fix) in the interval 
(r,_ v x f ). (In the figure the lowest point coincides with Q t _,.) 
Let 11, be the area of the rectangle .v,. , erected upon the 

base with the altitude M„ and let r, he the area of the 

rectangle P, _ ,</, (l, _ i erected upon the base with the alti¬ 

tude m Then we have 

11, = M, (x, — x,..,), r, = m, (.t, — .r,.,). 

and the results found above (§ 72) may now be stated as follows : 
whatever be the points of division, there exists a fixed number I 
which is always less than 'ill, and greater than 2c,, and the two 
sums ill , and ir, approach 1 as the number of suhmteivals 
increases in such away that each of them approaches zero. We shall 
call this common limit / of the two sums ill, and ir, the urea of 
the portion of the plane hounded by the contour A MHJ1„A„A. Thus 
the area under consideration is defined to lx- equal to the definite 
integral gf(x)<ljc. 

This definition agrees with the ordinary notion of the area of a 
plane curve. For one of the clearest points of this rather vague 
notion is that the area bounded by the contour P,_ l P,Q,n,Q,_ i P t _ i 
lies between the two areas It, and c, of the two rectangles P,s,s,_ x 
and P, </, Q,_,; hence the total area bounded by the contour 
•1.1/BR 0 A 0 A must surely be a quantity which lies between the two 
sums SR, and Sc,. But the definite integral 1 istli e, only fixed quan¬ 
tity which always lies between these two sums for any mode of 
subdivision of /f 0 7J 0 , since it is the common limit of ill, and Sr ( . 
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The given area may also be defined in an infinite number of other 
•ways as the limit of a sum of rectangles. Thus we have seen that 
the definite integral / is also the limit of the sum 

2(3\ — x, _ ,)/(£,), 

where £, is any value whatever in the interval (x,_ u a-,). But the 
element 

(*, - *,-i)/(f.) 

of this sum represents the area of a rectangle whose base is P, _, P, 
and whose altitude is the ordinate of any point of the are <i, _, n, Q t . 
It should be noticed also that the definite integral I represents 
the area, whatever be the position of the arc AMU with respect to 
the x axis, provided that we adopt the convention made in § 67. 
Every definite integral therefore represents an area; hence the calcu¬ 
lation of such an integral is called a quadrature. 

The notion of area thus having been made rigorous once for all, 
there remains no reason why it should not be used in certain 
arguments which it renders nearly intuitive. For instance, it is 
perfectly clear that the area considered above lies between the areas 
of the two rectangles which have the common base . ]„and which 
have the least and the greatest of the ordinates of the arc AMU, 
respectively, as their altitudes. It is therefore equal to the area of 
a rectangle whose base is and whose altitude is the ordinate 
of a properly chosen point upon the arc A MB, — which is a restate¬ 
ment of the first law of the mean for integrals. 

79. The following remark is also important. Let f{x) be a func¬ 
tion which is finite in the interval (a, V) and which is discontinuous 

in the manner described below for 
a finite number of values between 
a and b. Let us suppose that / (x) 
is continuous from c to c + k(k>0), 
and that f(c + e) approaches a cer¬ 
tain limit, which we shall denote 
by f(c + 0), as c approaches zero 
through positive values; and like¬ 
wise let us suppose that fix') is 
continuous between c — Tc and c and that f(r — c) approaches a limit 
/(c — 0) as c approaches zero through positive values. If the two 
limits f(c + 0) and f(c — 0) are different, the function f(x) is dis¬ 
continuous for x = c. It is usually agreed to take for /(c) the 
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value [f(e + 0) + f(c — 0)]/2. If the function f(x) has a ceitam 
number of points of discontinuity of this kind, it -will be repre¬ 
sented graphically by several distinct arcs 1 < , C'D, D'B Let c 
and d, for example, be the abscissae of the points of discontinuity. 
Then ive shall write 


J /*h />f /-* l /il 

f(x)dr = I f(r)dr+ j f ir )dr+ I f(x)dx, 
n «/a \J <1 


in accordant e with the definitions of ^ 72 (fcmneti it ally, this definite 
integral represents the area bounded 1>\ the t on tour 1 < ( ’ DO’BB,, 1„A 
If the upper limit l now be replat t d by the vauable x, the definite 
integral 


r(') 




f( ' )dr 


is still a continuous function of j- In a point r v.htre f(x) is con 
tinuous we still have I \x)-J (x) lor a point of discontinuity, 
x — c for example, we shall have 


r> r + h 

F(r + A) -/■’(.) = j f( 


i ) dr — ll f(i + Oh), O'" 8 < 1, 


and the latio [/’(r h)— f (»')]//< approat lies f(r -f 0) 01 /(c — 0) 

according as h is positive or negative 11ns is an txample of a 
futictitm F{x) whose dtmative has tv\o distant t values for tertam 
values of the vauable 


80 Length of a curvilinear arc Given a cuivilmear arc AB, let us 
take a certain number of intiimediate jtoints on this ait, in , wt„, 

, m n-i> ai 'd let us constnut the bioktn line !»/,)»_ bj » 

tonnecting eath pair of eonsetutive points bv a stiaiglit line f 

If the length of the pemnetoi of this bioktn line appioaehes a 
limit as the number of sides mcieases 111 stub a v\av that each of 
them approaches zeio, this limit is defined to be the lenr/th oj the 
are A B 
Let 

*=/(<)> y = +(<)• s = 

be the rectangular cobrdinates of a point of the arc AB expressed 
in terms of a parameter t, and let us suppose that as t varies f rom 
a to h (a < h) the fuu.ct.lOUS _Jj 4>- and ip aie continuous and possess 
continuous‘first derivatives, anti that the point (x, y, z) destnbes 
the arc AB without changing the sense of its motion Let 

cr, t j, tj, , I,, 


I t»-l! 0 
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be the values of t which correspond to the vertices of the broken 
line. Then the side r, is given by the formula 

e. =vV. - *.-0’ + 0.- - y.->) 2 + (*. - 2 .-i) s . 

or, applying the law of the mean to x x — x,_,, • ■ 

<\ = (f. - 1 ,_ ,) + [+'(?.)]’+ [f(«] 2 . , 

where q ,, lie between , and When the interval t,) 
is very small the radical differs very little from the expression 

v'[y Vi-i)] 2 + iy</.-i)] 2 - 

In order to estimate the error we may write it iu the form 

-•>][/<£ ) +/v.- l vi+ _ 

Vtaa + v\n.) +4- _, > 4 - V\t, . ,)+^i.TT) - 

But we have 

!/'(£,) 1 + '/'(f.-i) | < v7 2 ^)+ 

' and consequently 

_ f\t)+f<t. - x) _^ , 

Hence, if each of the intervals be made so small that the oscillation 
of each of the functions 'P'(J) is less than t/3 in any 

interval, we shall have 

V/'Vf.) + • • • = V/' s (t,.,)+•• 4- 

where 

I i < e i 

and the perimeter of the broken line is therefore equal to 

2 (y - t..,) V/" \t._0 4 - <A<A.,) + AV..,)+ 5c, (t, ~ 

The supplementary term St, (t, — f,_,) is less in absolute value 
than cS(f, — f, that is, than t(h — a). Since t may be taken as 
small as we please, provided that the intervals lie taken sufficiently 
small, it follows that this term approaches zero; hence the length a 
of the arc AB is equal to the definite integral 

(8) S V/AA + A 

This definition may be extended to the ease where the derivatives 
ft 4>'> V' 1 are discontinuous in a finite number of points of the arc AB, 
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which occurs when the curve has one or more corners. We need only 
divide the arc AB into several parts for each of which f, <f>', i/i' are 
continuous. 

It results from the formula (8) that the length .S' of the arc 
between a fixed point A and a variable point M, which corresponds 
to a value t of the parameter, is a function of t whose derivative is 

whence, squaring and multiplying by dt'\ we find the formula 

(9) dS' 1 = dx l + d>/- -f- dr. 1 . 

which does not involve the independent variable. It is also easily 
remembered from its geometrical meaning, lor it. means that dS is 
the diagonal of a rectangular parallelepiped whose adjacent edges are 
dx, dy, dr:. 


Note. Applying tlie first law of the mean for integrals to the 
definite integral which represents the arc .»/„.1/,. whose extremities 
correspond to the values t x of the parameter (f, > t„>, we find 

s = arc M„.U, = (/, - Vf'US) + <#>' 2 (0) 4- <fi' 2 (0), 

where 6 lies in the interval (f„, t,). On the other hand, denoting 
the chord M„ M l by c, we have 

c ' - [/(G) [<f>(G) - <MG)J 2 + [<A(G) - <Hto)Y- 

Applying the law of the mean for derivatives to each of the differ¬ 
ences/(/,)— f{t„), • , we obtain the formula 

c = (G - /,,) Vf\()~+ 

where the three numbers (, rj. f belong to the interval ( it,,, f,). By 
the above calculation the difference of the two radicals is less than e, 
provided that the oscillation of each of the functions/'(f), <f>'(r), if>'(t) 
is less than </3 in the interval (t„, I,) Consequently we have 


X — e < c(t, - <„), 

or, finally, 

l--< ___ = • 

s V/' s <0) + o0) + >/ 3 (0) 

If the are il/ 0 ill, is infinitesimal, t, — t„ approaches zero; lienee e, 
and therefore also 1— <•/*, approaches zero. It follows that the ratio 
"/ an infinitesimal arc to its chord approaches unity as its limit. 
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Example. Let us find the length of an arc of a plane curve -whose 
equation in polar coordinates is p =/(o>). Taking n> as independent 
variable, the curve is represented by the three equations x = p cos <o, 
y — p sin a), s = 0; hence 

ds 1 — dx- + dy 1 =(cos<i >dp — p sin to dio) 2 + (sin to dp + p costodto)-, 
or, simplifying, 

ds 1 =r dp 1 + p‘du>'\ 

Let us consider, for instance, the cardioid, whose equation is 
p = U -f R cos to. 

By the preceding formula we have 

ds 1 = H 2 du) 2 [ sin-to + (1 + cos to) 2 ] = 4 It 1 cos 2 jy da) 2 , 

io 

or, letting to vary from 0 to w only, 

ds = 2 A“ cos y, dw ; 
and the length of the arc is 

(4 R sin |)J. 

where u>„ and to, are the polar angles winch correspond to the extrem¬ 
ities of the arc. The total length of the curve is therefore 8 K. 

81. Direction cosines. In studying the properties of a curve we aie 
often led to take the arc. itself as the independent variable. Let us 
choose a certain sense along the curve as positive, and denote by s 
the length of the arc AM between a certain fixed point A and a vari¬ 
able point M, the sign being taken -f or — according as M lies 111 
the positive or in the negative direction from ,1. At any point M 
of the curve let us take the direction of the tangent which coincides 
with the direction in which the arc is increasing, and let a, j8, y he 
the angles which this direction makes with the positive directions 
of the three rectangular axes Ox, Oy , Oz. Then we shall have the 
following relations: 

cos or _ cos ft _ cos y _ 1 ±1 

d x dy dz V dx 2 4- dy Q -f- dz* ds 

To find which sign to take, suppose that the positive direction of 
the tangent makes an acute angle with the x axis; then x and * 
increase simultaneously, and the sign -f should be taken. If the 
angle a is obtuse, cos a is negative, x decreases as s increases, dx j is 
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is negative, and the sign -f should be taken again Hence in any 
case the following formulae hold 

dx „ dy dz 

(1°) COS a = — > cos/3 = -, cosy = ^, 

where dx, dy, dz, ds are differentials taken with respect to the same 
independent variable, which is otheiwise aibitiary 

82 Variation of a segment of a straight line Let \1M, be a .segment 
of a stiaiglit line whose extremities dtscnbe two curves C, C, On 
each of the two curves let us clioost a 
point as origin and a positive sense of 
motion, and let us adopt the follow 
mg notation s, the aic A V , s„ the an 
I, M ,, — the two ares lieing taken with 
the same sign , l, the length M M ,, 8, the 
angle between MM, and the positive di 
rection of the tangent M1 , 8„ the angle 
lietween M, M and the positue direi tion 
of the tangent 1/, /, We proceed to 
tiy to hud a relation bi tween 8, 8, and the differentials ds, ds ,, dl 
Let (a, y, z), (x,, y u ) be tin cooidmates of the points M, M t , 
lespectively, a, /3, y the direction anglt s of Ml, and a,, ji,, y, the 
duectiori angles of M, 1, Then we hare 

P~(x- x,) 2 + ('/-!/,) + - ~i Y, 

from which we may deuve the formula 

Idl = (x — x,){dx — rfa,) + (y - //,)(</</ — dy,) + (~ — z,)(dz — dz,), 

which, by means of the formula (10) and the analogous formula? 
for C„ may be written m the form 

dl = cos a + cos p + — cos y^ ds 

+ ■ — cos cr, + 1,1 ( cos /3, 4- cos y,^ ds, 

lint (x — x,)/l, (y — i/,) jl, (z - ,t ,)/1 aie the direction cosines of 
M, M, and consequently the coefficient of ds is — cos 0 Likewise 
the coefficient of ds, is — cos 8„ heme the desired relation is 

(10') dl = — ds cos 8 — ds, cos 8 , 

We shall make frequent applications of this formula, one such we 
pioceed to discuss immediately 
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S3. Theorems of Graves and of Chaalee. Let R and £' be two confocal ellipses, 
and Jet the two tangents MA, MB to the interior ellipse E be drawn from a point 

M, which lies on the’exterior ellipse E’. The 
difference MA + MB — arc. ANB remains con¬ 
stant as the point M describes the ellipse E'. 

Let s and s’ denote the arcs OA and OB, 
a the arc O'M, l and i' the distances AM and 
BM, B the angle between MB and the positive 
direction of the tangent MT. Since the ellipses 
are confocal the angle between MA and JUT is 
equal to jr — Noting that AM coincides 
with the positive direction of the tangent at A, 
and that BM is the negative direction of the tangent at B, we find from the 
formula (10'), successively, 

dl = — ds + da cos &, 
lit' -77. ds' — da cos 6; 

whence, adding, 

d(l + l') =d (s’ — s) = d (arc ANB), 



which proves the proposition stated above. 

The above theorem is due to an English geometrician, Graves The following 
theorem, discovered by Thasles, may be proved in a similar manner. Given an 
ellipse and a confocal hyperbola which meets it at N. If from a point M on that 
branch of the hyperbola which passes through N the two tangents MA and MB 
be drawn to the ellipse, the difference of the ares NA - NB will be equal to the 
difference of the tangents MA - MB. 


Iir. CHANGE OF VARIABLE INTEGRATION BY PARTS 

A large number of definite integrals which cannot be evaluated 
directly yield to the two general processes which we shall discuss 
in this section. 

J\w4, Change of variable. If in the definite integral J a f(x) dx the 
variable, x be replaced by a new independent variable t by means 
of the substitution x — <f>(t), a new definite integral is obtained. 
Let us suppose that the function <£(f) is continuous and possesses a 
continuous derivative between a and ft, aDd that 4>(t) proceeds from 
a to b without changing sense as t goes from a to j3. 

The interval (a, /3) having been broken up into subintcrvals by 
the intermediate values a, < a , • • •, f„_,, /3, let a, x t , x 2 , ■ ■ ■, x,_ u h 
be the corresponding values of x = Then, by the law of the 

mean, we shall have 

*i — %i-j — (f( — ^i-i 

where 6 { lies between f,_, and t,. Let $(&,) be the corresponding 
value of x which lies between and x,. Then the sum 
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/(*,) (*i ~ a ) + /( ii) (r 2 - a-,) + +/((„) ,) 

approaches the given definite integral as its limit But this sum 
may also be written 

/[W)]W)( ( .-“)+ +/[<K0,n<m)(c, 

and in this foirn we see that it appioaches the new definite integral 


X 


Jwowo* 


as its limit. 

(ID 


This establishes the equality 






sslrnh is called the formula for the c/cum/c of i artoh/e It is to 
hi ohseived that the new diffeienti.il undu the sign of integration 
is obtained by replacing x and dx in the diffeientidJy(r)</-r liy then 
callies <p(t) and </>'(?) dt, while the new limits of mtegiation aie the 
\aluesof t which toncspotid to tin old limits By a suitable choice 
ot the function the new integral may turn out to be easiei to 
ecaluate than the old. but it is impossible to lay down any definite 
lules in the matter 
Let us take the definite integral 



dr 

{x - a)-+p-’ 


for instance, and let us make the substitution x = a fit 
becomes 


It 



Jr _ 

- a)- + P- 



dt 

1 + i 1 


arc tan t + arc tan - 


or, retaining to the vanable x, 

1 / , r — a ct\ 

,, aictan 4-are tan-I 

P\ P P' 

Not all the by potbeses made in establishing the formula (11) were 
necessaiy Thus it is not neeessaiy that the function should 
dways move m the same sense as t caries fiom a to /3 For defi- 
mteness let us suppose that as t increases fiom u to y {y < ft), fi t) 
stcadih increases fiom a to e (r>b), then as t increases fiom y to 
ft 4>{t) decreases from t to b If the function /(a) is continuous m 
the mteival (a, r), the formula may be applied to each of the mter- 
'ds (a, i ) t (r, l ), which gives 



or, adding, 
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f r /(x)dx = f/[>(<)] *'«*> 

%/a a 

f f(x)dx = ff[4,(t)]^'(t)dt, 

Uc %/y 

j^f{x)dx = J f [>(0] 4>'{t)dt. 
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On the other hand, it is quite necessary that the function 
should lie uniquely defined for all values of t If this condition be 
disregarded, fallacies may arise For instance, if the foimula be 
applied to the integral f _ + ,' dr, using tilt transfoini.it)on x — t 3n , 
we should be led to wnte 




which is evidently mcoriect, since the second integral vanishes In 
Older to apply the formula coirectlv we must divide the interval 
(— 1, + 1) into the two inteivals (— 1, 0), (0, 1) In the first ol 
these we should take x — — Vf* and let t van fiom 1 to 0 In the 
second half interval we should take x — Vi’ 8 and let t vary from 
0 to 1 I\e then find a cormt rtsult, namely 




=[*•];» 2 


Note If the upper limits b and (3 be replaced by x and t m the 
formula (11), it becomes 


i %/a 


which shows that the tiansformation x = <f>it) carries a function 
F(x), whose derivative is J{x), into a function <t>(r) whose derivative 
is/[<K/)] This also follows at once from the formula for the 

derivative of a function of a function Hence we may write, in 
general, 

ff{x)dx = fj 


which is the formula for the change of variable in indefinite 
integrals. 
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C' 85. Integration by parts. Let u and v be two functions which, 

together with their derivatives v' and v', are continuous between a 

and b. Then we have 

d(uv) dv dv 
j L ~ u j — b e ~y~ 1 
dx dx dx 


whence, integrating both sides of this equation, we find 



This may be written in the form 



where the symbol [/■’(*)]* denotes, m general, the difference 


F(b) - /'(a). 

II we replace the limit l by a variable limit r, but keep the limit a 
constant, which amounts to passing fiom definite to indefinite inte¬ 
grals, this formula becomes 


(13) 



Thus the calculation of the mtegial J u dv is reduced to the cal¬ 
culation of the mtegial / vdu, which may be easiei. Let us try, 
for example, to calculate the definite integral 



m + 1 -i 0. 


Setting u = log x, v = x"“ 1 / ( hi -f-1), the loimula (12) gives 



x. x m dx 


"il" 'MogrT 
_ m + 1 
r 1 ” log x _ 
m +1 


(m + 


'-J. 

] * 

„ 


ti 

x m dx 


Tins formula 
i ase we hare 


is not applicable if m -f-1 = 0; m that particular 

jf [s (1 ° g X), ] B - 


It is possible to generalize the formula (12). Let the succes¬ 
sive derivatives of the two functions u and v be represented by 
u \ u "i ■■■, u ( " +1) ; v\ v", ■ , v ( " + ". Then the application of the 
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formula (12) to the integrals J u du (n) , J u'du (n ~ v , 
following equations : 

■ • ■ leads to the 


/■kb /*6 r 

I ui* n+, ' , dx=z j udv w = — I 

ib 

u'v M dx, 


/tb /-»b 

j u'v^dx = J u'd>/’ , ~ 1) = [uV”- 11 ]* — I 

a %J n t/u 

b 

u u v ( ' n ~' l ' > dx J 


r*b syb r* 

1 u^v'dx = 1 u' n) du = [« CB> i’l* — / 

\J a J a a 

b 

u <n + " »dx. 

Multiplying these equations through by +1 and 
and then adding, we find the formula 

— 1 alternately, 

(14) . 

' /■» b 

j uv (n + ,i dx = — u'v <n ~ + u "r <n ~ 2 ' — 

J u 

+ + u (n + ,) vdx, 

• + (-l)» W <"V]‘ 


which reduces the calculation of the integral f ud ,+l, dx to the cal¬ 
culation of the integral f n°‘ + ' ) vdx. 

In particular this formula applies when the function under the 
integral sign is the product of a polynomial of at most the wth 
degree and the derivative of older (» + 1) of a known function r 
For then + — 0, and the second member contains no integral 
signs. Suppose, for instance, that we wished to evaluate the definite 
integral 



where/(x) is a polynomial of degree n. Setting u=f(x),v = d“ x /< i>" +l , 
the formula (14) takes the following form after f* x has been taken 
out as a factor : 


(15) f£ x f(x)d x = +(-1)*—7^] j; 

The same method, or, what amounts to the same thing, a series of 
integrations by parts, enables us to evaluate the definite integrals 

J f* k r*h 

Qosmxf(x)dx, I sin mxf(x)dx, 

a i/a 

where/(se) is a polynomial. 
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86. Taylor’s series with a remainder. In the formula (14) let us 
replace u by a function F (x) which, together with its first n + 1 
derivatives, is continuous between a and b, and let us set v — (b — x) n . 
Then we have 

v' = — »(& — sr)”~', v" = n(n — \)(b — x) n ~ 2 , ■■■, 

»<»=(- 1 )” 1 . 2 - n, ,.'”"'> = 0 , 

and, noticing that v, r", ■ • , if"- ’> vanish for x = b, we obtain the 
following equation from the general formula: 

0 =(— 1)“ n'.F(b) — nlF(a) — n'.F’ (a) (b — a) 

L n t 

— F" (a) (b - a f- - F<’" (a) (b - a) n 
F ( "+ “(x) (b — x) n dx, 

which leads to the equation 


F(b) = F(a) + - ^ " F» + .. 

+ (h + y J F 1 " - T )"^ x - 

Since the factor (6 — *)" keeps the same sign at. r varies from a to 
i, we may apply the law of the mean to the integral on the right, 
which gives 


J' F <r ' + 1 , (x) (b — x'fdx = F ( * * 1 '(() 


(b — s)“dx 


- (J - a)-”F<’’ + ’>(£>, 


where £ lies between a and b. Substituting this value in the preced¬ 
ing equation, we find again exactly Taylor's formula, with Lagrange’s 
form of the remainder. 


87. Transcendental character of r From the foimula (If.) we can prove a 
famous theorem due to rtermite: The number e is not a root of any algebraic 
ctjuation whose coefficients are all integers * 

•Setting a = 0 and u — — 1 in the formula (15), it becomes 

£e-*f(x)dx = - [r>F(i))J, 

* The present proof is doe to D. Hilbert, who drew his inspiration from the method 
used by Hermite. 
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where 

F (x) =/(!)+ f'(x) + + /<»> (x), 

and this again may be written m the form 

( 16 ) F(6) = &F(p) - d’j'f(x)e-*dx 

Now let us suppose that e were the root of an algebraic equation whose coeffi¬ 
cients are all integers 

to + oi e -j- c 2 e 2 + + £ m e» = 0 

Then, setting b = 0, 1, 2, , m, successively, in the formula (16), and adding 

the results obtained, after multiplying them respectively by c 0 , Ci, , c m , we 
obtain the equation 

t=in 

(17) c 0 F(0) + c,F(l) + + t „F(m) + ^ c,e , J'/(z)e~ J tLe = 0, 

-i> 1 

where the index i takes on only the integral values 0, 1, 2, , m We proceed 

to show that such a relation is impossible if tlie polynomial f(x), which is up to 
the present arbitrary, be properly chosen 
Let us choose it as follows 

/(*)■= r —- l)»(x - 2)r (x - m)*, 

iti* ~ M y 

where p is a prime number greater than m Tins polynomial is of degree 
mp + p - 1, and all of the coefficients of its successive denvatnes past the p th 
are mtegial multiples of p smct the product of p successne integers is divisible 
by pi Moreover f(x), together with its firs! (p 1) denvatnes, vanishes for 
X = 1, 2, , m, and it follows that F(ll, F( 2), , F(m) are all integral mul 

tlples of p It only remains to calculate F(0) that is r 

F<0) =/<0) 1-/(0) + +/'i-‘)(0) f/‘J>(0) d/<» '>(0) + 

In the hrst place /(0) — / (0j — - /<e >(()) = 0, while fin (0), f“ j 1 >> (0), 

are all integral multiples of p, as we hai e just show n To find f'e-b ( 0 ) we need 
only multiply the coefficient of xe 1 in C(x)by (p — l) 1 , which gives ± (1 2 m)r 
Henoe the sum 

c u F(0) + ciF(l) + + c,„F(to) 

is equal to an integral multiple of p increased by 
i. r 0 (l 2 m)r 

If p be taken greater than either m or c a , the above number cannot be divisible 
by p , hence the first portion of the sum (17) will be an integer different from zero 
We shall now show that the sum 

m 

^c,e* j"f(x)e~ x dx 
1-0 

can be made smaller than any preassigned quantity by taking p sufficiently large 
As x varies from 0 to »each factor of f{x) is less than m , hence we have 
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!/(*)!< 


(P ~ !)’ 




f f(x)e~*dx |<---jW»p+j>-i f er x dx< --—- m’W+p-l 

Jo' (P-1)! Jo (P-1)! 


'(P-1) 

from which it follows that 


2 c, e 1 


/'I jnmp+jt-l 

( f(x)cr*dx < M -— c m = <P{p), 

Jo (p — 1)! 


where M is an upper limit of j c 0 1 4 i Ci j -# 4 ' . As 7 ) increases indefi¬ 

nitely the function 4>{p) approaches zero, for it ik the general term of a conver¬ 
gent series in which the ratio of on© term to the preceding approaches zero. It 
follows that we can find a prime number p so large that the equation (17) is 
impossible ; hence Hermite’s theorem is proved. 


88. Legendre’s polynomials. Let us consider the integral 

f 


where P„ (x) in a polynomial of degree n am] (J is a polynomial of degree Icbs 
than n, and let us try to determine P„(x) m such a way that the integral van¬ 
ishes for any polynomial Q. We may consider (x) as the nth derivative of a 
polynomial li of degree 2 n, and this polynomial l\ is not completely determined, 
fur we may add to it an arbitrary polynomial of degree (n — 1 ) without changing 
its nth derivative. We may therefore set - <Mv‘/dx\ where the polynomial H, 
together with its first (n — 1) derivatives, vanishes fur x — a But integrating 
by parts we find 



d"R 

iii" 


dx 



d"- 'if 
dx—' 


- <s 


d—-n 

dx" 2 


+ 


! U 


d—> Q - ]'- 


and since, by hypothesis, 

fi(a) = d, K'(a) = 0 , . W"“ n (a) = 0 . 

the expression 

Q(b)R<"-"(b) — 4 >'( 6 ) + t . <^»~"{b)R( 6 ) 

must also vanish if the integral is to vanish. 

Since the polynomial Q of degree n — 1 is to be arbitrary, the quantities 
Q(b), '/(b). ■ (/’■ - 1 '( h) are themselves arbitrary, lienee we must also have 


R (b) - 0, R'(h) = 0, • • •, R<" - »(h) = 0. 

The polynomial R ( x ) is therefore equal, save for a constant factor, to the product 
(r - a)»(x — b)» ; and the required polynomial P„(x) is completely determined, 
save for a constant factor, in the form 


Pn = C 


d• 
dx " 


[(x — a)" (x — 6 )"]. 


If the limits a and !» are - 1 and + 1, respectively, the polynomials P„ are 
Legendre’s polynomials. Choosing the constant C with Legendre, we will set 


_X _ <t*_ 

2.4.6- - 2 n dx" 


[(x 2 - I)-]. 


(18) 


X, 
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II we also agree to set X 0 = 1, we shall hare 


-To = i, X, — z, 


X,= 


8z»- 1 
2 ’ 


X 8 = 


5x 8 — 3x 


In general, X„ is a polynomial of degree it, all the exponents of x being even or 
odd with n. Leibniz’ formula for the nth derivative of a product of two factors 
(§ l?) gives at once the formulas 

(19) X„(l) = l, X„(—1) = (-1)\ 

By the general property established above, 

(20) J ^ X„ 4 >(x) dx - 0, 

where <p(x) is any polynomial of degree less than n. In particular, if m and n 
are two different integers, we shall alwaj s have 

(21) J* + X m X.dx = ". 

This formula enables us to establish a very simple recurrent formula between 
three successive polynomials X„. Obser'ing that any polynomial of degree n 
can be written as a linear fanction of Xo, A'l, • • ■, A'„, it is clear that we may set 


xX„ — Co A „ + i -f- C,X„ ■+■ CiX„ -i 4- C'i X„ _ - -f , 

where Co, C i, Cj, - • ■ are constants. In order to find Cj, for example, let us 
multiply both sides of this equation by A'„_ 2 , and then integrate between the 
limits — 1 and + 1. By virtue of (20) and ( 21 ), all that remains is 

C,f + 'xl_,dx = 0, 

and hence C 8 = 0. It may be shown in the same manner that Ci - 0, C 5 = 0, • 
The coefficient C\ is zero also, since the product xX„ does not contain x". Finally, 
to find Co and C 2 we need only equate the coefficients of x" + 1 and then equate 
the two sides for X = 1. Doing this, we obtain the recurrent formula 

(22) (n + 1) X, +, - (2 n + 1) xX„ + nX„ _, = 0, 

which affords a simple means of calculating the polynomials X„ successively. 
The relation (22) shows that the sequence of polynomials 

(23) X„, X u X„ X„ 

possesses the properties of a Sturm sequence. As x varies continuously from — 1 
to + 1 , the number of changes of sign in this sequence is unaltered except when 
x passes through a root of X* = 0. But the formulee (19) show that there are n 
changes of sign in the sequence (23) for x = — 1, and none for x = I. Hence 
the equation X„ = 0 has n real roots between — 1 and + 1, which also readily 
follows from Kolle’s theorem. 
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IV. GENERALIZATIONS OP THE IDEA OF AN INTEGRAL 
IMPROPER INTEGRALS LINE INTEGRALS* 


89. The integrand becomes infinite, Up to the present we have sup¬ 
posed that the integrand remained finite between the limits of inte¬ 
gration. In certain cases, liowevei, the definition may be extended 
to functions which become infinite between the limits. Let us first 
consider the following paiticular case / (r) is continuous for every 
value of x which lies between a and h, and for x = h, but it becomes 
infinite for x — a We will suppose for definiteness that a<b. 
Then the integral of f(r) taken between the limits a 4-e and 
b (e>0) has a definite value, no mattei how small c be taken. If 
this integral approaches a hunt as t appioaches zero, it is usual and 
natural to denote that limit lij the symbol 



If a primitive of f(x), say /-'(V), be known, we may write 



( r)dx = /'(b) — F{a + el, 


and it is sufficient to examine F(a -f <) for convergence toward a 
limit as e approaches zero We hate, for example, 



it dr 

(x - ay 


m r 1 

n - 1 L(fi - ay- 1 



F * 1- 


If n > 1, the term 1/«“ _1 increases indefinitely as t approaches zero. 
But if ft is less than unity, we may write l/e* -1 = <‘~ M , and it is 
clear that this term approaches zero with e lienee in this case 
the definite integral approaches a limit, and we may write 


If ii = 1, we have 



Mdx 

(x-a) 




iljb - a) 1 -" 
1-P 




and the right-hand side increases indefinitely when < approaches zero. 
To sum up, the necessary and sufficient condition that the given inte¬ 
gral should approach a limit is that y should he less than unity. 


* It is possible, if desired, to read the next chapter before reading the closing sec¬ 
tions of this chapter. 
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The straight line x = a is an asymptote of the curve whose equa¬ 


tion is 


!/ = 


M 

(x - ay’ 


if fi. is positive. It follows from the above that the area bounded by 
the x axis, the fixed line x — h, the curve, and its asymptote, lias a 
finite value provided that p < 1 

If a primitive of f(x') is not known, we may compare the given 
integral with known integrals The above integral is usually taken 
as a comparison integral, which leads to ceitain piactical mles wlui h 
are. sufficient m many cases In the hist place, the upper limit b 
does not enter into the icasoning, since everything depends upon the 
manner in which f(x) becomes infinite for x — a We may tberefoie 
replace b by any number whatever between it and b, which amounts 
to writing J* = + f* In pai titular, unless f(x) has an infi¬ 

nite number of roots near x = a, we may suppose that J (x) keeps 
the same sign between a and r 

We wall first prove the following lemma 

Let <f>(x) be a fundion udiuh is positive in the interval ((i, b), 
and suppose that the integral J^ + <£(x)tfx approarhes a limit as e 
approaches zero. Then, if'' fix) < <f> is) through out the whale inter 
val, the definite integral f(x)dx also approaches a limit 

If/(x) is positive throughout the interval (a, h), the demonstiation 
is immediate For, since /(x) is less than <£(x), vtffe have 

X h s* b 

f{x)dx < I <f>(r)dx 

+ e eJ a f t 

Moreover J^^f(x)dx increases as c diminishes, since all of its ele¬ 
ments are positive. But the above inequality shows that it is con¬ 
stantly less than the second integral, hence it also approaches a 
limit. If /(x) were always negative between a and b, it would 
be necessary meiely to change the sign of each element Finally, 
if the function /(x) has an infinite number of roots near x = a, we 
may write down the equation 


f /(*)<** = f [/(*) + | /(*) | ]dx- f |/(x) | dx. 

•/• + « + e a/a + « 


The second integral on the right approaches a limit, since 
|/(*)|< <#>(*)■ Now the function f(x) -f |/(x)| is either positive 



IMPROPER AND LINE INTEGRALS 


IV, j 89] 


177 


or zero between a and b, and its value cannot exceed 2 
the integral 


/ 


[/(*) + |/(*)|]«t* 


4>{z ); hence 


also approaches a limit, and the lemma is proved. 

It follows from the above that if a function f(x) does not approach 
any limit whatever for x — a, but always remains less than a fixed 
number, the integral approaches a limit. Thus the integral 
JJ, l sin(l /x)dx has a perfectly definite value. 


Practical rule. 
the form 


Suppose that the function f(x ) can be written in 


/(*) = 


(x - a y 


where the function i^(z) remains finite when r approaches a. 


If p< 1 and the. function <p(x) remains less in absolute value than 
a fixed number M, the integral approaches a limit. Hut if p > 1 and 
the absolute value of ^(.r) is greater than a positive number m, the 
integral approaches no limit. 

The first part of the theorem is very easj to prove, for the abso¬ 
lute value of f(x) is less than MJ(r — (t)*, and the integral of the 
latter function approaches a limit, since p<\. 

In order to prove the second part, let us iirst obseive that ^(z) 
keeps the same sign near z = a. since its absolute value always 
exceeds a positive number m. We shall suppose that \p (z) > 0 
between a and b. Then we may write 


L/ { ’ ) '" > S.,. c 


m dr 


and the second integral increases indefinitely as e decreases. 

These rules are sufficient for all cases in which we can find an 
exponent, p such that the product (z — a)rf(r) approaches, for 
z = a, a limit K different from zero. If p is less than unity, the 
limit b may be taken so near a that the inequality 


holds inside the interval (a, b). where /, is a positive number greater 
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than j K |. Hence the integral approaches a limit. On the other hand, 
if n > 1 , b may be taken so near to a that 


!/(*)!> 


i 

{x - ay 


inside the interval (a, b), where / is a positive number less than | A' |. 
Moreover the function f(x), being continuous, keeps the same sign ; 
hence the integral j£ + f(x)dx increases indefinitely m absolute 
value.* 


Examples. Let f(x) — P/Q be a rational function. If a is a root 
of order m of the denominator, the product (.r — rii'j'f.rj approaches 
a limit different from zero for x — a. Since m is at least equal to 
unity, it is clear that the integral f(x)dr increases beyond all 
limit as c approaches zero. But if we consider the function 


/(*) : 


P(x) 


where P and R are two polynomials and R(x) is piime to its deriv¬ 
ative, the product (x — approaches a limit for r — a if a 

is a root of R(x), and the integral itself approaches a limit. Thus 
the integral 



dx 

vT^7 a 


approaches ir/2 as t approaches zero. 

Again, consider the integral £‘ log r dr. The product x l/2 log x 
has the limit zero. Starting with a sufficiently small value of x, we 
may therefore write log x < where M is a positive number 

chosen at random. Hence the integral approaches a limit. 

Everything which has been stated for the lower limit a may be 
repeated without modification for the upper limit 6. If the function 
f (x) is infinite for x — b, we would define the integral j b f (x) dx to be 
the limit of the integral f (x) dx as t approaches zero. If f(x) 
is infinite at each limit, we would define f£f (x) dx as the limit of 
the integral f (x)dx as e and t both approach zero independ¬ 
ently of each other. Let c be any number between a and b. Then 
we may write 


•The first part ot the proposition may also he stated as follows: the Integral has 
a limit if an exponent n can be found (0< n< 1) such that the product (x — a)s/(x) 
approaches a limit A as x approaches a, — the case where A —- 0 not being excluded. 
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f f(x)dx= f f(x)dx+ f f(x)dx, 

U a + e *J a + t r 

and each of the integrals on the right should approach a limit in 
this ease. 

Finally, if f(x) becomes infinite for a value r between a and b, 
we would define the integral J*f(x)ils as the sum of the limits of 
the two integrals j' ‘ f(x)dx , Jj* j’(x)dx, and we would proceed 
in a similar manner if any number of discontinuities whatever lay 
between a and b. 

It should be noted that the fundamental formula (6), which was 
established under the assumption 1 hat J\x) was continuous between 
a and h, still holds when f(.r) becomes infinite between these limits, 
provided that the primitive function F( x) remains continuous. For 
the sake of definiteness let us suppose that the function f(x) becomes 
infinite for just one value c between a and b. Then we have 


J r* b r* r — * ' r*b 

f(x)dx = hni I f(x)dx + Inn I f(x)dx\ 
n « — fli/n c (1 *J < + * 

and if /’(x)' s a primitive of f(x), this may be written as follows: 
J' f(x) dx = Inn F(c — c') — F(a) 4- F(fi) — Inn F(r + t). 


Since the function F(x) is supposed continuous for x = r, F(c + t) 
and F(c — «') have the same limit F(r), and the formula again 
becomes 

f tx) dx = F(b)— F(a). 



The following example is illustrative : 



= 6 . 


If the primitive function /’(x) itself becomes infinite between a and 
b, the formula ceases to hold, for the integral on the left has as yet 
no meaning in that case. 

The formula? for change of variable and for integration by parts 
may be extended to the new kinds of integrals in a similar manner 
by considering them as the limits of ordinary integrals. 


90. Infinite limits of integration. Let /(x) be a function of x which 
is continuous for all values of x greater than a certain number a. 
Then the integral dx, where l > a, has a definite value, no 
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matter how large l be taken. If this integral approaches a limit 
as l increases indefinitely, that limit is represented by the symbol 


f 


f(x)dx. 


If a primitive of f(x) be known, it is easy to decide whether the 
integral approaches a limit. For instance, m the example 


X 


dx 

l + * : 


= arc tan l 


the right-hand side approaches tt/2 as ! increases indefinitely, and 
this is expressed by writing the equation 


X' 


dx 

r+V a 


7r 
*> 


Likewise, if a is positive and ft — 1 is different from zero, we have 



WV M 1 



If fi is greater than unity, the right-hand side approaches a limit as 
l increases indefinitely, and we may w rite 


r + x kdx k 

On the other hand, if p. is less than one, the integral increases indefi¬ 
nitely with l. The same is true for p — 1, for the integral then 
results in a logarithm. 

When no primitive of f(x) is known, we again proceed by com¬ 
parison, noting that the lower limit a may be taken as large as we 
please. Our work will be based upon the following lemma : 

Let 4>(x) be a function which is j/ositire for x > n, and suppose that 
the integral JJ <b(x)dx approaches a limit. Then the integral f(x)dx 
also approaches a limit provided that \f{x)\ < <i>(x) for all values of 
x greater th an a. 

The proof of this proposition is exactly similar to that given above. 
If the function f(x) can be put into the form 



where the function \f/(x) remains finite when x is infinite, the follow¬ 
ing theorems can be demonstrated, but we shall merely state them: 
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Tf the absolute mine of ip (x) is Ins than <i Jired number M and 
fi is (/renter than unity , the integral approaches a limit 

Ij the absolute t'alui of c p(r) is greater than a positive number m 
and p is less than or equal to unit//, the integral approaches no limit 


Foi instance, the mtegial 



(os as 
1+ -r 1 


dx 


approaches a limit, foi the mtegianil may be written 


cos ax 

1 +T J 


1 < os ax 



iiicl the coefficient of 1 /x 1 is less than unity in absolute value 

The above rule is sufficient uhcnewi we can find a positive num- 
hei p foi wine h the pioduct x M /(x) appioac lit s a hunt differtnt from 
.no ii s x becomes infinite Hit mtegial appioac lies a limit if p is 
gieatei than unity, but it approaches no limit if p is less than or 
i ijujI to unity * 

Foi example the nectssaiv and sufhc lent condition that the inte¬ 
gral of a lational fiactnm appioac h a limit when the upper limit 
meieases indefinitely is that the degiee of the denominatoi should 
eveetd that of the mmieiatoi by at least tuu units Finally, if we 
tike 


/<•')- 


l‘(x/ 
\/ h'i J ) 


where /’ and It aie two pol\nomials ol dcgiec p anil /, respectively, 
the pioduct x / '/(x> appioac lies a limit ditlcicnt fiom zeio when 

x becomes minute The neccssaiy and suttnnnt condition that the 
mtegial appioac h a limit is that p be less than i t 2 — 1 


91 The rules stated above are not alwa\ s sufhc lent for deteimin¬ 
ing whethei oi not an mtegial appioaches a limit In the example 
/ (r) = (sm x)/x, foi instance, the piodm t/f(i) ajiproaches zero if 
P is less than one. and can take on values gieatei than an} given 
iumibei if p is greatei than one If p = 1. it osi lllates between -pi 
and —1 None of the above lules apply, but the mtegial does ap¬ 
proach a limit Let us considei the slightly liioie general integral 


•The integral also approaches a limit if the product xrf(x) (where e > 1) approaches 
zero aa z becomeH infinite 
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The integrand changes sign for x — kir. We are therefore led to 
study the alternating series 

(24) a 0 — Hi + a 2 + • ■ ■ + (— 1)”®. + • • •> 

where the notation used is the following : 


(" sinx f‘ w sin* , 

a 0 =l e-‘ z - ax, a, = — I e~* x -- -ax, ■■■. 

Jo * J* x 

J ^(»+I)7T 

HJT 


dx 


Substituting y + mr for x, the general term a„ may be written 


*■=/' 


sm y 

y + mr 


dy. 


It is evident that the integrand decreases as n increases, and hence 
a„ + ,<a„. Moreover the general term «„ is less than J o (l/mr'jdi/, 
that is, than 1/m. Hence the above series is convergent, since the 
absolute values of the terms decrease as we proceed in the series, 
and the general term approaches zero. If the upper limit l lies 
between mr and (n + 1) i r, we shall have 

ci n y 

e-«-— tf* = ± 0</„, 0 < 0 < 1, 

X 

where S„ denotes the sum of the first n terms of the series (24). As 
l increases indefinitely, n does the same, a n approaches zero, and the 
integral approaches the sum S of the series (24). 

In a similar mauner it may be shown that the integrals 



X' 


sin x^dx, 



cos x i dx, 


which occur in the theory of diffraction, each have finite values. 
The curve y = sin x i , for example, has the undulating form of a sine 
curve, but the undulations become sharper and sharper as we go out, 
since the difference \/ (n + 1) w — -Jrvn of two consecutive roots of 
sin x 1 approaches zero as n increases indefinitely. 


Remark, This last example gives rise to an interesting remark. As x increases 
indefinitely sin z ! oscillates between — 1 and + 1. Hence an integral may 
approach a limit even if the integrand does not approach zero, that is, even if 
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the i axis is not an asymptote to the curve y = f(x) The following is an example 
of the same kind in which the function f(x) does not change sign The function 


/(*) = 


x 

I + X s sin 2 x 


remains positive when x is positive, and it does not approach zero, since 
f(kn) = kn In order to show that the integral approaches a limit, let us con¬ 
sider, as above, the series 

no + Ui -f +e n 4 , 


where 


-=f 

ntr 


X dt 

1 + 1* S1U 2 «C 


As x vanes from mr to (n *f 1) nr, x® ts constantly eater than n® tt®, and we may 
write 


(n -f 1) n 


f 


dx 


1 + ^iri'suRi 


A primitive function of the new integrand is 


— arc tan (V! + »“ ir t tan t), 
V1 + iC ir“ 


and as x varies from nir to (n + 1) it, tanx becomes inhnite just once, passing 
iroin + oo to — at, Hence the m w integral is equal (§ Ti) to rtj Vi + ir*, and 
we have 

a < (n l)ir- <n 4 1) 

Vl + n'-iT n't 

It follows tliat the series So* is convergent, and hence the integral fj f{x)dx 
approaches a limit 

On the other hand, it is evident that the mtigial cannot approai li anv limit 
if/(x) approaches a limit h different from zero when r becomes infinite For 
hejond a certain value of x f(x) will be grtatu than h/1 in absolute value 
and will not change sign 

The preceding developments hear a < lose analog) to the treatment of infinite 
serits The intimate conneilion winch txists between these two theories is 
thought out by a thiorem of Cauchy's whith will lx, considered later (Chapter 
VII1) We shall then also find new uttena which will enable us to determine 
whetlier or not an integral approaches a limit m more general cases than those 
tieated above 


92 The function T(a) The definite integral 

(2 r >) I’(a)= rV '<■ X dx 

Jo 

has a determinate value provided that a is positiv e 
Tor, let us consider the two integrals 


J i a -'e- T dz, x«~'e~ I <lx, 
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where tin eery small positive number and 1 is a very large positive number 
The second integral always approaches a limit, for past a sufficiently large value 
of x we have z a -‘e *<l/z s , that is, e r >x a + 1 As for the first integral, the 
product a 1 - «/(x) approaches the limit 1 as x approaches zero, and the necessary 
and sufficient condition that the integral approach a limit is that 1 - a be less 
than unity, that is, that a be positive Let us suppose this condition satisfied 
Then the sum of these two limits is the function l'(a), which is also called Euler’s 
integral of the second kind This function Y(a) becomes infinite as a approaches 
zero, it is positive when a is positive, and it becomes infinite with a It has 
a minimum for a — 1 4610321 , and the corresponding value of P(a) u, 

0 88&0032 

Let us suppose that a> 1, and integrate by parts, considering e j: dx as the 
differential of - e 1 This gives 

P(a) = — [x«- 1 er + (a — 1) f x a - , e~'dx, 

Jo 

hut the product x'>->e - * vanishes at both limits, since a > 1, and there Temains 
only the formula 

(26) V(a) — (a — 1) l'(a - 1) 

The repeated application of this formula reduces the tabulation of I (a) to 
the case in which the argument it lies between 0 and 1 Moreover it is easy to 
determine the value of I (a) when a is an integer >or, in the (list place, 

ni) = i £ + \-*<fx = - [e-*]** = 1 
and the foregoing formula therefore gives, for a — 2, 3, , n 

r(2) = r<i) = i. r<3) - 21 <2) -12, 

and, in general, if n is a positive integer, 

(27) I («) = 1 2 3 <« 1) ~ (n 1)' 

93 Line integrals Let AJl be an arc of a continuous plane curve, 
and let P(x, y) be a continuous function of the two vanables x and 
y along IB, where x and y denote the coordinates of a point of IA“ 
with respect to a set of axes m its plane On the aic All let us 
take a certain number of points of division m,, m_, , m ,, , whose 

coordinates are (x lt ?/,), (x 2 , y,), , (x,, yj, , and then upon each 

of the arcs ro, let us choose another point «, (f,, -q,) at landoin 
Finally, let us consider the sum 

r 28 i S — a ) + p (£‘’ Vs)( x i~ x i) + 

{ } I .) + 

extended over all these partial intervals. When the number of point 
of division is increased indefinitely in such a way that each of th 
differences x , — approaches zero, the above sum approaches 
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limit will oh is oalled the line integral of P(x, y) extended ovei the 
arc AB, and which is represented by the symbol 

I I‘{z,y)dx 

J IB 

In order to establish the existence of this limit, let us first sup¬ 
pose that a line paiallcl to the // axis cannot meet the are All in 
more than one point Let a and h 1* the abscissa of the points 1 
and II, respectively and let y = fit's) be tin equation ol the curve AB 
I hen 4>(r) is a continuous function ol r m the intei va' (ci, V), by 
hypothesis, and if lie replace y by <f>( r) in the function I\jc, y), the 
lesultiug function — P[r, ${x)] is also continuous lienee we 
have 

J‘(£„ V ) = l>[t ,<H( )]=*(!;), 
and the preceding sum ma> theiefoie lie wntten m the foim 


»ffi )('!—«)+ &(£i) (x» — * 1 ) + + 4>if ) (r - x,_ ,) + 

It follows that this surn a)iproaches as its limit the ordinary definite 
nift gi al 


and we have finallv the fonnula 


*(x)dx =£ P[x 4>{s)~\dx, 

the fonnula 

f p (x< y)Jx = f P[x, 4>(x)]dx 
Jab Ju 


If a line parallel to the y axis can meet the an IB in more than 
one point, wi should divide the arc 
into sevcial portions each of which 
is met in hut one point by any line 
paiallel to the i/ axis If the given 
no is of the toim lc />/> (Fig 14), 
foi instance, wheie ( and T) aie 
points at which the abscissa lias an 
extiemum, eac li of the aics 1 ( , C I> 

!>!• satisfies the above condition, and 
we may write 

f p (x, y)dx = f P(x, y) dr + f P(x,y)dx + f P(x,y)dx. 
^ itim J f Jut Jdb 

Rut it should be noticed that in the calculation of the three integrals 
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on the right-hand side the variable y in the function P(x, y) 
must be replaced by three different functions of the variable x, 
respectively. 

Curvilinear integrals of the form J An Q(x, y)dy may be defined 
in a similar manner. It is clear that these integrals reduce at once 
to ordinary definite integrals, but their usefulness justifies their 
introduction. We may also remark that the arc AB may be com¬ 
posed of portions of different curves, such as straight lines, arcs of 
circles, and so on. 

A case which occurs frequently in practice is that in which the 
coordinates of a point of the curve A B are given as functions of a 
variable parameter 

* = •#>(<>> V = '/'</)' 

where 4 >(t) and 41 (f), together with their derivatives <f>'( 1 ) and 1 p'(t), 
are continuous functions of t. We shall suppose that as 1 varies 
from a to /8 the point (x, y) describes the arc AB without changing 
the sense of its motion. Let the interval (a, (i) be divided into a 
certain number of subintervals, and let f ,_, and >\ be two consecu¬ 
tive values of t to which correspond, upon the are AJi, two points 
m i _ l and m , whose coordinates are //,_,) and (x,, y t ), respec¬ 

tively. Then we have 

— *,-i = <#>'(<?.) ( f ~ L-i). 

where 8 , lies between f,_, and t,. To this value 8 , there corresponds 
a point (£,, ij,) of the arc m,_, m ,; hence we may write 

SD(f„ y,) (x, - *..,)= 2/' 1X0,), *’(*.) (t, - f..,), 


or, passing to the limit, 

r p (*> y) dx — f V'(oi) 

AB Jo. 


An analogous formula for JQdy may be obtained in a similar manner. 
Adding the two, we find the formula 


(29) 


/ 
J ax 


Pdx 4" Qdy = 



+'( 0 + (<)]*. 


t hick is the formula for change of variable in line integrals. Of 
lurse, if the arc Ali is composed of several portions of different 
curves, the functions <f>(t) and 41 (f) will not have the same form 
along the whole of AB, and the formula should be applied in that 
case to each portion separately. 
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94J&lfet of a closed curve We have already defined the area of a 
poition of the plane bounded by an arc 1 UJj, a stiaight line which 
does not cut that au, and the two pupendiculais 1 t 0 , BB 0 let fall 
fiom the points A and B upon the stiaight line (§§ 65, 78, Fig 9) 
Let us now consider a continuous dosed ouive of any shape, by 
which we shall nndeistand the loins discribed by a point M whose 
cooidinates are continuous functions x = /(/), y = ,£( t ) of a param- 
tUr t which assume the same values for two values t 0 and 7 of 
the paiameter t The functions J(t) an 1 <f>(t) may have several 
distinct foims between the limits f„ uul I . such will be the case, 
(or instance if the closed contom ( lie composed of portions of 
several distim t c uives Led 1 1/,, 1/ , ,1/ ,, V/, , ll/„ _ ,, M 0 

denote points upon the euive C coiitspcmcliug respectively, to the 
v dues t 0 , G, , f,_ ], , t, / of the p iaineter, which 

imiease fiom t to / Connecting these points m order by straight 
lines, we obtain a polygon inscnbed m the euive The lmut 
approached bv the aica of this polvgon, as the numlier of sides is 
indefinitely meieised in such a wav that cadi of them approaches 
zero is called the, ana uf the <1 1 '-itl cinie < * r I his definition is 
seen to agret with tint gntn in the paiticulu case tieated above 
lor if the polygon 1, LJl, !„ (J lg 9) be btoken up into 

small trapezoids h\ lines jiuallel to I 1„, the area of one of these 
tiape/oids is (/,— x t )[Hx)+J-r i)]/2, oi (y, — x, _,)/(£,). 
where' £ lies between a, , and x Hence the area of the whole 
polygon, in tins sjmial case, appioaclits the definite integral 
/1 (x)<lx 

Let us now r consider a closed euive < which is cut in at most two 
points by any line parallel to a ceitam fixed direction Let us 
choose as the cxis of // a line paialld to this direction, and as the 
axib ot .r i line peipeuieliculai to it, m such a way that the entire 
curve < lies m (he quadrant rui/ flig 15) 

Die points of tlu> eontoui ( piojec t into a segment ah of the axis 
t>x, ami any line paiallel to the axis of // meets the contour C in at 
most two points, in, and ?«„ Let </, — c//,(.r) and = c/i^r) be the 
relations of the two aies and 1 m^B, lespectively, and let 

ns suppose for simplicity that the points t and B of the curve C 
■which pioject into a and h aie taken as two ot the veitices of thfp- 


* It is supposed of < ourse that the I ccrve under < ousideration has no double point, 
and that the sides of the polygon have been chosen so small that the polygon Itself 
has no double point 
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polygon. The area of the inscribed polygon is equal to the differ¬ 
ence between the areas of the two polygons formed by the lines Aa, 
ab, IB with the broken lines inscribed in the two arcs Am,B and 
Am x B, respectively. Passing to the limit, it is clear that the area 
of the curve (' is equal to the difference between the two areas 
bounded by the contours Att^BbaA and An^BbaA, respectively, that 

is, to the difference between 
the corresponding definite in¬ 
tegrals 



f - f 

kJ it 


M x ) dr - 


These two integrals represent 
the curvilinear integral J~yds 
taken first along Aw 2 B and 
then along ,1 m,N If we 
agree to say that the contour 
(' is described in the positive 
sense when an observer standing upon the plane and walking around 
the curve in that sense has the enclosed area constantly on his left 
hand (the axes being taken as usual, as in the figure), then the above 
result may be expressed as follows: the area 11 enclosed by the 
contour C is given by the formula 


(30) ft = - f yd*, 

where the line integral is to be taken along the closed contour C in 
the positive sense. Since this integral is unaltered when the origin 
is moved in any way, the axes remaining parallel to their original 
positions, this same formula holds whatever be 
the position of the contour C with respect to 
the coordinate axes. 

Let us now consider a contour C of any form 
whatever. We shall suppose that it is possible 
to draw a finite number of lines connecting 
pairs of points on C in such a way that the 
resulting subcontours are each met in at most 
two points by any line parallel to the y axis. 

Such is the case for the region bounded by the 
contour C in Fig, 16, which we may divide into three subregion 
bounded by the contours amba, abndcqa, cdpe, by means of th 
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transversals ab anil ed. Applying the preceding formula to each 
of these subregions and adding the results thus obtained, the line 
integrals which arise from the auxiliary lines ab and cel cancel each 
other, and the area bounded by the closed curve <' is still given by 
the line integral — jy dir taken along the contour C in the positive 
sense. 


Similarly, it may be shown that this same area is given by the 
formula 



and finally, combining these two formula*, we have 


(32) (2 = 1 f sdy-yils, 

where the integrals are always taken in the positive sense. This 
last formula is evidently independent of the choice of axes. 

If, for instance, an ellipse he given m the form 

s = a cos t. y = b sin t , 

its area is 

i r :n 

n = - J ah( cos’/ + sin'Orff = rrab. 


95. Area of a curve in polar coordinates. Let us try to find the 
area enclosed by the contour oAMBo (Fig. 17), which is composed 
of the two straight lines O.l, Oil, and the are, A MB, which is 
met in at most one 

point by any radius . / - -Ml’ 

vector. Let us take ^ 

0 as the pole and a 
straight line Ox as / 
the initial line, and j 
let p = /(w) lie the \ 
equation of the arc 
A Mil. 



Fw 17 


Inscribing a polygon in the arc A MB, -with A and 11 as two of 
the vertices, the area to be evaluated is the limit of the sum of such 
triangles as OMM'. But the area of the triangle oMM' is 


2 p(p + Ap) sin Aw = 
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where c approaches zero with Am. It is easy to show that all the 
quantities analogous to t are less than any-preassigned number -q 
provided that the angles Aw are taken sufficiently small, and that 
we may therefore neglect the term cAw in evaluating the limit. 
Hence the area sought is the limit of the sum 2p s Am/2, that is, it 
is equal to the definite integral 



where m, and m. 2 are the angles which the straight lines OA and OB 
make with the line Ox. 

An area bounded by a contour of am form is the algebraic sum 
of a certain number of areas bounded by curves like the above. If 
we wish to find the area of a dosed contour sunoundii)jj_the point 
0, which is cut in at most two points by any line tluough O, foi 
example, we need only let w vary from 0 to 27r The aiea of a con¬ 
vex closed contour not surrounding O (Fig. 17) is equal to the dif 
ference of the two sectors O 1 MHO and oAXHO, each of which may 
be calculated by the preceding method. In any case the area is 
represented by the line integral 

|J>dm 

taken over the curve C m the positive sense. This formula does 
not differ essentially from the pievious one. For if we pass from 
rectangular to polar cooidmates we have 


x — p cos w, y = p sin m, 

dx = cos id dp — p sin w dm, dy = sm w dp 4- p cos w dm, 
xdy — ydx = p 2 dm. 


Finally, let us consider an arc AMB whose equation in oblique 
coordinates is y = f (x). In order to find the area bounded by this 
arc AMB, the x axis, and the two lines A A 0 , BB 0 , which are parallel 
to the y axis, let us imagine a polygon inscribed m the arc AMB, and 
let us break up the area of this polygon into small trapezoids by 
lines parallel to the y axis. The area of one of these trapezoids is 


/[?.-■) +/(«.) 
2 


(*« - *,-i) sm 6, 
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which may be written in the form (x,_, — r,)f(£,) sin 6, where £ 
lies in the interval (ac,_,, x,). Hence the area in question is equal 
to the definite integral 


Bin 8 


X l/(a ° 


dr, 


where r 0 and A - denote the abscissae 
of the points A and It, respectively 
It may be shown as in the similar 
case above that the area bounded by 
any closed contour C whatever is giv en 
by the formula 

wii or, 

— I =rd,j- 
“ ) 



// dr 


Note. Given a closed curve <’ (Fig. 15), let ns draw at any point 
1/ the portion of the noninil whnli extends toward the exterior, 
and let <r, ft bo the angles ulndi tins dim turn makes with the axes 
of r and y, respei tively, counted fiom 0 to it Along the arc Am t B 
the angle ft is obtuse and dr — — d si os ft Hence we may write 



if dr 



Along It)/) 2 .1 the angle ft is at ute, but dx is negative along 75 m t A 
m the line intcgial If we agree to eonsidei c/s always as positive, 
we shall still have dr -— he os/? lienee the aiea of the closed 
tuive may be represented by the integral 


/ 


y cos ft ds , 


where the angle ft is defined as above, anil where d/s is essentially 
positive. This formula is applicable, as m the pievious case, to a 
contour of any form whatever, and it is also obvious that the same 
aiea is given by the formula 


I 


x cos a ds 


These statements are absolutely independent of the choice of axes. 


90 Value of the integral J* x dy — ydx It is, natmal to inqime what will 
represented by the mtegrul J xdy — ydx, taken o\ei an> curve whatever, 
UuBed or unclosed 
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Let us consider, for example, the two closed curveB OAOBO and 
ApBqCrAsBtCuA (Fig. 10) which have one and three double points, respec¬ 
tively. It is clear that we may replace either of these curves by a combination 
of two closed curves without double points. Thus the closed contour OAOBO 

is equivalent to a combination of the 
two contours OAO and OBO. The 
integral taken over the whole contour 
is equal to the area of the portion 
OAO less the area of the portion 
OBO Likewise, the other contour 
may be rrplaced by the two closed 
cunts ApBi/CrA and AsJitCuA, and 
the integral taken over the whole con¬ 
tour is equal to the sum of the areas of ApBsA, BtCr/B. and Ar ( 'u .1. plus twue 
the area of the portion AsBi/CuA This reasoning is, moreover, general Any 
closed contour with any nnmbet of double points determines a certain number 
of partial areas <n, c,, ■ , a,,, of each of which it foims all the boundaries 

The integral taken over the whole contour is equal to a sum of the form 

miffr + wus + + nipirp, 

where mj, m«. • , m r , are positive or negative integers which may he found by 
the following rule : Given two tvljairnt anna v, cr', sejminteil In/ an arc ab of the 
contour C, imagine an observer walking on the plane along the contour in the sense 
determined by the arrows; then the coefficient of the ana at his left is one greato 
than that of the area at his right Giving the area outside the contour the coefh- 
cient zero, the coefficients of all the other portions may be determined stiecessively 
If the given arc AB is not closed, we may transform it into a closed curie by 
joining its extremities to the origin, and the preceding formula is applicable to 
this new region, for the integral f zdy - ydx taken ov er the radii vectores OA 
and OB evidently vanishes. 
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97. Differentiation under the integral sign. We frequently have to 
deal with integrals in which the function to be integrated depends 
not only upon the variable of integration but also upon one or more 
other variables which we consider as parameters. Let f(x, a) be a 
continuous function of the two vaitables r and a when x varies from 
x 0 to X and a varies .between certain limits and a ,. We proceed 
to study the function of the variable a which is defined by the 
definite integral 



f(x, a)dx, 


where a is supposed to have a definite value between a 0 and a lt and 
where the limits x 0 and X are independent of a. 
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We have then 


(33) 


F(a + Air) - 



ir + Air)— fix, ar)]rfx. 


Since the function f(x, a) is continuous, tins integrand may be made 
less than any preassigned number t by taking An sufficiently small. 
Hence the increment AF(irj w ill lie less Ilian c|.Y — x 0 j in absolute 
value, which shows that the function F(a) is continuous. 

If the function/(x, o) has a derivative, with respect to a, let us 
wnte 


/(x, a + Air) — f{ r, a) = Air [ f a (jr, ir) + t], 


whcie t approaches zero with Air lb-riding both sides of (33) by 
Air, we find 


/•’(ir 4- Air) — F(ir ) 
Air 




erfx , 


and if rf l»c the upjiei limit of the absolute values of e, the absolute 
value of the last integral Mill be less than tj V — x„ Passing to 
the limit, we obtain the foimula 

d1 ' r\ 

(3-1) dty =J .t„(■•■< ")dr 

In order to render the above masoning perfectly rigorous we must 
show that it is possible to choose Air so small that the quantity < 
will Vie less than any pi (‘assigned number tj loi all \ allies of x between 
the given limits x 0 aud A This condition will certainly be satisfied 
if the derivative / a (x. ir) itself is continuous. For we have from 
the law- of the mean 


/(x, a 4- Air)—/(.r, cr) = All/) (X, <r 4- 0Au), O<0< 1, 

ami hence 

c = /„(• r - « 4- #Air) — /](x, ir). 

If the function/) is continuous, this difference c will be less than rj 
for any values of a and ir, provided that , An is less than a properly 
chosen positive number k (see Chapter VI, § 120). 

bet us now suppose that the limits A and x„ aie themselves func¬ 
tions of a. If A.Y and Ax (J denote the increments which correspond 
hi an increment Air, we shall have 
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F(a + ia)- 



[, A x . a + b.oc)-f(x, a)]«fe 



-f A a)dx 
+ A a) dx j 


pr, applying the first law of the mean for integrals to each of the 
last two integrals and dividing by A a, 


F(it + Air) — F(a) _ C r /(x, a + A n)-f(x, q) ^ 

Aa J,. 

+ ,/'(A + 0 A.V, a + Air) 

- /( T o + 0 ! A.r„, <r + An). 


As Aar approaches zero the first of these integrals approaches the 
limit found above, and passing to the limit we find the formula 

(•35) d -£ ~ f /.(x, a) dx + g/(A, a) - g’/(* 0 , a), 

%y Tq 

which is the general formula for differentiation under the integral 
sign. 

Since a line integral may always be reduced to a sum of ordinary 
definite integrals, it is evident that the preceding formula may be 
extended to line integrals. Let us consider, for instance, the line 
integral 

F(a) = f P{x, IJ , a)dx + Q(x, y, a) dy 

JAB 

taken over a curve AB which is independent of a. It is evident that 
we shall have 

F'(a) = / }\ (x, y, a)dx + Q„(x, y, a)dy, 

J AB 

where the integral is to be extended over the same curve. On the 
other hand, the reasoning presupposes that the limits are finite and 
that the function to be integrated does not become infinite between 
the limits of integration. We shall take up later (Chapter VIII, 
§175) the cases in which these conditions are not satisfied. 
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The formula (35) is frequently used to evaluate certain definite 
integrals by reducing them to others which aie more easily calcu¬ 
lated. Thus, if a is positive, we have 


X 


1 dx 
x 1 -f- a 


1 

Va 


arc tan 


r 

vS’ 


whence, applying the formula (34) n — 1 times, we find 


(— l)" -1 1 . 2 


(n - 



T dx 
(x 2 -f a) n 


d* ~ 1 / J 

- 7 ——: ( —- ai c tan 
da H ~' V va 



98* Examples of discontinuity If the conditions imposed are not satisfied for 
all values between the limits (if integration, it may happen that Lhe definite inte¬ 
gral defines a discontinuous function of the parameter Lot us consider, for 
example, the definite integral 



sin a dx 
lx ros «r + x 2 


This integral always his a finite value, for the loots of the denominator are 
imaginary except when a — kir, in which < as* it is ewdt nt that F{a) — 0 Sup¬ 
posing that sin <r ^ 0 and making the substitution x = cos a + t sin it, the indefi¬ 
nite mtegral becomes 



sin a dx 
2x cor a + x 1 



ai c tan t. 


Hence the definite integral F(a) has the value 

/1 — cos a \ / — 1 — cos <r\ 

arc tan ( } - arc tan ( - ), 

\ sinu / \ sin a / 

where the angles are to be taken between — tt/1 and rr/1 But 


1 — C08 a — 1 — COh IT 

— x ~ - 1 , 

bin« sm<r 


and hence the difference of these angles is ± n/1 In ordei to determine the 
sign uniquely we need only notice that the sign of the integral is the same as 
that of sin a. Hence F(a) = ± 7f/2 according as sin a is positive or negative. 
It follows that the function F(a) \* discontinuous for all values of a of the form 
kit This result does not contradict the above reasoning in the least, however. 
I*or when x varies from —1 to 4-1 and it vanes fiom - c to -f e, for example, 
the function under the integral sign assumes an indeterminate form for the sets 
of values a = 0, * = — 1 and a = 0, x = + 1 which belong to the region in ques¬ 
tion for any value of c 

It would be easy to give numerous examples of this nature. Again, consider 
the integral 
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Making the substitution mx — y, we find 

X + * 

8in y * 

— -dy, 

„ y 

where the sign to be taken is the sign of m, since the limits of the transformed 
integral are the same as those of the given integral if m is positive, but should 
be interchanged if m is negative We have seen that the integral in the second 
member is a positive numbi r N (§ 01) Hence the given integral is equal to ± A' 
according as m is positive or negative If m = 0, the value of the integral is 
zero It is evident that the mtegial is discontinuous foi m = 0 
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99 Introduction When no primitive of /( r) is known we may 
resoit to ceitain methods foi finding an appioximato value of the 
definite mtegial J n J(r)t/r The theorim of thi mean foi integrals 
furnishes two limits between whnli tin value of the integral must 
he, and by a similai process we mav obtain an infinite number of 
otheis Lit us suppose that <£(r) <f(x) < \ (t(r) fot all values of x 
between a and b (n h) Then we shall also have 


j 4>(r)</s < J\f(r) tlx <J , 


l^/( x ) tlx 

If the functions <f>(j) and i fi(x) are the denvatives of two known 
functions, this formula gives two limits hi twien vvlm h the value of 
the mtegial must he Let us consider, lot example, the integral 


r' dx 

Jo Vl — X* 


Now Vl — -r 4 = Vl — i" Vl + x% and the factor Vl -f x l hts 
between 1 and V2 foi all valuta of x betwei n mo and unit} 
Hence the given integral In b between 1 lie two integrals 



that is, between 7t/2 and 7t/(2V2) Two even closei limits may 
be found by noticing that (1 + x 2 ) 1,2 is great*] than 1 — x*/2, 
which results from the expansion of (1 + it) 1/2 by means of Taylor’s 
series with a lemainder earned to two terms Hence the integral 
I is greater than the expiession 


r' <u 
Jtt VI- X 2 


1 x/dx 

2 Jo Vl — x 4 
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The second of these integrals has the value tt/ 4 (§ 105); hence / 
lies between tt/ 2 and 3 7 t/ 8 . 

It is evident that the preceding methods merely lead to a rough 
idea of the exact value of the mtegia.1 In order to obtain closer 
approximations we may break up the interval (a, b) into smaller 
submtervals, to each of which the theoiem of the mean for inte¬ 
grals may be applied. For definiteness let us suppose that the 
function f(jc) constantly increases as j• increases from a to l. Let 
us divide the interval (a, b) into n equal parts (b — a = nh). Then, 
In the very definition of an mtegial. j' f(x)dx lies between the 
two sums 

s = h)f(a) +f(a + b) -f +/[« + (n - 1) h] j, 

.S' -= b\f(a + b) + /(a + 2/i) -I- +f(u -F nh) J 

If we take (S' + ft')/- as an approximate value of the integral, the 
erioi cannot exceed S — /2— [(/< — n )/2 u] [/(*) — /(«)J,. The 

■value of (s -f s) /2 limy be written m the loan 

i (/(") + f(<* + h) , t'(" + h) +/(>» + 2b) 

h J-o- + -2- + 

4 >*[" + (" -!)''']+ /< n + nh) j 


Obseiving that )f(a + !h) -+-/[« -t- (i + 1 ) /i ](/</2 is the area of 
the tiape/oid whose height is h and whose bases an*/(a + ih) and 
j(a 4 i/< + b), we may say that the whole method amounts to 
replat mg the aiea undei the curie y — f(e) between two neighbor¬ 
ing oidmates In the aiea of the tiape/oid whose bases are the two 
oidmates This method is quite piactical when a high degree of 
approximation is not liecessaiy 

Let us consider, foi example, the integral 

1 dx 
1 + a--' 

Taking n = 4, we find as the approximate value of the integral 



1 

4 



4 it; 

+ - + „- + 


:) 


0 78279 


and the enor is less than 1/16== 0025 * This gives an approxi¬ 
mate value of tt winch is coriect to one decimal plate,— 3.1311 • . 


’ Pound from the formula |S — v /2 Iu fait, the error is about OOiliO, the exact 
'alne heiug x/i — Trans 



198 


DEFINITE INTEGRALS 


[IV, §100 


If the function f(x ) does not increase (or decrease) constantly as 
x increases from a to b, we may break up the interval into sub¬ 
intervals for each of which that condition is satisfied. 


100. Interpolation. Another method of obtaining an approximate' 
value of the integral dx is the following. Let us determine 

a parabolic curve of order n, 

y = <f>(x) — a 0 + a x r-i -(- a n x n , 

which passes through (n + 1) points fi a , Ji x , ■ ■ , B n of the curve 
y = f(x ) between the two points whose abscissa* are a and b. 
These points having been chosen in any manner, an approximate 
value of the given integral is furnished by the integral dx, 

which is easily calculated. 

Let (jt 0 , y„),(x x , ,'/i)i •. (- r »j ?/„) I* the coordinates of the (n 4-1) 

points H 0 , H ,, , The polynomial is determined by 

Lagrange’s interpolation formula in the form 

"£(•*■) = '/u-v„ 4- y i -V, 4 - • 4- y,-V, 4- 4- y„A'„, 

where the coefficient of y, is a polynomial of degree v, 


(X —. j -q) _(x_--_x ,i)(j- — x,_ |) __ (x — J„) 

(a*, — Jr„) (x, — x,_ ,)(.r, — j-, + ,) (.r, — xj’ 


which vanishes for the given values t„. .r,. , x n , except for x — x„ 

and which is equal to unit} when x = x,. Hence we hate 




x 

\\dx. 


The numbers x, are of the form 


x 0 = a + 8 u (b — a ), x x = a + 8,(b — a), • = a + 8„(b — a), 

where 0 < 8 0 < 8, < ■ ■ < 8, < 1. Setting x = a + (b — «)/, the ap¬ 
proximate value of the given integral takes the form 


(36) (b ~ ii)(K 0 y 0 + K t y x + 4-A'„y„), 

where K, is given by the formula 



(* - 0 .) 

( 0 , - 9 „) ■ 


ft-0. + .) • ft-3 .) , 

(0,-0,-.)(0,-0, + i) (0.-0,,) ' 


If we divide the main interval (a, l) into subintervals whose 
ratios are the same constants for any given function f(x) whatever, 
the numbers 0„, 8 X , •• •, 8„, and hence also the numbers K„ are inde¬ 
pendent of f(x). Having calculated these coefficients once for all, 
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it only remains to replace y 0 , y u , y n by their respective values 
in the formula (36). 

If the curve f(x) whose aiea is to he evaluated is given graph¬ 
ically, it is convenient to divide the interval ( a, b) into equal parts, 
and it is only neeessaiy to measme certain equidistant ordinates of 
this i urve Thus, dividing it into hah es, we should take 9 a = 0, 
0 t = 1/2, 8, = 1, which gives the follow mg formula for the approxi¬ 
mate value of the integral 

, b — a 

= 6 + • /l + V J 

Likewise, for n — 3 we find the formula 

. b — a 

f — g (yo + •>(/[ + ill, 1 ?/ 8 ), 

and for n — 4 

J = - (>0 " (7'* + 32y, + 1 + 32//, + 7y t ) 

The preceding method is due to ( oti s The following method, 
due to Simpson, is slightly difhrent Let the interval (a, b) be 
divided into 2« equal paits, and lit y„, y,, y 2 , , y_„ lie the ordi 

nates of the corresponding points ol division Applviiig Cotes’ 
foimula to the area vvhn h lies lietween two oidinates whose indices 
aie lonsei utive even nunibeis, such as y, and //_, y and y 4 , etc , we 
find an approximate value of the given area in the foim 

i - 1 -^~ [(y u + 4 yc + y^ + ('/ + + v<) + 

+ (y . + 4 .v1 + y 2 »)], 

whence, upon simplification, we find Simpson s foimula 
b — a _ 

f = [y« + y- (y + v *+ + y*, -z) 

+ 4 ('/i + i/i + + y. i -1) ] 

101 Gauss’ method In Gauss' method other values are assigned 
the quantities 6, The aigument is as lollows Suppose that we 
• an find polynomials of increasing degree which differ less and less 
hom the given integiand f{x) in the interval (a, b). Suppose, 
fui instance, that we can write 

f(x) = a 0 + <r,x + a,x a + + it,..,/”' 1 + «*,(*), 

where the remainder ff 2 ,(x) is less than a fixed number for all 
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values of x between a and h* The coefficients a, will be in gen¬ 
eral unknown, but they do not occur in the calculation, as we shall 
see. Let x„, x,, ---, a-„_, be values of x between a and b, and let 
<#>(*) be a polynomial of degree n — 1 which assumes the same 
values as does f(x) for these values of x. Then Lagrange’s inter¬ 
polation formula shows that this polynomial may be written in the 
form 

2 « — 1 

<f>(x) = % a ,Am( x ) + L\*( x 0 )* 0 (x) -i-1- 

mw 0 

where <f >and dq are at most polynomials of degree n — 1. It is 
clear that the polynomial <f>,„(x) depends on 1\ upon the choice of 
x 0 , x,, ■ • x„On the other hand, this polynomial <f>,„(x) must 
assume the same values as does x'“ for x = x u , x = x lt ■ . x — x. 
For, supposing that all the it’s except <r m and also (x) vanish, 
f(x) reduces to <r,„x m and <f>(x) reduces to <r,„ tf>, „(x ). lienee the 
difference x™ — <f>,„(x) must be divisible by the product 

= (- r - x o) - x,) • (x - 

It follows that x'" — <f> in (.r) = /'„Q m „(x), where Q,„_„(x 1 is a poly¬ 
nomial of degree m — n, if in > n ; and that x m — <f>,„ (x) — 0 if m < n — 1. 
The error made in replacing dx by f*<f> (x) dx is evidently 

given by the formula 

2 h — 1 r* b /> l 

(37) V«„ I [x’“ - <^>„(x)] dx + / ll u (x)dx 

n — ^ r\ b 

- £ (x.) I *,(x)dx. 

1 = 0 ** 

The terms which depend upon the coefficients a 0 , ■ ■ ■, a n vanish 

identically, and hence the error depends only upon the coefficients 
“«> a n + i> "•> « 2 ,.-i an d the remainder R Jn (x). But this remain¬ 
der is very small, in general, with respect to the coefficients 
a„, a 2n _ l . Hence the chances are good for obtaining a 

high degree of approximation if we can dispose of the quantities 
x 0 , x u ■■ i x n -1 in such a way that the terms which depend upon 
•bo a » + u •••) « 2 o-i also vanish identically. For this purpose it is 
necessary and sufficient that the n integrals 



• This Is a property of any function which is continuous in the interval (a, i>), 
according to a theorem due to Weieratrass (see Chapter IX, § 199). 
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sliould. vanish, where Q, is a polynomial of degree i We have 
alieady seen (§ 88) that this condition is satisfied if we take of 
the foim 

[(*-«)" (*-*>"] 

It is therefore sufficient to take for x„, .r,, , x u _ l the n roots of 

the equation = 0, and these roots all lie lietween a and b 

We may assume that a = — 1 and h - 1 - 1 since all other cases 

may be reduced to this by the substitution r = (li -fiu )/2 +1 (b — a)/2. 
In the special case the values of r, r,, , r , are the roots of 

Legendre’s polynomial ,\„ The value, of these roots and the 
values of A, foi the formula (HO), up to it = are to be lound to 
seven and eight places of decimals m Rutland s Trait £ de Calctd 
integral (p ,542) 

Thus the erior m Gauss’ method is 

X L w — I /> f 

It.„(r)d r — ^ i: jt ( r ) / 4 ’(j)ds, 

where the functions 4 ',(j) are independent of tlu given integrand 
In oidti to obtain a. limit ot enoi it is suffii lent to find a limit of 
11, (i ), that is. to know the degiee of approximation "with which 
the function f{xj can be lepresented as i polynomial of degree 
2 n — 1 m the interval (a, b) But it is not nee essary to know 
this polynomial itself 

Another piotess foi obtaining an appioxnnate numeiual value of 
a given definite integral is to develop the function/(j) in senes and 
mfegiate the s< nes term by term We shall see later (Chaptei VIII) 
under what conditions this process is justifiable and the degree of 
approximation which it gives 

102 Amiler’a p la Dimeter A great many machines have been invented to 
measuie mechanically the area bounded by a closed plane curve * One of the 
most ingenious of these is Ainsler’s plammeter, vvhost theory affords an interest¬ 
ing application of line integrals 

Let us consider the aieas Ai and A, bounded by the curves described by two 
poults A , and .4- of a rigid straight line nhuli moves ui a plane in any manner 
and finally returns to its original position Let ir, y , 1 and (x a , p a ) be the cool - 
dilutes of the points .4, and .4-. respectively, with respect to a set of rectangu¬ 
lar axes Let l be the distance A t A a , and B the angle which AiA t makes with 

* A desinption of these instruments is to be found in a work by Abdank- 
Abakanowiez Lee inMgraphee, la co-urbe integrate et sea applications (Gauthier- 
' ‘Hare, 1886) 
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the positive x axis. In order to define the motion of the line analytically, * 1( y,. 
and 6 must be supposed to be periodic functions of a certain variable parameter t 
which resume the same values when t is increased by-T. We have x 2 = zi + loose, 
Vi — V i + l sin 0, and hence 


Xidyi - y t dXi = Xidyi - yidzi + Pd0 

+ l(coa0dyi — sin Bdxi + Xi coa0d0 + jnsin 0dS). 

'rhe areas Ai and Aj of the curves described by the points A\ and A,, under the 
general conventions made above (§ 96), have the following values : 



j'xidyi - yidxi, 


i = Xtdyi - 


Vidii. 


Hence, integrating each side of the equation just found, we obtain the equation 
Ag = A, + ^ J do + ^ £ J"cos 0dy i - sin 0 dx,\ -t J (iq cos $ + y t sin 8) dsj , 


where the limits of each of the integrals correspond to the values t„ and t 0 + T 
of the variable t. It is evident that J'd0 = ‘IKir. where K is an integer which 
depends upon the way in which the straight line moves. On the other hand, 
integration by parts leads to the formulae 


/*' 

f V ' 


cos 0d0 - ZisinS 
sin 0d0 — — Vicos 0 


- J sin Odz i, 

+ J'coB0dy i. 


But Xi sin 0 and y\ cos 0 have the same values for t = 1„ and !-—(<,+ T. Hence 
the preceding equation may be written in the form 

A 2 = Ai + Knl- + l f costfdyi — sin adz,. 


Now let s be the length of the arc described by A counted positive In a certain 
sense from any fixed point as origin, and let a be the angle which the positive 
direction of the tangent makes with tile positive x axis. Then we shall have 

cos 0 djq — sin 0 dxj = (sin a cos 0 — sin 0 cos ft) ds = sin V ds, 

where V is the angle which the positive direction of the tangent makes with the 
positive direction A t Ai of the straight line taken as in Trigonometry. The 
preceding equation, therefore, takes the form 


(38) A 2 = Ai + KnP + l J'. sin Vds. 

Similarly, the area of the curve described by aDy third point Ai of the straigh 
line is given by the formula 


(30) A 8 = Ai + Kiel' 3 + I'J sinFd«, 

where V is the distance AiA e . Eliminating the unknown quantity f sinFd 
between these two equations, we find the formula 

l' A, — I A« = (T — t) Ai + Knll\l - l '), 
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(40) h (23) + A a (31) + A, (12) + Kn (12) (23) (31) = 0, 

where (t/fc) denotes the distance between the points A, and At (i, k — 1, 2, 3) 
taken with its proper sign As an application of this formula, let us consider 
a straight line AiA s of length (a + 6), whose extremities A i and A 2 describe the 
same closed convex curve C The point A s , which divides the line into seg¬ 
ments of length a and 6, describes a closed curve C' which lies wholly mside C 
fa this case we have 

Aj=Ai, (12) = a + 6, (23) = —ft, (31) = - a, A'=l, 

whence, dividing by n + ft, 

Ai — As - iraft 

Bui Ai - A s is the area between the two curves C ami C Hence this area is 
independent of the form of the curve C This theorem is due to Holditch 

If, instead of eliminating JainTiia between the equations (38) and (39), we 
eliminate At, we find the formula 

(41) A„ = A 2 + hir(l 2 — P) 4 (l l) J~BmVds 

Amsler’s plammeter affords an application of this formula Let A,A 2 A; be a 
rigid rod joined at with anotliei lod OA 2 The point 0 being fixed, the point 
As to which is attached a sharp pomtei, is made to describe the cun e whose area 
is s mght The point Aj then 
describes an arc of a i lrcle or 
an entire circumference, ac< ord- 
mg to the nature of the motion 
In any case the quantities A 2 , K, 
l l aie all known, and the area 
A.; can be calculated if the in¬ 
tegral f sin Vcis, which is to be 
taken over the curve Cq described 
by the point A l( can be evaluated 
fins end Ai carries a graduated 0 
nrcular cyhndei whose axis coin- 

eidea with the axis of the rod A, A, and which can turn about this axis 

Lit us consider a small displacement of the rod which carries A 1 A 3 A 2 into 
tlu position Ai A§As Let Q be the intersection of these straight lines About 
Q as centei draw the circular arc A t it and drop the perpendicular A J P from 
A i upon A t Ai We may imagine the motion of the rod to consist of a sliding 
along its owu direction until A i comes to a, followed by a rotation about y which 
brings mod, In the first part of this process the cylinder would slide, with 
°nt turning along one of its generators In the second part the rotation of 
tbe cylinder is measured by the arc aA{ The two ratios it A, /A { f' and 
A i f’/arc Ai Af approach 1 and am T, respectn ely, as the arc A [ A , approaches 
zero Hence a A { -- As (sm V + «), where e ajiproaclies zero with As It follows 
tbit the total rotation of the cylinder is proportional to the limit of the Bum 
2ha (sinV+e), that is, to the integral Jain T'ds Hence the measurement of 
this rotation ia sufficient for the determination of the given area. 
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EXERCISES 

1. Show that the sum 1/n + l/(n -f 1) + + l/2n approaches log 2 as n 

increases indefinitely 

[Show that this sum approaches the definite integral J 0 l [1/(1 + x)] dx as its 
limit ] 

2 As in the preceding exercise, find the limits of each of the sums 


nn n 

n*+T + n J + 2 J + n*~+ (n — 1)’’ 

1 1 1 

-= : — - + — -1" + —— = _ , 

Vn 3 - 1 Vn* - 2* vV - (n - l) 2 

by connecting them with certain definite integrals In general, the limit of 
the sum 

n 

n ). 

»=n 

as n becomes infinite, is equal to a certain definite integral whenever <p(i. n) is 
a homogeneous function of degree - 1 in i and n 

3 Show that the value of the definite integral f’ /2 log sin x dx is 
(ir/2) log 2 

[This may be proved by starting with the known tngonometi ic formula 


it 2ir 

tin - sin — 
n n 


(n - l)ir 


2 »-‘ 


or else by use of the following almost self-evident equalities 

n n 

y 2 log sin x dx — J 3 log cos x dx = * J' log ] 

4 . By the aid of the preceding example evaluate the definite integral 


JT 

( (x — - )tan xdx 

Jo V 2/ 


6. Show that the value of the definite integral 


jf 


log (1 + x) 
1 + x 3 


dx 


is (jt/ 8) log 2 

[Set x = tan <p and break up the transformed integral into three parts.] 
6*. Evaluate the definite integral 

f log(l - 2a cosx -f a*)dx. 

Jo 


[Poisson ] 
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[Dividing the interval from 0 to it into n equal parts and applying a well-known 
formula of trigonometry, we are led to seek the limit of the expression 


ir 

n 



a -1 
a + 1 


(«-" - 


■»] 


as n becomes infinite If a lies between — 1 and + 1, this limit 16 zero. If 
a 2 •> 1, it is it log a 2 Compare § 140 ] 

7 Show that the value of the definite integral 



sin x di 
2a cos x + <r 2 


where a is positive, is 2 if <r ^ 1, and is 2/<r if a > 1 


8* Show that a necessary and sufhcieiit condition that f{x\ should be mte- 
grable m an interval (a, b) is that, corresponding to any preassigned number t, 
a subdivision of the interval can be found such that the difference S — s of the 
corresponding sums S and s is leas than c 


9 Let/(x) and be two functions which are continuous m the interval (o h), 

and let (a, rj, Xj, b) be a method of subdivision of that interval If £,, v, 

arc any two values of x in the interval (x x ), the sum !/({,) 0 ( 1 ),) (x, - x,-i) 
approaches the definite integral fj/(x)tp(xjdx as its limit 


If) Let/(x) be a function which is continuous and positive in the interval (a, 6) 
Show that the product of the two definite integrals 

i 


f /(x)tfx, 

*/ a 



is a. minimum when the function is a constant 


11 Let the symbol /*• dtnote the index of a function (§77) between Tq 
and Xi Show that the following formula holds 


/ '7(x) -i / ' 


f(x) 


where e = + 1 if f(zn) > 9 and /(xj) < 0. t = — 1 if fix„) < 0 and /(Xj) > 0, and 
< — 0 if f(x a ) and /(xi) have the same sign 

[Apply the last formula in the second paiagraph of § 77 to each of the func¬ 
tions /(x) and l//(x) ] 

12* Let l r and !" be two polynomials of degree n and n — I, respectively, 
which are prime to each other Show that the index of the rational fraction 
l/r between the limits - no and -( x is equal (o the difference between the 
number of imaginary roots of the equation P + il — 0 in which the coefhcient 
nf i is positive and the number in which the coefficient of t is negatne 

[IIkrmits, Bulletin de la Sot iHf math/matique, Vol VII, p 128 ] 

13* Derive the second theorem of the mean for integrals by integration by 
parts 
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[Let/(x) and 0 (x) be two functions each of which is continuous in the inter 
val (a, 6 ) and the first of which, /(x), constantly increases (or decreases) and 
has a continuous derivative Introducing the auxiliary function 

*(x) - 4>{x) fa 

and integrating by parts, we find the equation 

ff(x)<t>{x)dx=/(b)*(b) - ff'(z)*(z)dx 

J a vo 

Since f'(x) always has the same sign, it only remains to apply the first theorem 
of the mean for integrals to the new integral ] 

14 Show directly that the definite integral f xdy — ydx extended over a 
closed contour goes over into an integral of the same form when the axes are 
replaced by any other set of rectangular axes which ha\e the same aspect 


15 Given the formula 


f* ft 1 

I cos Xx fa = (sin Xb — sin Xa), 
J a X 


evaluate the integrals 


f x*' >+1 sin \xdx, f x*> cosXxfa 

*) a vo 


16 Let us associate the points (x y) and (x , y ) upon any two given curves 
C and C', respectively, at which the tangents aie parallel The point whose 
coordinates are Xi — px + qx yi = py + qy where p and q are given < onstarits 
describes a new curve C i Show that the following relation holds between the 
corresponding arcs of the three curves 

«! = ± ps ± qs' 

17. Show that corresponding arcs of the two curves 

j X = tf(t)-/(t) +0(0, U - if (0 -/(f) - 0 (t), 

I v =/ it) - f0 (0 + 0 ( 0 , \v =/ (0 + tip’it) - 0(0 

have the same length whatever he the functions /(f) and 0(0 


18 From a point M of a plane let us draw the normals MP ,, . MP„ to 

n given curves Ci, Cj, , G'„ which lie in the same plane, and let i, be the 
distance MP, The locus of the points if, for which a relation of the form 
F(fi, 1%, , i») = 0 holds between the n distances l ,, is a curve V If lengths 

proportional to cF/dl, be laid off upon the lines MP,, respectively, according to 
a definite convention as to sign, show that the resultant of these n lectors gives 
the direction of the normal to T at the point M Generalize the theorem for 
surfaces in space 


19. Let C be any closed curve, and let us select, two points p and p' upon the 
tangent to C at a point m, on either side of m, making mp = mp' Supposing 
that the distance mp vanes according to any arbitrary law as m describes the 
curve C, show that the points p and p' describe curves of equal area Discuss 
the special case where mp is constant 
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20. Given any closed convex curve, let us draw a parallel curve by laying oft 
a constant length l upon the normals to the given curve. Show that the area 
between the two curves is equal to ± nP + *1, where a is the length of the given 
curve. 

21 Let C be any closed curve. Show that the locus of the points A , foi 
which the corresponding pedal has a constant area, is a circle whoso oenter is 
fixed 

[Take the equation of the curve C in the tangential form 
x cost q }8ini ./(/) J 

22 Let C be any closed curve, C\ its pedal with respect to a point A, and Ca 
the locus of the foot of a perpendicular let fill from A upon a noimal to C 
Show that the areas of these three curies satisfy the relation A ~ A| — 

[By a property of the pedal (§ 3d), if p and w are the polai ro >rd mates of a point 
on r,, the coordinates of the coriesponding pomi of < \ aie p‘ and u> + ar/2, and 
those of the corresponding point of C arc r - Vp- + p - and <p — u> + arc tan p /p ] 

23 If a curve (' rolls without slipping on a straight line, tierv point A which 

is rigidlv connected to the cnive C describes a curie which is called a rmUette 
Show that the area between an arc of the roulette and its base is twite the area 
of the corresponding portion of the pedal of the point A with resjiect to C Also 
show that the length of an arc of the roulette is equal to the length of the corre¬ 
sponding arc of the pedal [Stliser ] 

[In order to prove these theorems analiucalli, let A and 5 V be the coordi¬ 
nates of the point A with respect to a moiing system of axes formed of the 
tangent and normal at a point M on C Let s be the length of the arc OH 
counted from a fixed point O on C, and let u be the angle between the tangents 
at 0 and M First establish the fotmuhe 

ds + dX = F (fw, d }' + X die = 0, 

and then deduce the theorems from them ] 

24* The error made in Gauss' method of quadrature may be expressed in 
the form 

x 2__ r 1 2 1 « 

12 " 2n 2n + 1 Ll 2 (in - 1)J ' 

where ( lies between — 1 and +1 


[Massios, Comptes rendus, 1886 ] 



CHAPTER V 


INDEFINITE INTEGRALS 

We shall review in this chapter the general classes of elemen¬ 
tary functions whose integrals can be expressed in terms of ele¬ 
mentary functions. Under the term elementary functions we shall 
include the rational and irrational algebraic functions, the exponen¬ 
tial function and the logarithm, the trigonometric functions and 
their inverses, and all those functions which can be formed by a 
, finite number of combinations of those already named. When the 
indefinite integral of a function f(x) cannot be expressed in terms 
of these functions, it constitutes a new transcendental function. 
The study of these transcendental functions and their classification 
is one of the most important problems of the Integral Calculus. 


I. INTEGRATION OP RATIONAL FUNCTIONS 


103. General method. Every rational function f(x) is the sum of 
an integral function E(x) and a rational fraction l’(x)/Q(x), where 
P(x ) is prime to and of less degree than Q(x). If the real and 
imaginary roots of the equation Q(x) be known, the rational frac¬ 
tion may be decomposed into a sum of simple fractions of one or the 
other of the two types 

A Mx + N 

(a--/»)"’ [(x - af+p~f 

The fractions of the first type correspond to the real roots, those 
of the second type to pairs of imaginary roots. The integral of 
the integral function E(x ) can be written down at once. The inte¬ 
grals of the fractions of the first type are given by the formula; 


C A dr 

J (x- a)" 

r a dx 
J X -a 


(m — l)(x — a) m 


= A log (x 


if m > 1; 


if m = 1. 


For the sake of simplicity we have omitted the arbitrary constant C , 
which belongs on the right-hand side. It merely remains to examine 
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the simple fractions which arise from pairs of imaginary roots. 
In order to simplify the corresponding integrals, let us make the 

substitution 

x = a 4- /3 1, dx = fidt. 

The integral in question then becomes 


r mx + -v 

J o-tf) 2 + r]" 


1 f .Va + -V + M0t 

p*-'J a -m'7* 


and there remain two kinds of integrals • 


for*- h 


jt _ 

(l + tV' 

Since tdt is half the differential of 1 + t 1 , the first of these inte¬ 
grals is given, if n > 1, by the formula 

yS 2 ”- 5 _ 


r tdt _ i _ 

J(1 + <V‘ 2(n — 1) (1 + (■)" ~ 1 2 (« — 1 

or, if n — 1, by the formula 

f r+T 3 = l los (1 + fi) = l los 

The only integrals which remain are those of the type 

J (i + *'r 

If n = 1, the value of this integral is 


)[{*-«)* +FT 


(X — <r ) 3 -f p- 

> 


f 


(It X — fT 

, = arc tan t = aic tan —-— 


1 + t- 


If n is greater than unity, the calculation of the integral may be 
reduced to the calculation of an integral of the same form, in which 
the exponent of (1 + t 2 ) is decreased by unity. Denoting the inte¬ 
gral in question by /„, we may write 


j = r _ dt_ _ r i + r--t 2 = r dt _ r r-dt 

" J(i+t y J (i + f>y 1 J (i + tv- 1 J (i + ty 

From the last of these integrals, taking 
u — t, d.v = 73- 7,— 1 v — - 


1 


(i + O" 


2<n - 1)(1 + t 2 y 



210 


indefinite integrals 


tv, i 103 


and integrating by parts, we find the formula 
t a dt t 


h 


+ 


2(»-l)/( 


dt 


(1+f 2 )" 2(n — 1)(1 -f- t 1 )"-' ' 2(n-l)J (1 -+<*)• 

Substituting this value in the equation for /„, that equation becomes 


1 „ =; 


+ , 


t 


2 n - 2 2(n - 1)(I + f*)— 1 

Repeated applications of this formula finally lead to the integral 
/j = arc tan t. Retracing our steps, we find the formula 


I 


n 


(2 n - .1) (2* - 5) ■ • ■ 3.1 
(2» — 2)(2ra — 4) • -4.2 


arc tan t + R(t), 


where U ( t ) is a rational function of t which is easily calc.ulated. 
We will merely observe that the denominator is (I + t 2 )" -1 , and that 
the numerator is of degree less than 2 n — 2 (see § 07, p. 192). 

It follows that the integral of a rational function consists of 
Iterms which are themselves rational, and transcendental terms of 
one of the following forms: 

log (x — a), log [(x - a) 2 + /?■’]. arc tan • 

Let us consider, for example, the integral /[I /(x* — 1)] dx. The 
denominator has two real roots + t and — 1. and two imaginary 
roots + i and — i. We may therefore write 


1 _ ,1 /? Cx + I) 

x* — 1 *_l + x + l + 1-f-x 2 


In order to determine A, multiply both sides by x — 1 and then set 
x = 1. This gives ,1 =1/4, and similarly Z>‘= — 1/4. The iden¬ 
tity assumed nuj therefore be written in the form 

1 1 / 1 1 \ f \r + D 

** -1 4 \x — 1 -x + l)~ 1 + x* ’ 

or, simplifying the left-hand side, 

- 1 Cx + n 

2 (1 4- x l ) ~ 1 + x 5 ' 

It follows that C = 0 and D = — 1/2, and we have, finally, 

11 1 1 

a‘-l 4(x — 1) 4(x+l) 2 (x 2 -+- 1) ’ 

which gives 

C dx 1 , it - 1 \ 1 

J ^=1 = 4 log (xTl/ “ 2 ai ° tana ‘ 
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Note. The preceding method, though absolutely general, iB not 
always the simplest. The work may often be shortened by using 
a suitable device. Let us consider, for example, the integral 


/; 


dx 


(* 4 - 1 )" 


If n > 1, we may either break up the integrand into partial frac¬ 
tions by means of the roots + 1 and — 1, or we may use a reduction 
formula similar to that for 1„. liut the most elegant method is to 
make the substitution x = (1 -j- z)/(I — z). which gives 


x 2 - 1 = 


(1 - zf 


dx — 


2 dz 


r dx 

J (** r 1 )“ 



dz. 


Developing (1 — i) 3 ” ' 3 by the binomial theorem, it only remains 
to integrate terms of the form Az“, where ft may be positive or 
negative. 


104. Hermite’s method. We have heretofore supposed that the 
fraction to he integrated was broken up into partial fractions, which 
presumes a knowledge of the roots of the denominator. The fol¬ 
lowing method, due to Hermite, enables us to find the algebraic 
part of the integral without knowing these roots, and it involves 
only elementary operations, that is to say, additions, multiplications, 
and divisions of polynomials. 

Let f(x)/F{x) be the rational fraction winch is to be integrated. 
We may assume that f(x) and F(.r) are prime to each other, and 
«e may suppose, according to the theory of equal roots, that the 
polynomial F(x) is written lu the form 


F(x) = A'.A'IA-J - A-;, 

where A',, A,, ■■■, X are polynomials none of which have multiple 
roots and no two of which have any common factor. We may now 
break up the given fraction into partial fractions whose denomina¬ 
tors are Af, A' 3 , X p p : 


F(.r) A, 


+ Xl + " 


+ 


K 

K 


where A, is a polynomial prime to A,. For, by the theory of high¬ 
est common divisor, if A' and Y are any two polynomials which are 
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prime to each other, and Z any third polynomial, two other poly¬ 
nomials A and B may always be found such that 

BX + AY=Z. 

Let us set X = X lt Y = A'! A'£, and Z = /(x), Then this identity 

becomes 

bx, + axi x;=f(x), 

or, dividing by F{x), 

f(x) A B 

f(x) ~ x , ~ a ■ ‘ s; 

It also follows from the preceding identity that if f(.r) is prime to 
F(x), .4 is prime to \, and B is pume to A X’’,. Repeating the 
process upon the fraction 

h 

XI A-’ 

and so on, we finally reach the form given above 

It is therefore sufficient to show how to obtain the rational part 
of aij integral of the form 


f A dr 

J <f>" ’ 


where <p(r) is a polynomial vhich is prime to its derivative Then, 
by tbe theorem mentioned above, we can find two polynomials /»’ 
and C such that 

+ < <t>\x) = A , 

and hence the preceding integral may be wntten m the form 

C 1 d r _ C B<t> + ( <t>' . _ f a dr r fid* 

J 4 >“ J <t>" J J ( <t>” 

If n is greater than unity, taking 


and integrating by parts, we get 




f = _ £ _l _J_ fSL dx 

J r (n-l)r~' n-\ J ’ 

whence, substituting in the preceding equation, we find the formula 
f A _ r _ C A x dx 
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where A, is a new polynomial If n > 2, we may apply the same 
process to the new integral, and so on the process may always be 
continued until the exponent of <j> in the denominator is equal to 
one, and we shall then have an expiession of the form 



wheie lt( x ) is a rational function of j, and ^ is a polynomial whose 
degiee we maj always suppose to be hss than that of <£ but which 
is not necessarily pnine to <j> Tointigiah tin lattirtoimwi must 
know the loots of <f> but tlie evaluation ot this mttgial will intro¬ 
duce no new rational terms, foi the dec deposition of the fraction 
ij,. <f> leads only to teims of the two ty pes 

A Mr + \ 

r — a (x — n )■ + /I 4 

each of which has an mtegial wlmli is a transcendental function 
lias method enables us, m paiUiulni to detenmue uhethei the 
mtegial of a given rational function is itself a lational Junction 
The necessaiy and sufficient condition that this should be tiue is 
that each of the polynomials like ip should vanish when the pioeess 
has been earned out os far as possible 

It will be noticed that the method used in obtaining the reduction formula 
tin /« is essentially only a special case of the pi seeding method Let us now 
consider the more general integral 
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whence tlie preceding relation becomes 


s 


dx 


(Ax 3 + 2Bz 4 - C)» 


_ Ax. + B _ 

‘2(n- 1 )(AC- B*)(Az 3 + 2Bx + C)«- ‘ 

2 n — 3 A _ f _ dx _ 

+ 2n - 2 AC - B 2 J (Ax 3 + 2Bx + C)"->' 


Continuing the same process, we are led eventually to the integral 


I 


dz 

At 2 + 2Bx + c' 


which is a logarithm if IP - AC> 0, and an arctangent if B 1 - iC<0. 
As another example, considei the integral 


From the identity 


/ 


6 x 2 4 - 3x - 1 J 

- - dx 

(x 3 + 3x + l) s 


5x® 4 - 3x — 1 = fix ( x 1 4-1) — (x 8 4- 3x 4-1) 


it is evident that we may write 


r i x ! + i x- ldi= r° £ <*i±2)_ jx _ r 

J (*» + 8 x + 1)3 J (i® -r 3x + 1 )» J 


dx 

(x a + ‘Ax 4- l) 1 


Integrating the first integral on the right by parts, we find 



0 (x 2 + l)cix 
(xM- 3x + 1)» 


- x r dx 

(x’ + 3x + l ) 2 + J (x»T3x + l) 2 ’ 


whence the value of the given integral is seen to be 


I 


5x» + 3x - 1 
(x*~+Yz + l) s 


dx = 


— x 

(x* 4-3x4-] ) 2 


Note. In applying Herrnue’s method it becomes necessary to solve the fol¬ 
lowing problem • given three polynomials A, B, V. of degrees m, n, p , respectively , 
two of which, A and B, are prime to each other, find two other polynomials u and t' 
such that the relation Au 4 Bv — (,’ <* identically satisfied. 

In order to determine two polynomials « and v of the least possible degree 
which solve the problem, let us first suppose that p is at most equal to m 4 n - 1. 
Then we may take for u and v two polynomials of degrees n — 1 and m — 1, 
respectively. The m + n unknown coefficients are then given by the system of 
m + n linear non-homogeneous equations found by equating the coefficients. 
For the determinant of these equations cannot vanish, since, if it did, we could 
find two polynomials u and v of degrees n - 1 and in — 1 or less which satisfy 
the identity Au + Bo = 0, and this can be true only when A and B have a 
common factor. 

If the degree of G is equal to or greater than in + n, we may divide C by A V 
and obtain a remainder C‘ whose degree is less than m -f n. Then C = A B Q 4- C’, 
and, making the substitution u - BQ = tii, the relation Au + Bv = C reduces to 
A«i 4 - Bv — C'. This is a problem under the first case. 
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105 Integrals of the type J R(x, yAx 2 -f- 2Bx + C) dx After the 
integrals of rational functions it is natural to consider the inte¬ 
grals of lriational functions We shall commence with the case in 
■which the integrand is a rational fun< tiou of x and the square root 
of a polynomial of the second degree In this case a simple substitu¬ 
tion eliminates the ladieal and mluies the integral to the preceding 
case Tins substitution is self-evident m case the expiession under 
the radical is of the hist degree, say ex -f h If we set ax 4- b = t 2 , 
the integral becomes 

f A>(x, y/a»+b)iix=*J~ 

and the integiand of the transformed intigial is a rational function 
If the expression nndei tlie ladieal is of the second degree and 
has two real loots a and 0, we uiav write 

v' T(j - a)(x - b) = (r - b) y 1 ~ 
and the substitution 



actually removes the ladual 

It the expression nuclei the ladieal sign has imaginary roots, the 
above process would mtioduce imagin.uics In oidei to get to the 
bottc.ni uf the inattei, let // denote the radical V lx- + 2 fix + f 
Then x and ij aie the cooidnuites of a point of the curve whose 
equation is 

(1) V 2 = tx 2 + 21 : i + < 

and it is evident that the whole problem amounts to expressing the 
coordinates of a point upon a conic by means ol rational functions 
of a paiametei It can be seen geometrically that this is possible 
■oi, if a secant 

y - /J = t(x - cx) 

bo drawn through any point («, fi) on the conic the coordinates of 
the second point of intersection of the secant with the conic are 
given by equations of the first degree, and aie therefore rational 
functions of t 

If the trinomial tx 2 + 2Ax A V has imaginary roots, the coeffi¬ 
cient i must be positive, foi if it, is not, the trinomial will be 
negative for all real values of x. In this case the conic (1) is an 
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hyperbola. A straight line parallel to one of the asymptotes of 
this hyperbola, 

y = xVA+t, 

cuts the hyperbola in a point whose coordinates are 

C - f 2 r- C -t 1 

x =- -p= -i y = t + V. 1--- 

2t Va - 2 B 2 1 V7 - ‘IB 


If A < 0, the conic is an ellipse, and the trinomial Ax 2 + 2 Bx -f C 
must have two real roots a and b , or else the trinomial is negative 
for all real values of x. The change of variable given above is pre¬ 
cisely that which we should obtain by cutting this conic by the 
moving secant 

y = t(x — a). 

As an example let us take the integral 


/ 


dx 

(x- + /.•) v;«+"* 


The auxiliary conic \f = x 2 k is an hyperbola, and the straight line 
x 4- y = t, which is parallel to one of the asymptotes, cuts the hyper¬ 
bola in a point whose coordinates are 


x 



y = Vj 2 4 k — 


1 

2 



Making the substitution indicated by these equations, we find 


dx — 


dt (t 1 + k 

7 - 


fdx r it dr 2 

J >/~J p + ky- t 2 + k’ 


or, returning to the variable x, 

dx x — Vx 2 -4 k 


/; 


(x 2 + k)* k V x' 2 4- k k Vx 2 -f k k 

where the right-hand side is determined save for a constant term 
In general, if AC — B' 2 is not zero, we have the formula 



dx 

4- 2 Itx 4- cf 


_ 1 _ A x 4- B _ 

AC — B l V.l x 2 4- 2 Bx -)- C 


In some cases it is easier to evaluate the integral directly without 
removing the radical. Consider, for example, the integral 



dx 

4 - 25 * 77 ' 
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Jf the coefficient A is positive, the integral may be written 


/: 


VI dx 


/: 


VI dx 


Vlhr 2 + 2ABx + AC J V(Ax + Bf + AC - ZJ a 
or setting Ax + B = t, 

-7=- /*—7== ^ - = — log(r + VC + AC — 2J J ). 

•JA J W+AC-/C V.I 

Returning to the variable -r, we have the fonnula 


/ 


(is 


—.-.—= = —_ log (a. i + /; + Vit V la- 1 + 2Bx + c). 

VAX 2 + 2Hx + C Va 

If the coefficient of x 2 is negative, the integial may be written in 
the form 


f—= f- — 

J V- .lad + 2 llx + r J V 1C 


V.I dx 


= -» A > 0. 


+ H 1 -( \x - /.')•> 

The quantity . 1 C + Vi“ is necessarilj positive Hence, making the 
substitution 

Ax - li — t VA c + /f 1 , 
the given integral becomes 

1 r dt 1 

I —- =—;=arcsmf. 

VaJ Vi-c V7i 

Hence the foimula in this case is 


f _ _dt__ 

J V — ,la- J 4- : 


1 Ax — B 

—=--arc sin— 7 -==—=-• 

V- ,la- J + liCx + C Vl VAC + R 2 


It 13 easy to show that the argument of the arcsine varies from — 1 
to + 1 as x vanes between the two roots of the trinomial. 

In the intermediate case when .1 = 0 and B =f- 0, the integral is 
algebraic : 


/: 


dx 


= - Vi Yhx + c. 


V2iLr + C Ji 
Integrals of the type 

dx 


f 


(,x — a) VAx 2 4 - 2 Bx + t' 
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reduce to the preceding type by means of the substitution x = a + l/y. 
We find, in fact, the formula 


/sr 


(x — a) V Ax' 1 4- 2 Bx + 


c ^ Va, 


y a + 2/f,y + C, 


Ai = An 2 -4* 2 Bn 4" t*, -/?i = .fa -f- Ii t O j = A . 

It should be noticed that this integral is algebraic if and only if 
the quantity a is a root of the trinomial under the radical. 

Let us now consider the integrals of the ty pe / v'V 2 -f A dx. Inte¬ 
grating by parts, we find 

f Var J -f .4 dx = x y/x 2 + A — f ■——-=—=• 

J J y/x 2 + A 

On the other hand we have 

f-y— = f V^TJdx - f-diL, 

J Vx s + a J J Vy 2 + a 

—J' V x 1 + A dx — A log(x + Vx a ■+• .l). 

From these two relations it is easy to obtain the formul* 

(2) J' y/x 2 + A dx = * Vo" 1 + A + “ log (i + Vx J + A), 

(3) /vi^Tvt = 2 Vx2 + - 4 - ^og(x+v7 a +;ih 

The following formulae may be derived in like manner: 


(4) / Vu a — x a dx = 5 Va a — z a 4 - ~ arc sin -> 

J ~ 2 o 

/r , C x 1 dx x 5 , a 2 


x 

arc sin - ■ 
a 


106. Area of the hyperbola. The preceding integrals occur in the evaluation 
of the area of a sector of an ellipse or an hyperbola. Let us consider, for 
example, the hyperbola 

x 2 V 1 

a 2 



rational functions 


ms 


and let us try to And the area of a segment A UP bounded by the are AM, the 
x axis, and the ordinate MP This area is equal to the definite integral 

r x b .—- 

/ vi J — a* dx, 

J a a 

that is, by the formula (2), 

But MP — y = (b/a) \ / x / - a and the term (b/2a)x y/x* ~ a J is precisely the 
area of the triangle OMP Hence the area S of the sector OAM, bounded by 
the arc AM and the ladn vectores OA 

ami OM, is A A 




This formula enables us to express 
tht lourduiates x and y of a point M 
of tin lit perboU in terms of the area * 
In fait, from the above and from the 
equation of the li) perbola, it is easy to 
show that 


\ 

V 

y 

\ 


// 


\ 

\ 

//yt 


//So 

\a(c 

X 

/ 




a 6 


a ^e + t y - e 


The functions which occur on the right-hand side ate called the hyperbolic 

huh outI Htue 

< r u r j e — c~ x 

cosh x — , sinh x — 

2 l 

The ibove equations maj theiefore be written m the form 


x — a cosh , i/ b si nh 

ab ab 

Ihest htperbolic functions posstss pioperties analogous to those of the trigo- 
nouutric functions * It is eas\ to deduce for instance, the following formulae , 

cosh 3 * - smli -x — 1, 

cosh (x -+■ y) — cosh x i osh \j -f sinh x sinh y, 
sinh (x -f y) — huih x cosh y + smli y coshx 

* ^ table of the logarithms of these fnuctions for positive values of tlie argument 
to be found In HouePs Recuetl dev formula numt riques 



220 


INDEFINITE INTEGRALS 


[v, § 107 


It may be shown in like manner that the coordinate* of a point on an ellipse 
may be expressed in terms of the area of the corresponding sector, as follow*. 

2 S . . 2S 

x = ac os—, y = b sm —• 

ab ab 

In the case of a circle of unit radius, and in the case of an equilateral hyperbola 
whose seiniaxis is one, these formulse become, respectively, 

x = COs2S, y = sin2S; 

x = cosh 2S, y — sinh 2S. 

It ts evident that the hyperbolic functions bear the same relations to the equi¬ 
lateral hyperbola as do the trigonometric functions to the circle 


107, Rectification of the parabola. Let us try to find the length of the arc of 
a parabola 2py = x 2 between the vertex O and any point M. The general 
formula gi\es 

Vx 2 + j> 2 


arc OM 




dx, 


or, applying the formula (2), 


x Vx J -r p 1 

arc OM --— 

2 J> 




The algebraic term m this Tesult is precisely the length MT of the tangent, 
for we know that OT = x/2, and hence 

j.2 x t z a _ X^X 2 + p 2 ! 


MT 2 = p 2 + ' 


4 p 2 


. + -7 = 


4p 2 


If we draw the straight line connecting T to the focus F, the angle MTF will 

be a right angle. Hence we 



have 


FT-- 




whence we may deduce a cui l- 
ous property of the parabola 
Suppose that the parabola 
rolls without slipping on the x 
axis, and let us try to find the 
locus of the focus, which is sup¬ 
posed rigidly connected to the 
parabola. When the parabola 
is tangent at M‘ to the x axis, OM' ~ arc OM The point T has come into a 
position T' such that M'T’ = MT, and the focus F is at a point F' which u> 
found by laying off T’F’ — TF on a line parallel to the y axis. The coordi¬ 
nates X and T of the point F' are then 


X = arc OM - 




1 


~t). 


r= TF= ‘ V^ + x 2 , 
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and the equation of the locus is given by eliminating x between these two equa¬ 
tions. From the first we find 

2X 

X + Vi 3 + P 2 =s pc P , 

to which we may add the equation 

_ _ iX 

x — y/z 1 4 ;/* = - pc p * 

WJ ice the product of the two left-hand aides is equal to — p * Subtracting these 
two equations, we find 

V*»+ p a -1 U *- J, 

and the desired equation of the locus is 

r- *("+, V) ^osh^ 

This curve, which is called the ratenary, ib quite easy to construct Its form 
is somewhat similar to that of the [larabola 


108. Unicursal curves Let, tis now consider, in general, the inte¬ 
grals of algebraic functions Let 

(6) F( r, n) = 0 

lie the equation of an algebtaic curve and let 7?(x. y) be a rational 
function of x and y If vve suppose y iepla<e<l hy one of the roots 
of the equation (t!) in ll(x, y), the lesult is a function of the single 
variable x, and the integral 


/ 


It(.r, y)dx 


is called an Abelian integral with respect to the curve (6). When 
the given curve and the function ll(x , y) are aihitrary these inte¬ 
grals are transcendental functions But in the paiticular case where 
the curve is unicursal, l e when tli° coordinates of a point on the 
mrve can be expressed as rational functions of a variable param¬ 
eter f, the Abelian integrals attached to the t urve can be reduced at 
once to integrals of rational functions For, let 

^ =/(<), </ = <H0 

be the equations of the curve in terms of the parameter t Taking 
f as the new independent variable, the integral becomes 


f ft(x, y)dx = J A [/(<), 

and the new integrand is evidently rational. 
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It is shown in treatises on Analytic Geometry* that every uni- 
oursal curve of degree n has (n — l)(n — 2)/2 double points, and, 
conversely, that every curve of degree n which has this number of 
double points is unicursal. I shall merely recall the process for 
obtaining the expressions for the coordinates in terms of the param¬ 
eter. Given a curve C„ of degree «, which has 8 = (» — 1 )(ra — 2)/2 
double points, let us pass a one-parameter family of curves of degree 
n — 2 through these 8 double points and through n — 3 ordinary points 
on C„. These points actually determine such a family, for 

(n—l)(n — 2) , „ (« —2)(w+l) ., 

fy T ft O — 1 1 

whereas (v — 2)(n -f 1)/2 points are necessary to determine uniquely 
a curve of order n — 2. Let /’(.r, y) -J- y) = 0 be the equation 
of this family, where t is an arbitrary parameter. Each curve of the 
family meets the curve C. in n(n — 2) points, of which a certain num¬ 
ber are independent of t, namely the n — 0 ordinary points chosen 
above and the 8 double points, each of which counts as two points of 
intersection. But we have 

n — 3 -f- 28 = n — 3 -f- (n — l){n — 2) = n(r> — 2) — 1, 

and there remains just one point of intersection which varies with t 
The coordinates of this point are the solutions of certain linear equa¬ 
tions whose coefficients are integral polynomials in t, and hence they 
are themselves rational functions of t. Instead of the preceding we 
might have employed a family of curves of degree n — 1 through the 
(n — l)(n~2)/2 double points and 2 n — 3 ordinary points chosen at 
pleasure on (\. 

If n = 2, (n — 1)(» — 2)/2 = 0, — every curve of the second 
degree is therefore unicursal, as we have seen above. If n = 3, 
(n — l)(n — 2)/2 = 1, — the unicursal curves of the third degree 
are those which have one double point. Taking the double point 
as origin, the equation of the cubic is of the form 

<t>*(*, y) + y) - o, 

where <£ a and 4>? are homogeneous polynomials of the degree of their 
indices. A secant y = tx through the double point meets the cubic 
in a single variable poiut whose coordinates are 

x= -Ml ■*) = '<MLG 

Mht)’ y " <MM>‘ 

•See, t.g., Niewenglowski, Court de Gt l o metric analytique, Vol, II, pp. 110 - 114 . 
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A unicursal curve of the fourth degree has three double points. 
Tn order to find the coordinates of a point on it, we should pass a 
family of conics through the three double points and through another 
point chosen at pleasuie on the ouive K\civ conic of this family 
nould meet the quartie in just one point which varies with the 
parameter. The equation which gives the abscissa; of the points of 
liitei sect ion, for instance, would reduce to an equation of the first 
degree when the factors coiresponding to the double points had 
been removed, and would give x as a lational function of the 
parameter We should proceed to find // in a similar manner. 
As an example let us consider the lemmsi at' 

(x 2 + ,y 2 ) 2 = a 2 (x 2 -y 2 ), 

which has a double point at the ongin and two others at the imagi¬ 
nary circular points A circle through the ongin tangent to one of 
the branches of the lemmscate, 

xM if == l(x - y), 

meets the curve in a single \anable point Combining these two 
equations, we find 

l*(x - y) 2 = «-(x 2 - if ), 

or, dividing by r — y, 

- y) = a ‘{.’/ + 1) 

This last equation represents a straight line tlnough the origin which 
cuts the cncle in a point not the ongin, whose coordinates aie 

_ art^t 1 -f a 2 ) ^ _ a 2 t(C — (C) 


These results may be obtained more easily by the following 
pioiess, which is at onie applicable to any uniciusal cuive of the 
fourth degree one of whose double points is known The secant 
y = Ax cuts the lemmscate in two points whose coordinates are 


x 


±oV 1 — X 1 


y = Ax 


The expression under the radical is of the second degiee Hence, 
§ 105„ the substitution (1 - A)/(l + A) = ( ajt) x removes the radi- 
1 al. It is easy to show that this substitution leads to the expressions 
fust found. 
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Note. When a plane curve has singular points of higher order, it 
can be shown that each of them is equivalent to a certain number of 
isolated double points. In order that a curve be unieursal, it is suffi¬ 
cient that its singular points should be equivalent to (n — l)(n — 2 )/2 
isolated double points. For example, a curve of order n which has 
a multiple point of order n — 1 is unieursal, for a secant through 
the multiple point meets the curve in only one variable point. 


109. Integrals of binomial differentials. Among the other integrals 
in which the radicals can be removed may be mentioned the follow¬ 
ing types: 


f r\x, (ax -f- x, Vnr + ft, Vex -f- d)dx, 



■ ■ ■) dx < 


where R denotes a rational function and where the exponents 
a, a', a", • •• are commensurable numbers. Foi the first type it is 
sufficient to set ax + h — t q . In the second type the substitution 
ax -f b = ( 3 leaves merely a square root of an expression of the 
second degree, which can then be removed by a second substitution 
Finally, in the third type we may set x = t' 1 , where D is a common 
denominator of the fractions a. a', a", ■ •. 

In connection with the third type we may consider a class of 
differentials of the form 


x m (ax" -f b) e d.x , 


which are called binomial differentials. Let us suppose that the 
three exponents m, n, p are commensurable. If p is an integer, the 
expression may be made rational by means of the substitution 
x = t D , as we have just seen. In order to discover further cases 
of integrability, let us try the substitution ax" + b = t. This gives 



The transformed integral is of the same form as the original, and 
the exponent which takes the place of p is (m + 1 )/n — 1 . Hence 
the integration can be performed if (m + l)/» is an integer. 
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On the other hand, the integral may be written in the form 


/ 


x m + np( a _j. Itx-xydx, 


whence it is clear that another case of integrability is that in which 
tm 4 . np + l)/n = ( m + 1)/™ + p is an integer. To sum up, the 
integration can be performed irhenerer one of the three numbers 
p, (m + 1 ) /n, (m + l)/n + p f* an integer in no other case can the 
integral be expressed by means of a finite number of elementary 
functional symlxila when in, n, and p aie rational. 

in these eases it is convenient to reduce the integral to a simpler 
form in which only two exponents occur. Setting ax” = t,t, we find 


x — 



/ 


r"(ax n + by dx = 


4" 



<lt. 


n + <)»dt. 


Neglecting the constant factor and setting q — (m -4- I>/« — 1, we 
are led to the integral 


I 


/’(l 4 O''//. 


The cases of integrability arc those in which one of the three num¬ 
bers p, q, p -f q is an integer. If p is an integer and q — r/s, we 
should set t =. u'. If q is an integer and p = r/s. we should set 
1 - 4 - f — i/'. Finally, if p + q is an integer, the integral may be 
written in the foim 

and the substitution 1 + t = tu\ wherp p = r/s, removes the radical. 
As an example consider the integral 



4^1 + .r 8 rfj-. 


Here m = 1, n = 3, p = 1/3, and (m 4-l)/» + p = 1- Hence this 
is an integrable case. Setting x 3 = t, the integral becomes 


1 

3 


r si i+^ 

J 


<it, 


a nd a second substitution 1+ t — tu * removes the radical. 
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If. ELLIPTIC AND HYPERELLIPTIC INTEGRALS 


110. Reduction of integrals. Let P(x) be an integral polynomial 
of degree p which is prime to its derivative. The integral 



where R denotes a rational function of x and the radical y = V P(x), 
cannot bo expressed in terms of elementary functions, in general, 
when p is greater than 2. Such integrals, which are particular 
cases of general Abelian integrals, can be split up into portions which 
result in algebraic and logarithmic, functions and a certain number 
of other integrals which give rise to new transcendental functions 
which cannot be expressed by means of a finite number of elemen¬ 
tary functional symbols. We proceed to consider this reduction. 

The rational function Il(x, y) is the quotient of two integral 
polynomials in x and y. Replacing any even power of y , such as 
y\ by [/'(x)] 7 , and any odd power, such as </'' + ’, by y [/•’('x)] 7 , ne 
may evidently suppose the numerator and denominator of this frac¬ 
tion to be of the first degree in y, 


Il(x, y) = 


.1 + By 
r + Dy 


where A, B, C, 1) are integral polynomials in x. Multiplying the 
numerator and the denominator each by C — Dy, and replacing y 1 
by P(x), we may write this in the fmm 


R(i, y) - 


P + (•>/ 

- » 

K 


where F , C, and K are polynomials. The integral is now broken 
up into two parts, of which the first JF/K dx is the integral of a 
rational function. For this reason we shall consider only the second 
integral / Gy/K dx, which may also be written in the form 


I 


Mdx 

N Vp(x) 


where M and N are integral polynomials in x. The rational frac¬ 
tion M/N may be decomposed into an integral part F(x) and a 
sum of partial fractious 
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where each of the polynomials A", is prime to its derivative. We 
shall therefore have to consider two types of integrals, 


Y 


m 



x m dx 

V/XaT) 



Adx 

A'* V/’(r ) 


If the degree of I‘(x) is p, nil the integrals Y m may he expressed 
in terms of the first p — 1 of them, }’„, ■ • •, Y /1 _ J , and certain 

algebraic expressions. 


For, let us write 

P(x) = a„ x“ + n, r>-' 4 ■ . 

It follows that 




nix’" 1 
2nix m 


, - x”' /’ '(x) 

2 ^ P(x) 
' Jfxfi 4 x ™/’’(> ) 

2 V / /'( r j 


The numerator of this expression is of degree m + p — 1. and its 
highest term is (2»i + p)a„x" 1 *” Integrating both sides of the 

above equation, we find 

2.r» s fpff i = (2»i 4 p) u„ r„ _, 4 , 

where the terms not written down contain integrals of the type 
Y whose indices are less than m + p — 1. Setting m = 0, 1, 2, •, 

successively, we can calculate the integrals ••• succes¬ 

sively in terms of algebraic expressions and the p — 1 integrals 

iv i r i. y„-,- 

With respect to the integrals of the second type we shall distin¬ 
guish the two cases where A' is or is not prime to l’(x). 


1) If X is prime to Pix), the integral /. n rrdnrrs to the sum of 
nn algebraic term, a number of integrals of the type )' 4 , and a new 
integral 


r b,i i 
J X V P(T) 


where B is a polynomial whose degree is less than that of X. 


Since A' is prime to its derivative A"' and also to P(x), X ’ is prime 
to PX [ flence two polynomials X and p can be found such that 
+ pX'P = and the integral in question breaks up into 
two parts: 


f f ffi _ / ’ X dx I 

J X'y/P(xj y/P(x) J 


fi\ r P.X ! 


X" 


dx. 
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The first part is a sum of integrals of the type Y. In the second 
integral, when n > 1, let us integrate by parts, taking 


which gives 


/*Vp = n, 


-1 

l ' ~ (n — 1).V“ _I 


/ 


^V/'.Wr 

A'" 


(« — 1) A'" -1 « - 1 J 2A”- 1 Vp(x) 


The new integral obtained is of the same form as the first, except 
that the exponent of A' is diminished by one. Repeating this 
process as often as possible, i.e. as long as the exponent of A' is 
greater than unity, we finally obtain a result of the form 



I) \/p 

4-- 

.V”'' 


where B, r, Pare all polynomials, and where the degree of /! may 
always be supposed to be less than that of A. 

2) If A' and P have a common divisor IK we shall have A = YI>, 
P = SD, where the polynomials 7>, .s’, and )' are all prime to each 
other. Hence two polynomials A and ^ may lie found such that 
A = KIP 4- pY", and the integral may be written in the form 





n dx 
irVp 


The first of the new integrals is of the type just considered. 
second integral, 



The 


where D is a factor of P , reduces to the sum of an algebraic term 
and a number of integrals of the tgpe }'. 


For, since IP is prime to the product D'S, we can find two poly¬ 
nomials Ai and such that Ai-D” 4- g-iD’S — p. Hence we may write 


C g. dr _ r A t dx f 

J lpVp ~J VP J 


PigjT 

irVp 


dx. 


Replacing P by DS, let us write the second of these integrals in the 
form 



// 

IP-* i 


dx. 
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and then integrate it by parts, taking 


which gives 


■ = 


- 1 1 

n — i rr-i’ 


/ 


fi dx_ 

ir \' p 



+ f M±±t£ dx 

(n-i)/r-> //-“> V/ ; 


This is again a reduction formula; hut in this case, since the expo¬ 
nent ii — 1/2 is fractional, the reduction may bo performed even 
when 1> occurs only to the first powei in the denominator, and we ‘ 
hually obtain an expression of the foim 


I 


fi dx 


A' VI ■ ('ll,I t 

~Tr~ +J V/> ’ 


wliere 11 and K are polynomials. 

To sum up our results, we sec that the integral 



can always'be reduced to a sum of algebraic terms and a number of 
integrals of the two types 


/ 


j'“ dr 

V7> 


/ 


A, dx 

\ V 7 


where m is less than or eijual to /i — here A' is prime to its 
derivative A" and also to I J , ami wheie the degree of A", is less than 
that of A\ This reduction in col res mill/ the operations of addition , 
multiplication, and dicision of /nili/nomhits. 

If the roots of the equation A = 0 are known, each of the rational 
fractions A, f X can be broken up into a sum of partial fractions of 
the two forms 

A fix + r 

x-a (x-af+p-' 

where A, Ii, and C are constants. This leads to the two new types 



dx 

a) V P(x) 



(Dx 4 C)dx _ 

- ,.V + /? 2 ] V/’(r)' 


which reduce to a single type, namely the first of these, if we agree 
to allow a to have imaginary values. Integrals of this sort are 
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called integrals of the third kind. Integrals of the type Y m are 
called integrals of the first kind when m is less than pj 2 — 1 , and 
are called integrals of the second kind when m is equal to or greater 
than p/2 — 1. Integrals of the first kind have a characteristic 
property, — they remain finite when the upper limit increases 
indefinitely, and also when the upper limit is a root of P(j-) 
(§§ 89, 90); but the essential distinction between the integrals of 
the second and third kinds must be accepted provisionally at this 
time without proof. The real distinction between them will be 
. pointed out later. 

Note. Up to the present we have made no assumption about the 
degree p of the polynomial P(x). If p is an odd number, it rnaj 
always be increased by unity. For, suppose that P(r) is a poly¬ 
nomial of degree 2q — 1 : 


P(x) = A,* 2 --' + + ■ + A 2 ,_,. 


Then let us set x = « 4- 1 /y, where a is not a root of /’(x). 
gives 


P(x) = J‘{n) 4- l‘\a) - 4- 


-"(<>) 1 _ P } (jf) 

(2y — 1)1 if 1 .if 


This 


where P ( (y) is a polynomial of degree 2y. Hence we have 



and any integral of a rational function of x and V P{s) is trans¬ 
formed into an integral of a rational function of >j and V/-*, (?/). 

Conversely, if the degree of the polynomial P(x) under the radi¬ 
cal is an even number 2y, it may be reduced by unity provided a 
root of P(x) is known. For, if a is a root of /’(>), let us set 
x = a + 1 jy. This gives 


P(x) = P'(a) J + • 


}^'“(a) 1 
+ (2 <1)1 if 


(y) 

if ’ 


where l\(y) is of degree 2y — 1, and we shall have 


Vfx) = 


(y) 

y 


Hence the integrand of the transformed integral will contain no 
other radical than Vp^y). 
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111 . Cm« of integration in algebraic tenna We have just seen that an integral 
of the form 

y A[z, VPli)]*, 


can always be reduced by means of elementary operations to the sum of an inte¬ 
gral of » rational fraction, an algebraic expression of the foiin Q\/P(j^/L, and 
a number of integrals of the first, second, and thud kinds Since we can also 
find by elementary operations the rational pait of the integral of a rational 
fraction, it is eiident that the given integral can always Vie reduced to the form 

yf£x, -v/Pfx)]<fx- F[r. Vf’(r)]i T, 


where F is a rational function of I and V / 'i. 1 I . and when 7 IS a sum of inte¬ 
grals of the three kinds and an integral f.\ i /,\ dr, X being piunc to its deriva¬ 
tive and of higher degree than .Y i l.iouville showed tliat if the given integral 
is mtegrable m algebraic terms, it is equal to F[z, v'f’fxjj We should there¬ 
fore have, identically, 

j;[x, VP(z>] = y }P[x, Vf'(7)]i, 

and hence T - 0. 

Bence we ran discover by means of multiply atoms and divisions uf polynomials 
whither a given integral is integral'll in algebraic Unas or not , and in case it is, 
the same process gives tfit value of the intigrnl 


112 Elliptic integrals. If the polynomial /’(x) is of the second 
degree, the integration oi a rational function of x and l\x) can be 
reduced, by the. general piocess just studied, to the calculation of the 
integrals 


f dX f 

J Vf'(x) J 


(Lr 


(x — ie) V/V) 


which we know how to evaluate directly (t? 10.1) 

The next simplest case is that of elliptic integrals, for which P(x) 
is of the third or fouith degree Eitliei oi these cases can be 
reduced to the othei, as we have seen just above. Let f'(x) be a 
polynomial of the fouith degtee whose coefficients aie all teal and 
whose linear factors aie all distinct. IVe proceed to show that 
a mil substitution can always lie found which carnes /’(a) into a 
polynomial each of whose terms is of even degiee. 

Let a, h, c, d )*> tlie four units of l\x) Then there exists tin 
involutory relatiou of the form 


(7) 


l.Jc'x" + M(x' + x") + .V = 0, 
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which is satisfied by x' = a, x" = b, and by x' = c, x" = d. For the 
coefficients L, M, N need merely satisfy the two relations 

Lab + M (a + b) + N — 0, 

Led + M(c + d) + N = 0, 

which are evidently satisfied if we take 

L = a -f- b — c — d, M = cd — ab, A T = ah (c + d) — cd (a -f b) 

Let a and fi be the two double points of tins involution, i.e. the 
roots of the equation 

Lu- + 2 Mu + N = 0. 

These roots will both be real if 


(cd — ab) 1 — (a + b — e — d)[afc (c + d) — cd(a + !>)]> 0, 
that is, if 


(8) (a — e) (a — d) (b — c)(b — d) > 0. 

The roots of P(x) can always be arranged in such a way that this 
condition is satisfied. If all foui roots aie leal, we need merely 
choose a and b as the two largest Then each factoi in ( S) is positne 
If only two of the roots are real, we should choose a and b as the ieal 
roots, and <• and A as the two conjugate imaginary roots Then the 
two factors a — c and a -- d are conjugate imaginary , and so ate the 
other two, b — c and b — d. Finally, if all four roots are imaginary, 
we may take a and b as one pair and c and d as the other pair of 
conjugate imaginary roots. In this case also the factors in (8) are 
conjugate imaginary by pairs. It should also be noticed that these 
methods of selection make the corresponding values of L, M, A' leal 
The equation (7) may now be written in the form 


(9) 


x — tr ( x — <r fi 
x' - fi + i 7r - fi - ‘ 


If we set (x — «)/(* — fi) — y, or j = (fiy — a)/(y — 1), we find 


P(x) = 


f i(y) 

(y-i/ 


where P x (y) is a new polynomial of the fourth degree with leal 
coefficients whose roots are 


a — a b — a c, — a d — a 

a — fi b — fi c — fi d — fi 

It is evident from (9) that these four roots satisfy the equation 
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y" — 0 by pairs ; hence fclie polynomial PiQf) contains no term 
of odd degree. 

If the four roots a, b, c, d satisfy tlu; equation a + b = c + d, we 
shall have L = 0, and one of the double points of the involution lies 
at infinity. Setting a = — N/2M, the equation (7) takes the form 
■x' — a + x" — a =_ (I, 

and we need merely set r = « + y m ordei to obtain a polynomial 
which contains no term of odd degree 
\Ve may therefore suppose /'(x) reduced to the canonical form 

/‘(x)-- A„x* -f + 

It follows that any elliptic integral, neglecting an algebraic term 
and an integral of a rational function, may fie ieduced to the sum 
of integrals of the forms 


/ 


dx 

V.l„x‘+ l,.H+ I 

and integrals of the form 


r _ xdx _ ( r _ ^dx__ 

J V.b.x't l|X-+ I. J Vd^x'-f 


The integral 


• r _ <tx _ 

t X — II^ \^. 1 tl X* 11 X* -f -1 2 

u - f ,U 

Ji, V. 1„x* + . I, X* -|- Aj 


is the elliptic integral of the jirst kind. If we consider x, on the 
uthei hand, as a iunetum of n. this inrersc Jina'tion is called an 
> llijjtic function. The second of the nbo\e integrals reduces to an 
elementary integral by means of the substitution x 1 = u. The third 
mtegial 

x‘dx 


f- 


V.I 0 X 4 + -1 l X' . I 2 

is Legendre’s integral of the srrond kind. Finally, we have the 
identity 

f - '"-™ = f— ^ + a f- 

J (jc — «)vP(j) J (x‘ l — a 2 )v l\x) J {X* — a*)V/ , (x) 

The integral 


Si 


dx 


(x a + h) V/t^a-* + .I,X- 4- A 2 

is Legendre’s integral of the third kind. 
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These elliptic integrals were so named because they were first, 
met with in the problem of rectifying the ellipse. Let 

x = a cos <j>, y = b sin <j> 

be the coordinates of a point of an ellipse. Then we shall have 
ds 2 = dx 2 + dt/ = (a 2 &m 2 4> + b 2 cos a <f>) d<f> 2 , 
or, setting a 2 — b 2 — e 2 a 2 , 

ds = n Vl — e 1 con 2 <f> d<y . 


Hence the integral which gives an arc of the ellipse, after the sub¬ 
stitution cos </> = /, takes the form 



V1 — e 2 t 2 

Vi-'? 



V(l-f 2 )(l - e 2 t 2 ) 


-- dt. 


It follows that the arc of an ellipse is equal to the sum of an inte¬ 
gral of the first kind and an integral of the second kind. 

Again, consider the lemniscate defined by the equations 


x 


., t(t 2 + a 2 ) 

a -:-v ■ 

t' 4- " 


y = a 


i 


tjt 2 - a 2 ) 
? -f a* 


An easy calculation gives the element of length in the form 


ds 2 = dx 2 + dy 2 = 


t' + « 4 


dt 2 . 


Hence the arc of the-lemniscate is given by an elliptic integral of 
the first kind.* 


113. Pseudo-elliptic integrals. It sometimes happens that an integral of the 
ioiui f F[x, VP(x)]dx, where P(x) is a polynomial of the third oi fourth 
degree, can be expressed in terms of algebraic functions and a sum of a finite 
number of logarithms of algebraic functions Such integrals are called pseudo- 
elliptic. This happens in the following general case Let 

(10) Lx'z" + M(x' + x") 4 .V - 0 

be an inwlutcjry relation which establishes a correspondence between two pairs of 
the four routs of the quartie equation ]'{x) =0 If the function f(x) be such that 
the relation 

is identically satisfied, the inteyral /[/(*)/ VP(x)] dx is pseudo-elliptic. 


* This is a common property of a whole class of curves discovered by Serre 
{Court de Calcul dijferentiel et integral, Vol. II, p. 204). 
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T>t a and /3 be the double points of the involution As we have already 
seen, the equation (10) may be written in the form 


( 12 ) 



bet us now make the substitution (x - a)/(x - p) = y This gives 


and consequently 


(1-2/P 


P(i) = 


P i(l/) 
( 1 - 1 /)*’ 


dx _ (a - p)(iy 
VP(x) V/', (y) 


where P\(y) is a polynomial of the fourth degree which contains no odd powers 
ot 1 / (§112) On the other hand, the rational fraction /(x) goes over into a 
rational fraction which satisfies the identitj + g>(- y) = 0 For if 

two values of x toriespond by means of (12), they are transformed into two 
values of y, bit y and y which sitisfy the equ ttion y + y' ~ 0 Itisevident 
tliat y>(y) is of the hunt v\t>(y‘), where ^ is a rational function of y* Hence 
the integral under discussion takes tin foiui 


/ 


!/'W!/ 2 )<1y 
VAo!/* f \\V l + A t 


md we need inerelv set y" 1 = z in order to reduce it lo an elementary integral 
Lhus the proportion is proved, and it rntitly teuwiiis actuall} to carry out 
the reduction 

1 he theorem lemams true whin the pohnomi d Pix) is of the third degree, 
pi<\iiled that we think of om of its roots as uiluiiu The demonstration is 
exactly similar to the preceding 

If, for example, the iquttum P(x) — 0 is a rctipiocal equation, one of the 
mvohitory lelations which interchanges the loots hj pars is x x =1 Hence, 
if /(x) be a rational function which salistn s the ulation /(x) +/(l/z) = 0, 
the integral / [ f{x) \'P(x)] dx m pscudo-clliptic and the two substitutions 
{/ ~ l)/(x -f 1) — y, y 2 — ■?, performed in order, transform it into an elementary 
iniegrd 

Again, suppose that P{x) is a polynomial of the third degree. 


P(x) - x(x - 11 



us set a — ao, b - 0 r = 1 <1 -= 1/k 2 There exist three mvolntory rela¬ 

tions which mterc hange these roots by pail's 


, _ 1 , _ 1 - fr 2 x' , _ 1 - x" 

X ~ k'-z 7 ' X ~ jt* (1 — x ') ’ X _ 1 - fc*x" 

Hence, if /(x) be a rational function which satisfies one of the identities 




/<*)+/ 



- 0 , 


/(■*)+/ 
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the integral 


/ 


_ /(i) ds_._ 

Vx(l — x)(l - fc a x) 


is pseudo-elliptic From this others may be derived For instance, if we Bet 
x = z 1 , the preceding integral becomes 


/ 


2 f(z 2 ) dz 

V(1-”F)U - ~k*z*) 


whence it follows that this new integral is also pseudo-elliptic if /(z*) satisfies 
one of the identities 




/<* 2 ) + / 


r , -*“ j i=o t 

LA- 2 (1 - z 2 )J 




The first of these cases was noticed by Euler * 


III. INTEGRATION OF TRANSCENDENTAL FUNCTIONS 


114 Integration of rational functions of sin x and cos x It is will 
known that sin x and cos x maj be expressed i at ion ally m tenns 
of tan xj'l = 1 Hence this change of variable reduces an mtegial 
of the form 


/' 


It( sinx, cos x)dx 
to the integral of a rational function oi t For we have 


x = 2 arc tan I, dx = 


2 dt 


2 1 

l+C'’ 


l + i* 

and the given integral becomes 

CJ 2r 1- t*\ 2 dt C. 

J (l + #*' 1 + f s ) 1 + t i ~J (0 *' 

where 4>(f) is a rational function. Foi example, 

rjx_ = fdt = 

J smx J t 

dx 


1-t 2 

1+/*' 


henoe 


/ 


= log tau r • 
sin x 2 


See Hermite'a lithographed Court, 4th ed , pp 25-28. 
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The integral J [1/cos x]dx reduces to the preceding by means of the 
substitution x = 7r/2 — y, which gives 

f £*= “ log tan (j“i)= log tan (i + 1) 

The preceding method has the advantage of generality, hut it is 
often possible to find a simpler substitution whnh is equally suc¬ 
cessful Thus, if the function /'(sin x, cosx) has the penod tt, it is 
a rational function oi ta^ »• /-’(tan x) The substitution tan x = t 
therefore reduces the integral to cl. f orm 




nn'i 

i +1 2 


As an example let us consider the integ al 


/ 


l (os 1 x + /; sm 


// r 

uis/f i sn 2 f +■ r>’ 


where 1, B, (\ I) are an> (onstants Hu luteal d evidently has the 
period v, and, setting tan x — t we find 


( os 3 x — 


1 

1+ t 1 ’ 


sm /((isj- 


1 + t a 


Sl i 2 x = 


t* 

1+ t> 


Hence the gnen integral becomts 


I 


_ dl _ 

7 7 n't + < i 2 +1 >(i +1 2 > 


The form of the result will dtpfnd upon the natuie of the roots 
of the denominator Taking leitain time of the coetheieuts zeio, 
we lind the formula 


/; 


tan x. 


f 


--= log tan x, 

sm riosr 



~ — cot l 


When the integrand is of the foim /.'(sin x) • os j . oi of the foim 
A’(cos x) sin x, the pioper change of wimble is appaient In the 
hist case we should set sin r = t , in the second case, cos x = t 
It is sometimes advantageous to make a fiist substitution m older 
to simplify the integral before proceeding with the geneial method 
for example, let us consider the integral 


I 


dx 


a cos x b sm x -f t 
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■where a, 6, e are any three constants. If p is a positive number 
and <f> an angle determined by the equations 


we shall have 

p = V<z a + A 1 , cos <j> = 


a ~ p cos 3 b ~ p sin <f >, 


Va 1 + y 


Va 1 + 4 s 


and the given integral may be written in the form 


I 


dx 

p cos (x — 4>) + c 



dy 

-, 

cos y -f r 


where x ~ tj> = y. Let us now apply the general method, setting 
tan y/2 = t. Then the integral becomes 


/; 


2 dt 


#> + '' + (,'• - />} 


and the rest of the calculation presents no difficulty. Two different 
forms will be found for the result, according as p 2 — r s = a 1 + V 1 — c 2 
is positive or negative. 

The integral 


/ 


m cos j- + ti sin r + p 
a cos r + It sin x + c 


dx 


may be reduced to the preceding. For, let u = a cos x + b sin r + r, 
and let us determine three constants A, p, and v such that the equation 

d u 

m cos X + n sin X + p = Am 4- p —- be 

dx 


is identically satisfied. The equations which determine these num¬ 
bers are 

m = An + pb, n = \b — pa, p = Ac v, 


the first two of which determine A and p. The three constants hav¬ 
ing been selected in this way, the given integral may be written in 

the form 


/ 


, du 

\u + p —-t- v 

dx 


dx — Ar + u log u + v I — 

J a o 


dx 


cos x -+- b sin x + c 


Example. Let us try to evaluate the definite integral 
dx 


£ 


l + e cos x 


where |e|<l. 
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Considering it first as an indefinite integral, we find successively 

C dx __ 2 C dt 2 du 

J 1 + e cos x J 1 


dt 2 

1 + e +7f-e) t* ” VT 


_ C du 

- e*J r+3 


by means of the successive substitutions tanx/2 = t, t — u V(1 -f e)/(l _ e). 
Hence the indefinite integral is equal to 


2 , / h - c x\ 

_arc tan I \; - tan ) 

vT — e 2 \ V 1 + c 2 / 


As J varies from 0 to it . v(t — e)/(l + e)tuix/2 mcteases from 0 to + oo, and 
the arctangent varies from 0 to tr/2. Hence the given definite intigra) is equal 
to v/'J (1 — e*). 

115. Reduction formula. There are also certain classes of integrals 
for winch reduction formulae exist. For instance, the formula for 
the derivative of tan "~ l x may be written 

-j- (tan"' 1 *) - (» — 1 ) tan"' 2 ! fl + tan 2 x), 

whence we find 

C , tan’' 1 x r „ 

I ta.u"xdx = - — I tan "~‘xdx. 

The exponent of tana- in the integrand is diminished by two units. 
Repeated applications of tins formula lead to one or the other of 
the two integrals 

J'dx = x, J 'tan x d.r = — log cos x. 

The analogous formula for integrals of the type JcoV'xdx is 

f cot" - '.r C 

J cot "xdx = ^TTj - J l ' 

In general, consider the integral 


eot”~ 2 xcte. 


I 


sin m .r cos "x dx, 

where m and n are any positive or negative integers. When one of 
these integers is odd it is best to use the change of variable given 
above Jf, for instance, n = 2p + 1, we should set sin x = t, which 
reduces the integral to the form fC* (1 — t 2 )” dt. 

Let us, therefore, restrict ourselves to the case where m and n are 
both even, that is, to integrals of the type 
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which may be written in the form 



sin 2 ”* -1 x cos s ”x sinxtfx. 


Taking cos ! "x sinx dr as the differential of [~l/(2n+l)]cos 2n + , x, 
an integration by parts gives 


-fm, n 


COS 


X 2m - 

2/T+T + 2a + 


if- 


sin 2 ” -2 x cos 2 ” x (1 — sin' 2 x) <h, 


which may be written in the form 


(A) L., 


sm 2m_ 1 x eos 2 " + , x 

, 2 (m -f n) 


+ 


2m -1 
2 (in -f- w) 


I 


- 1, n 


This formula enables us to diminish the exponent m without alin¬ 
ing the second exponent. If m is negative, an analogous formula 
may be obtained by solving the equation (A) with respect to n 
and replacing m by 1 — m: 


(B) / = 

' ■* — m, n 


"a* oos‘' 


1 - 2m 


+ 


J (u — m + 1) 


1 - 2 m 


A 


The following analogous formulae, which are easily derived, enable 
us to reduce the exponent of eosx: 


<C) 

a>> 



sin !m *’x cos-’" , .r 

! 2«-l 

2 (in 4- n) 

2 (hi + n) 

sin 2 ’"'’ '.r oos , ~ 2 "x 

, 2 (m +1 - » 

1 - 2n 

+ l-2)t 


Repeated applications of these formula 1 reduce each of the num¬ 
bers m and n to zero. The only ease in which we should be unable to 
proceed is that in which we obtain an integral / , where m + n — d 

But such an integral is of one of the types for which reduction toi- 
mul® were derived at the beginning of this article. 


118. Wallis’ formula. There exist reduction formula 1 whether the exponents 
m and n are even or odd. 

As an example let us try to evaluate the definite Integral 

r 

I„ = f 2 sin”zdx, 
vo 

where in is a positive integer. An integration by parts gives 

*r _ n 


X 2 sin“- l x sinx dx = — [cosx sin”-^]* + (m - 1) f s sin"’- 2 cos*x(ix. 

o Jo 



241 


v 5 U7] TRANSCENDENTAL FUNCTIONS 


whence, noting that cos z sin” - 1 x vanishes at both limits, we find the formula 


Im = (m - l)J^ 2 sin™- 2 x(l - sin *x)dx = (m - - /„), 


which leads to the recurrent formula 


(13) 


1 ~ m X l 

*m — ~ *m — t 


Repeated applications of this formula reduce the gnen integral to 1q = n/’i 
if m is even, or to 7i = 1 if m is odd In tin former case, talcing m = 2p and 
replacing rn successively liy 2, 4, (1, , 2p, we find 

r - x t i -" / / -1 , 

'3= -'ll, '< - . '2. . '2,.- '2J.-J, 

2 4 2 p 

nr, multiplying these equations together, 


h,.= 

.Similarly, we find the formula 

h, u- 


1 


3 5 (2 p -J) it 

1 4 <; 2p 2 

2 4 <i 2p 

i r> + i) 


A curious result due to Wallis may he deduced from these forinul* It is 
evident that the \ alue of I,„ dnmnisiies as m mcrea'-es, for sm” l +1 x is less than 
sin ,r, i Hence 


l., 


h, 


i 


and if we replace Ij,, + 1 , fj ,, 7j, 
find the new inequalities 

I',. 

where we have set, for brecity, 


*> o 



i by their \alues from the formulae above, we 


■*-//, , 
2 ' 2 p f 1 


4 t 2p 2 2p_ 
.1 ii Ip 1 'ip~ 1 


It is ec ident that the ratio ir/.'/f,, approaches the limit one as p increases mdefi- 
mtelj It follows that */2 is the limit of the product 77,, as the number of 
factors increases indefinitely The law of formation of the successive factors is 
apparent 


117 The integral fcos(tx -f b)cos(a’x ■+- b’) • dx. Let us consider 

a- product of any number of factors of the form cos (ax + b), where 
a and b are constants, and where the same factor may occur several 
tunes. The formula 

cos (« + '■) , tosfu — II) 
cos « cos v - --7-.-- H-- 
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enables us to replace the product of two factors of this sort by the 
sum of two cosines of linear functions of ac; hence also the product 
of n factors by the sum of two products of n — 1 factors each. 
Repeated applications of this formula finally reduce the given inte¬ 
gral to a sum of the form 2 II cos (Ax 4- 11), each term of which is 
immediately integrable. If A is not zero, we have 

J C o S (Ax + B)dx = ^^±~^ + C, 

while, in the particular case when .1=0,/ cos 11 dx = x cos 11 4- C. 

This transformation applies in the special case of products of 
the form 

cos m x sin” x, 


where m and n are both positive integers, 
be written 


cos” a; cos’ 



For this product may 


and, applying the preceding process, wc are led to a sum of sines anrl 
cosines of multiples of the angle, each twin of which is immediate!) 
integrable. 

As an example let us try to calculate the area of the curve 



which we may suppose given in the parametric form x = a cos ’9, 
y = b sin e 0, where 8 varies from 0 to 2ir for the whole curve. The 
formula for the area of a closed curve. 


gives 



- ydx, 



sin'S cos 1 $d0. 


But we have the formula 

(sin 8 cos 6y = ^ sin a 20 = ^ (1 — cos 4(7). 

Hence the area of the given curve is 
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It is now easy to deduce tlie following formulae -. 


/ Cl- cos 2 a- , 

Sin 2 X dx — I - Cl dx 

f C 3 sin x 

I sin'/ ax — I - 

J sm *xdx — J' 


+ C, 


— sin 3a- , 3 cos x cos 3a- 

i-* -— i~ + ~;r +c ’ 


3 — 4 cos 2a; + cos 4a- , 3 r sin 2* sin 4a- 

--8-8-4 32 ^ 


3 cos x 4- cos 3 r 


r „ , r i + cos 2 a- 

I cos 2 a- rfa- = I --- dx 

f ooJx dx — J" - 

J cos 4 r (/a- = - 


rfa: 


r sm 2 r 
= 2 + —J— + O, 

3 sin r sin 3a- 

= ~l“ + “T 2 _ + c, ’ 


, 3 + 4 cos 2 r + cos 4 r 3 r , sin 2a- sm4a- 

---,/, = - + _ T - + __ + C) 


A geneial law may be noticed in these foiinula- The integrals 
F(x) — jj bm'xdx arid 4>(/J — f u ios"xds bate the period 2ir 
when n is odd On the other hand, when n is e\en, these integrals 
increase by a positive constant when > lm-ieases by 2w It is evi¬ 
dent a priori that these statements hold in general For we have 


F(x 


X ln s*2rr + r 

sm” a-rfa 4 / sm"a :dx, 
Jin 


r(r 


J r»2n /•» .r s^2ir 

siii"a-rfc+ | sm" r dx = F(r) + I sm"a-dx, 

|) O %/() 


since sin a- has the penod 2 tt If n is even, it is evident that the 
integral Jf^sin "x dr is a positive c|uaiitit,y. If n is odd, the same 
integral vanishes, since sm (,r 4 - it) = — sin a-. 


-AVr, On account of the great \ariet\ of ti ansformatious appli- 
1 able to trigonometric functions it is often convenient to introduce 
them in the calculation of other integrals. Consider, for example, 
the integral J" [1/(1 4 x 2 ) 1 ]rfa-. Setting x = tan <#>, this integral 
becomes J cos <f> d<fj = sin <£ 4 C. Hence, returning to the variable x, 


fi 


dx 


(l + X 2 )’ Vl +X 1 

which is the result already found m § 105. 


+ C, 
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118 The integral / R(x)e** x dx Let us now consider an integral 
of the form f Il(x)e“*dx, where R(x) is a rational function of x 
Let us suppose the function R(x) hioken up, as we have done 
several times, into a sum of the form 


R(x) = E(x ) + ^ ^ + 


+ 


x' 


where E(x), A,, A ,, , A p , A,, , are poljnomials, and X, is 

prime to its derivative The gnen integral is then equal to tin 
sum of the integral f l.(x)e ur dx, which we learned to mtegiaU m 
§ 85 by a suite of integrations by paits, and a number of integrals 
of the form 



Jr 


There exists a reduction formula for the case when n is greater 
than unity For, since \ is prime to its derivative, we can determine 
two polynomials A and n which satisfy the identity I = A X + ^ X 
Hence we have 


f Ae“ I dx f \ V“ x , 

— +J 


and an integration b\ parts gives the formula 


f,e 


X'dx 


1 

n- 1 A— 


+ 


,hf"- 


'O' + 

■ y> r ~ dx 


Uniting these two formula', the integral under (onsidcration is 
reduced to an integral of the same type, where the exponent n is 
reduced by unity Repeated applications of this process lead to 
the integral 



where the polynomial /) may alwaxs be supposed to he prime to 
and of less degree than A The reduction foimula c aunot lx apph< <1 
to this integral, but if the roots of X lie known, it can alwaxs ht 
reduced to a single new type of transcendental function Id 
definiteness suppose that all the roots are real Then the infegrt 
in question can be broken up into several integrals of the form 



dx 
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Neglecting a constant factor, the substitutions x = a 4 - y/o>, u = t* 
enable us to write this integral in either of the following forms: 


C e" dy r dii 

J V J logit 


The latter integral f [1/log u]rfn is a transcendental function which 
is tailed the integral logarithm. 

119 Miscellaneous integrals Let us considei an integral of the form 


J e°'/i 


Sill X, 1 OS X f lix , 


inhere/is an integral function of sm x and cos x. Any term of 
tins integral is of the form 

j'e'“ sin'"x cos”x dx, 

ulieie m and n aie positive integers. We hare seen above that the 
piodmt sin"‘x eos'*x mav lie replaced by .1 sum of smes and cosines 
of multiples of x. Hence it only lemains to study the following 
two t\ pes 


1 ,x t os lu dx 


' /- 


sm lx dx. 


lntegiatmg each of these by parts, we find the formulae 


eos lx tlx = 


JV> 


-.in lx a C . . 

- - — I e*" sin lx dx, 

l l J 


COS hx " C 

sin lx dx = — + I t ,J cos lx dx. 


lienee the values of the integrals under consideration are 

/ S'* (a eos lx t l sin lx) 

e ax cos lx dx = -- , , -— ’ 

a 1 + l l 


sin bx dx — 


e“ c (a sm lx — l cos lx I 


Among the integrals which may tie reduced to the preceding 
types we may mention the following cases 

J/(logx).r”V.r. J'ffaxc sin x) dx, 

Jfix) arc sin x dx, J/(x) arc tan x dx, 
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where f denotes any integral function. In the first two cases we 
should take log x or arc sin x as the new variable. In the last 
two we should integrate by parts, taking fix') dx as the differential 
of another polynomial r(x), which would lead to types of integrals 
already considered 


EXERCISES 

1 Evaluate the indefinite integrals of each of the following functions 

x 4 - x a - 3x 2 - x 


1 


(r* + l ) 3 


1 + Vl + X 


(X 4 4 1)1 sc(x> + l)’ 

_l i_+_vT+~x i 

1 4" X 4" v/l 4 X 2 1 — -v^l~4- £ V x 4 y/X 4“ 1 4~ VX (X 4" 1) 


X 

COS 2 X 


- ' ! — , -l. ■ wati 4/ 

VH+l"*' 

2 Find the area of the loop of the folium of Descartes 

x 3 + i/ 3 - Aaxy _ 0 

3 Evaluate the integral fycU, wtieie x and y satisf> one of the following 
identities 

(x 2 - a 2 ) 3 - ay 2 {iy + 3a) = 0 , t/ 2 (a - x) = x 3 , y (x 2 J- y n -) = a(y l - z) 

4 Derive tlit formula 


sin 

1 X 

C08 ( H 

+ 

\)xdx — 

BUi r 

/ tosnx 

n 

f 

C\ 



Sill (u 


1 ) X dx =r 

sin" 

x sin nx 



sin" 

l x 

4 


n 

+ 

c 





ljX'Lt = 

cos r 

l x sin nx 



COB’* 

l x 

COS (Ji 

h 


n 

+ 

c, 



sin ( n 


l)? &£ = 

cos" 

l x co k nx 



cos"* 

1 X 

-+■ 

■ 

n 

+ 

c 


6 Evaluate each of the following pseudo-elliptic integrals 


/ 


(1 + x 2 )dx 

(l-x^vT+x 4 ’ 


f 


(1 - x 2 ) dx 

(i + x 2 ) i/r+ X* 


6 Reduce the following integrals to elliptic integrals 

/ R(x )dx _ 

Va( 1 + x°) + 6 x(l 4 - sc 4 ) 4 - cx 2 (l 4 - x 2 ) - 

f _ _ R( x)dx __ 

J Va(l + x 8 ) + i>x 2 (l + x 4 ) +cx * 

where R(x) denotes a rational function 


[El lib ] 
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7 «. Let a, b, c, d be the roots of an equation of the fourth degree P(x) = 0. 
Then there exist three involutory relations of the form 


M,x" + N, 
L,z" + M,' 


i = 1, 2, 3, 


whiclt interchange the routs by pairs 


identity s 

1 V 


If the rational function /(x) satisfies the 


M,x + A'A 
L,x + M,J 


= 0 , 


the integral J*[/(x)/VP (x) j dx. is pseudo-elliptic (see Kullehri dt la Socidli mathf'- 
iiiatique, Vol. XV, p. 100) 

8. Tiie rectification of a curve of the type y Ax* leads to an integral of 
a binomial differential Discuss the cases of mtegi ability 


If a > 1, show that 


/; 


Hence deduce the foimula 

a +1 


s 


dx _ it 

(« x) v I x- Vu-' - 1 

x-’»(fx I 3 o • (2n - 1) 


Vl - x 2 2 4 0 tin 
10 If rtf’- /Pt-O, show that 

J + " iU 1,3 (2a 3)_ 


,4"-i 


ptr- t 2fix f (')" 2 4 0 (2« - 2) (AC — 

[Ajiply the reduction formula of § 104 j 
II Evaluate the definite integial 


£ 


t»\n 2 xdx 

\ + tia cos x -t a’ 2 


12 Derive the following formula 1 
dx 


£ 


- = 1 - iog( ,+v ;^ 

Vl - 2rrx + u* Vl — iiffx + ff- Vap \1 - vwfi 


Ui8>0 




(1 - trx)(l - (Sx)dx _ jt 2 - ayl 

(1 - 2.tx f ,t 2 )(l - 2ffx + /fi) Vl - x 2 2 1 - ap 


13* Derive the formula 


£ 


jp™- l clr 


1 + z n ; w»r 
n sin 


where m, and n are positive integers (m<n). [Break up the integrand into 
partial fractions. ] A . -* 


, -X 4 Co - 1 r ,J 1 ■“ " ' 


*t»£ t< 
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14. From the preceding exercise deduce the formula 
x" - 1 dx it 


jf 


1 + x 


0<a<l. 


16. Setting I v , 9 = f P{t + l)* 1 (if. deduce the following reduction formula; : 
(P 4- 9 + i) , q — tA + 1 (t + l) p + pip- 1. q r 

(p~l)I. p .q = lo + <(t + l)*--"-(2 + c,-p)I-,, + i.,, 
and two analogous fortnulte for reducing the exponent q. 


16. Derive formulae of reduction for the integrals 
••• • * 


x’ulx 

Ax* + 2Hx+~C’’ 


■L-= 


a) m V Ax u -h 2 Bx + C 


17*. Derive a reduction formula for the integral 


X 


l 


x n dz 

Vl^Tac*’ 


Hence deduce a formula analogous to that of Wallis for the definite integral 

f' .* - 

J u VI - X' 

18. Has the definite integral 

f *_ dx _ 

1+ x* sin l x 

a finite value ? 



19. Show that the area of a sector of an ellipse bounded by the focal ax it 
and a radius vector through the focus is 

A = 3,2 r d “ , 

2 J (1 4 r cosu)' 

where p denotes the parameter b' l /a and e the eccentricity. Applying the gen 
eral method, make the substitutions tan w/'J = f, t — u V(1 + e)/(1 — p) succei 
sively, and show that the area in question is 

A = «6 / arc tan u — c - U - 

V 1 + «* 

Also show that this expression may be written in the form 
. itb 

A = — (<t> — t sin <)>), 

where <p is the eccentric anomaly. See p. 406. 

20. Find the curves for which the distance NT, or the area of the trianf 
MNT, is constant (Fig. 3, p. 31). Construct the two branches of the curve 

[ Licence, Paris, 1880; Toulouse, 188' 
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z »i>+1 r i 

* = 2. ~4 ■ 6• • • 2n «n> (1 -^ C ° 8Z2tiZ ' 


derive the recurrent formula 


A„+i = (2n - * 


dAn 

dx 


From this deduce the formulse 

Aip — U ip sin x + Vi,, cos x , 

-d 2j , + i = I/ 2j , + i sintr 4 F 2 „ + ,cosz, 


where U ip , V-ip, l T jp +i. I’j,, ^ i are polynomials with integral coefficients, anil 
where lh,> and lhp*\ contain no odd powers of x It is readily shown that 
these formula; hold when » = 1, and the general case follows from the above 
recurrent formula. 

The formula for dj,, enables us to siiow that jr 2 is incommensurable. For if 
we assume that n-/i = t//a, and then replace x by ir/2 in Ai p , we obtain a 
relation of tint form 


Hi 




4 0 4 p 



—**)*»'cos — dz, 


where !!\ is ail integer. Such an equation, however, is impossible, for the right- 
hand side approaches zero as p increases indefinitely. 
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I. DOUBLE INTEGRALS METHODS OF EVALUATION 
GREEN’S THEOREM 

120. Continuous functions of two variables. Let z — f(x, y) be a 
function of the two independent variables x and y winch is contin¬ 
uous inside a region .I of the plane which is bounded by a closed 
contour and also upon the contour itself. A number of proposi¬ 
tions analogous to those proved in § TO for a continuous function 
of a single variable can lie shown to hold for this function. For 
instance, given ang positive number t, the region .4 run be divided into 
subregions in such a way that the difference between the values ofat 
any two points ( x , y), (s', »/) in the. same subregion is less than e. 

We shall always proceed by means of successise subdivisions as 
follows: Suppose the region A divided into subregions by drawing 

parallels to the two axes at equal dis¬ 
tances 8 from each other. The coric- 
sponding subdivisions of .1 are eitlici 
squares of side 8 lying entirely inside < 
or else portions of squares bounded in 
part by an arc of < Then, if the piop 
osition were untrue for the whole region 
A, it would also be untrue for at leas' 
* one of the subdivisions, say A ,. Sub 
dividing the subregion A t in the sain 
manner and continuing the process indefinitely, we would obtain 
sequence of squares or portions of squares A, A„ A„, ■ , fo 
which the proposition would be untrue. The region A n lies betwee 
the two lines a ' — a x and x — />„, which are parallel to the y a* 1 
and the two lines y = c„, y = d n , which are parallel to the x axi 
As n increases indefinitely a„ and b n approach a common limit 
and e„ and d„ approach a common limit y, for the numbers <> 
for example, never decrease and always remain less than a fix* 
number. It follows that all the points of A„ approach a limitii 
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point (A, /*) which lies within or upon the contour C. The rest of 
the reasoning is similar to that in § 70; if the theorem stated were' 
untrue, the function f(x, y) could be shown to be discontinuous at 
the point (A, p), which is contrary to hypothesis. 

Corollary. Suppose that the parallel lines have bee* chosen 
so near together that the difference of any two values of z in any 
one subregion is less than e/2, and let y be the distance between 
the successive parallels. Let (x, y) and (x\ >/) be two points inside 
or upon the contour <!, the distance lietwcen which is iess than y. 
These two points will lie either in the same subregion or else in 
two different subregions which have one vertex iu common. In 
either case the absolute value of the difference 

/(*■> y) -f(/, y') 

cannot exceed 2e/2 = e. Hence, given any positive number e, another 
positive number y ran be found such that 

\f\s< >./) - A*', y')\ < £ 

whenever the distance between the two points (x, y) and (x\ //'), which 
tie in A nr on the contour <is less than y. In other words, any func¬ 
tion which is continuous in -1 and on its boundary C is uniformly 
continuous. 

From the preceding theorem it can be shown, as in § 70, that every 
function -which is continuous in .1 (inclusive of its boundary) is neces¬ 
sarily finite in .1. If At be the upper limit and m the lower limit of 
the function in . 1 , the difference .1/ — m is called the oscillation. The 
method of successive sulxlivisious also enables us to show that the 
function actually attains each of the values m and - 1 / at least once 
inside or upon the contour (’. Let a be a point for which z = m 
and b a point for which z = - 1 /. and let us join a and b by a broken 
line which lies entirely inside As the point (x, y) describes this 
line, z is a continuous function of the. distance of the point (x, y) 
from the point a. Hence z assumes every value p between m and 
U at least once upon this line (§ 70). Since « and b can lie joined 
by an infinite number of different broken lines, it follows that the 
function/(a-, y) assumes every value between in and At at an infinite 
number of points which lie inside of C. 

A finite region A of the plane is said to be less than l in all its 
dimensions if a circle of radius l can be found which entirely 
encloses A. A variable region of the plane is said to be infinitesimal 
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in all its dimensions if a circle whose radius is arbitrarily preas¬ 
signed can be found which eventually contains the region entirely 
within it. For example, a square whose side approaches zero or an 
ellipse both of wdiose axes approach zero is infinitesimal in all its 
dimensions. On the other hand, a rectangle of which only one side 
approaches zero or an ellipse only one of whose axes approaches zero 
is not infinitesimal in all its dimensions. 

121. Double integrals. Let the region A of the plane be divided 
into subregions a. t , ■ ■ ■ , a n in any manner, and let u>, be the area of 
the subregion a„ and M, and m, the limits of f(r, y) in a,. Consider 
the two sums 

n n 

s =£“■ > *= 2 "• m ‘ ’ 

is i i~i 

each of which has a definite value for any particular subdivision 
of A. None of the sums .s’ are, less than mil* where fl is the area of 
the region A of the plane, and where in is the lower limit of f(r, y ) 
in the region A ; hence these sums have a lower limit /. Likewise, 
none of the sums s are greater than MCI, where .1/ is the upper limit 
of f(x, y ) in the region A ; hence these sums have an upper limit 
Moreover it can be shown, as in § 71, that any of the sums .S' is 
greater than or equal to any one of the sums s; hence it follows 
that 

If the function f(x, y) is continuous, the sums S and s approach 
a common limit as each of the subregions approaches zero in all its 
dimensions. For, suppose that y is a positive number such that the 
oscillation of the function is less than t in any portion of A which 
is less in all its dimensions than y. If each of the subregions 
a,, • •, a„ be lesB in all its dimensions than y, each of the differences 
Mi — m, will lie less than c, and hence the difference S — s will be 
less than cfi, where O denotes the total area of A. But we have 

s - s ~ s — / + r - i' + i' - s, 

where none of the quantities .S’ f — * can be negative 

Hence, in particular, / — /'<«fl; and since c is an arbitrary posi 
tive number, it follo ws that / = /'. Moreover each of the numbers 
S — I and / — s can be made less than any preassigned number by 

•If fix, y) is a constant k, if — m — M,— m, — k, and S — s- mil = MO — 
Tuans. 
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a proper choice of c Hence tlie sums S and s have a common limit 
/, which is called the double Integral of the function f(x, y) extended 
over the region A. It is denoted by the symbol 

1 = ti dxd y> 

and the region A is called the yield of integration. 

If (iii V.) t ,e an y I lo, nt inside or on (lie boundary of the sub- 
icgion a„ it is evident that the sum S/(t„ y )u>, lies between the tw > 
sums 8 and t> or is equal to one ot them It therefore also 
approaches the double mtegial as its limit whatever he the method 
of choice of tiie point (£,, tj,). 

The first theorem ot the mean may lie extended without difficulty 
to double integrals. Let/(i, y) l>e a function winch is continuous 
in I, and let <f(x, y) he another function which is continuous and 
which has the same sign throughout t For definiteness we shall 
suppose that <j>(x, y) is positive in I If M and in aie the limits of 
J(x, »/) m .1, it is evident that * 

, 1?, ) ie, > J'((, , 1), )<)>((,, T/ )w, > w<f>(£ . T))iu, 


Adding all these inequalities and passing to the limit, we find the 
formula 


/J> ! 


t/)</>(x, y)dxdy 


->JL 


<f>(x, y) dx dy, 


where jx lies between If and m. Since the function f(x, y) assumes 
tlie value ji at a point ((, tj) in*ide of the contour we may write 
tins in the foirn 


( 1 ) 


JJ /(*, !/) y)dxdy —J(i, tj) J'j $( 


>/) dx dy, 


which constitutes the law of the mean foi double integrals If 
<f>{x, y) = 1 , for example, the integral on the right, j j dx dy , extended 
over the region A, is evidently equal to the aiea ft of that region. 
In this case the formula ( 1 ) becomes 


(2) 



y)dx dy = ft f(i, y) 


* lf f(*. V) is a constant k, we shall have M >n *, awl these inequalities become 
Equations. The following formula holds, howe'er, with n — k —Trails. 
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122 Volume To the analytic notion of a double integral cone 
spends the lmpoitant geometnc notion of \ oluine. Let f(x,y) lie 
a function which is continuous inside and upon a closed contour i 
We shall further suppose lor definiteness that this function is posi 
tive Let S' be the poitiou of the suifacc lepresented by the equa 
tion s = f(x, y) which is bounded by a euivc I' whose projection 
upon the zy plane is the contoui ( \\ e shall denote by L the pm 

tion of space bounded by the xi/ plane, the suifaie s, and the cylinder 
whose right section is C The region 1 of the xy plane whicli n, 
bounded by the contour L being sulxlivided in any manner, let a, be 
one of the subregions bounded l>y a contoui e„ and oi, the aiea o) 
this subregion The c\ lindcr whose right scrtion is the curve c t cuts 
out of the suifacc s a poition •> bounded by a curve y, Let p, and 
P, be the points of whose distances fiom the x// plane are a mini 
mum and a maximum, respectively 11 planes W diawn tluougli 
these two points paiallel to the xy plane, two light cjlmdeis aie 
obtained which have the sanu bisc « and whose altitudes are the 
,limits J/, and m, of the turn lion i(x ?/) inside tin contoui c,, lespcc 
tively The \olumts I and / of tin se tylmcleis aii>, iespe< tivcly 
oi, l/, and <«, w, * The sums s uni s < <msidc red aliove tlieiefoie repie 
sent, respectively, the sunn II and i t of these two types of cylm 
ders \\ e shall call the common limit of tin se two sums the inltime 
of the portion /> of space* If may be noted, as was done m the case 
of area (s 78), that this definition aglets with the oidmary coucep 
tion of what is meant by \ohunc 

If4he surface s lies p utly be math the ry plane, the double mtegial 
will still lepiesc Ht a yolunic it wc ague toattaich the sign — to the 
volumes of portions of space lxdovv the xy jilane It appears then that 
every double mtegial npicsents an algebraic sum of \ olumes, just as 
a simple integral repicsc nts an dgebraic sum of areas The limits of 
integration m the case of a simple integral are replaee d m the ease of a 
double integral by the contour which encloses the field ol integration 

* 12® Evaluation of double integrals The evaluation of a double 
integral can be reduc ed to the successive c\aluations of two simple 
integrals Let us first c onsider the case where the held of integration 


•By the volume of a ru/ht cylinder we shall understand the limit approached by 
the volume of a right pitsrn of the same height, whose hast is a polygon inscribed in 
a right section of the cylinder, as ( ach of the sides of this polygon approaches zero 
[This definition is not necessary for the argument, but is useful In showing that the 
definition of volume in general agrees with our ordinary conceptions — Tlotus ] 
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a rectangle It bounded by the straight lines x = x„, x — X, 
__ ,/ y = V, where. x„< A' and //„<)'. Suppose this rectangle. 
t0 ) M , subdivided by parallels to tiie two axes x = x„ // = y L 
(I - 1, 2, • • •, « i Jfc = 1, 2, ■, m). The area of the small rectangle 

l: bounded by the lines x = x t x = x„ y = y t _„ 2/ = 2G 
(x, - ,)(//, //< _, )• 

lleuoe the double integral is the limit of the sum 


* s = X X ■ lii “' v '‘ ){ r ’ ~ l)(:h ~ >Jl ' 

i ■=-1 A 1 

where (f,,, y„) is any point 
msitle or upon one of the 
sides of /’,j- 

We shall enijiloy the indc- 
termiuation (if the points 
(£\n y.i) it* order to simyliFy 
tin* calculation. I/‘t us re¬ 
mark first of all that if J\x) 
is a continuous 1 unction ill 
the interval («, h>, and if the interval (u. >>) be subdivided in any 
maimer, a value, f, can be found in each subinterval (x,_i* x,) such 
that 

I, £fis)d*-») '■>)+• 

For need morel v apply Hie law of the mean for integials to each of 
the siihinterv ids i", x, -I, ■ . * I to these values of {,. 

Now the portion of the sum S wl.i.-h arises Iron, the row of rec¬ 
tangles between the lines x = x,_] ami x — x, is 

(x, - !,.,)[/tf.» VaHlh ~ y.-Mlh- //,) + 



it , i„ > __ i _ = i =x „ and then choose y,,, i?, 2) 

bet us take = t.j — *■„» ' _1 ’ 

in such a way that the sum 

/(*,_„ v , ,)(//. - ;/„) +/(/-i* WO/* - y>) + ■ ■ ■ 

is equal to the integral £j\x, „ ;/X<b where the integral is to be 
evaluated under the assumption that x,_, is a constant. we p 
seed in the same way for each of the rows of rectangles bounded by 
two consecutive parallels to the y axis, we finally find the equation 

(5) .S’ = - x„) + 4>(x, )(>, —r,) + • • ■ + *(*—)t JP - “ » 
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where we have set for brevity 
*(*) = 



This function <t>(x), defined by a definite integral, where x is con¬ 
sidered as a parameter, is a continuous function of x. As all the 
intervals x ( — x { _ x approach zero, the formula (5) shows that S 
approaches the definite integral 


I <£(x) dx. 

Hence the double integral in question is given by the formula 


( 6 ) 


f f /(*, y) dr dy = f dx f f(x, y)dy. 
J Jt.lt) Jr« «/»„ 


In other words, in order to evaluate the double integral, the function 
f(x, y) should first he Integrated between the limits y 0 and Y, regard¬ 
ing x as a constant and y as a variable,: and then the resulting func¬ 
tion, which is a function of x alone, should be integrated again between 
the limits x 0 and X. 

If we proceed in the reverse order, i.e. first evaluate the portion 
of S which conies from a row of rectangles which lie between two 
consecutive parallels to the x axis, we find the analogous formula 




x 

fix, y)dx. 


A comparison of these two formulae gives the new formula 



/(*> V) dy = 



X 

f{x, y) dx, 


which is called the formula for integration under the integral sign. 
An essential presupposition in the proof is that the limits x„, X, ?/„, Y 
are constants, and that th e function f(x, y) is continuous throughout 
the field of integration. 


Example. Let z = xy/a. Then the general formula gives 
ff —dxdy= f^dx f Y — dy 

JM a J*, J v „ a 


-I 


2 a 


(Y> - yi)dx = ± (A> - *S)(y* - y*„). 
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In general, if the function f(x, y) is the product of a function of x 
alone by a function of y alone, we shall have 


ff 4>( x ) 'Ku) dx d V - f <K*)djrX f 

J J<.K> Jx„ Jy. 


r 


The two integrals on the right are absolutely independent of each 
other. 


Franklin * has deduced from this remark a very simple demonstration of cer¬ 
tain interesting theorems of TchebycheS. Let <f>{x) and <p(x) be two functions 
which are continuous in an interval (a, b), where a < b. Then the double integral 

ff [*(*) - Hv)] [f (*) - 4>(y)] dx dy 

extended over the square bounded by the lines x = a, x — ft, y - a, // = b is equal 
to the difference 

2 (b- a) f <p(x)f(x)dx — 2 f 4 >(x)dx x f f(x)dx. 

Jn Ja J a 

But all the elements of the above double integral have the same sign if the two 
lunctions <t>{x) and <p(x) always increase or decrease simultaneously, or if one of 
them always increases when the other decreases. In the first case the two func¬ 
tions and — <p(y) always have the same sign, whereas they have 

opposite signs in the second case. Hence we shall have 

(b - a) f tp(x)t//(x)dx > f </>{x)dx x f ^(x)dx 
J a Ja J t* 

whenever the two functions <£(z) and \f/(x) both increase or both decrease through¬ 
out the interval ( a , b). On the other hand, we shall have 

(b — a) J* <f>(z)\J/(x)dz < J* <f>{x)dz x j* ^{z)dx 

whenever one of the functions increases and the other decreases throughout the 
interval. 

The sign of the double integral is also definitely determined in case tf>(z) ~ \fs(z), 
for then the integrand becomes a perfect square In thiB case we shall have 

(b - a) f S [_£ *(*)<*»;] , 

whatever be the function 0(x), where the sign of equality can hold only when 
0(x) is a constant. 

The solution of an interesting problem of the calculus of variations may be 
deduced from this result. Let P and Q be two fixed points in a plane whose 
coordinates are (o, A) and (6, B), respectively. Let y = f(x) be the equation of 
any curve joining these two points, where/(x), together with its first derivative 


•American Journal of Mathematics, Vol. VII, p. 77. 


258 


DOUBLE INTEGRALS 


[VI, § 124 


/'(x), is supposed to be continuous in the interval (a, ft). The problem is to 
find that one of the curves y =/(x) for whieli the integral f^y'^dx is a 
minimum. But by the formula just found, replacing 0(x) by y' and noting 
that f(a) = A and /(ft) = /> by hypothesis, we have 

(ft-a) j'y'*dj:Z(B-A)*. 

The minimum value of the integral is therefore (II — A) 2 /(b — a), and that value 
is actually assumed when y' is a constant, i.e. when the curve joining the two 
fixed points reduces to the straight line PQ. 


124. Let us now pass to the ease where the field of integration is 
bounded by a contour of any form whatever. We shall first suppose 
that this contour is met in at most iwo points by any parallel to the 
y axis. We may then suppose that it is composed of two straight 

lines x = a and x — b (a < ft) 
and two arcs of curves APB 
and A’QB 1 whoso equations are, 
)'i = <M a ") anil L, = ^ (jt), re¬ 
spectively. where the functions 
<#>, and are continuous be¬ 
tween a and 6. It may happen 
that the points .1 and .1' coin- 
* eide, or that B and P,' coin¬ 
cide, or both. This occurs, foi 
instance, if the contour is a convex curve like an ellipse. Let us 
again subdivide the field of integration It by means of parallels to 
the axes. Then we shall have two classes of subregions : regular if 
they are rectangles which lie wholly within the contour, irregular 
if they are portions of rectangles bounded in part by arcs of the 
contour. Then it remains to find the limit of the sum 



Fra. 


S = 2/(£, 17) w, 

where w is the area of any one of the subregions and (f, rj) is a point 
in that subregion. 

Let us first evaluate the portion of .S’ which arises from the row 
of subregions between the consecutive parallels x = x,_ 1 , x = x,. 
These subregions will consist of several regular ones, beginning 
with a vertex whose ordinate is y’ 5 F, and going to a vertex whose 
ordinate is y" 5= F 2 , and. several irregular ones. Choosing a suitable 
point (f, y) in each rectangle, it is^ clear, as above, that the portion 
of S which comes from these regular rectangles may be written in 
the form 
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Suppose that the oscillation of each of the functions </>, (.r) and <f>„ (x) 
in each of the intervals (r, a-,) is less than 8, and that each of the 

differences y k — is also less than 8. Then it is easily seen that 
the total area of the irregular subregions between a- = x l _ 1 and x = x< 
is less than 48(x t — and that the portion of .S’ which arises 

from these regions is less than 4//8(x, — j\_ ,) in absolute value, 
where II is the upper limit of the absolute value of f(x, y) in the 
whole field of integration. On the other hand, we have 

v" )'> /> »‘i v" 

!/)< h J = I /(j-,-1, 'U'f'/d- I 4 / , 

i/' «y Ju‘ J l' 2 

and since | l'i — i/'| and |Kj — //"j arc each less than L'S, we may write 


r /(•*•-1, ^)<f.'/= r < 

v/ 1 /' J J | 


//)d.'/4 4 //AS, 


1 X | < 1. 


The portion of .S' which arises from the row ol subregions under 
consideration may therefore he written m the form 


0 \ - -G-i) 



y } i/ if 4 - 8 H&, 


\S , 


where 0, lies between — 1 and 4 1. The sum 8J7820,(x, — x,_,) is 
less than 8///5(8 — n) in absolute value, and approaches zero with 8, 
which may be taken as small as we please. The double integral is 
therefore the limit of the sum 


where 


4>(a)(x, — a) 4--f <t>r — -r,.,) H-, 



/(■*> //)<(/. 


Hence we have the formula 


( 7 ) f f f( x , y)dx dy = 

i 

In the first integration x is to be regarded as a constant, but' 
the limits }\ and T 2 are themselves functions of x and not 

constants. 


M 


A*, V)dy. 
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Example. Let us try to evaluate the double integral of the funotion xy/a 
over the interior of a quartet circle bounded by the axes and the circumference 


x* +y^ - = 


The limits for x are 0 and R, and if x is constant, y may vary from 0 to V R' 2 - x=. 
Hence the integral is 



v'/f! - .r’ 





- ri 



X (TP - &) . 

- ’ dx. 

2 a 


The value of the latter integral is easily shown to be IP/8a. 


When the field of integration is bounded by a contour of any form 
whatever, it may be divided into several parts in such a way that 
the boundary of each part is met in at most two points by a parallel 
to the y axis. We might also divide it into parts in such a way that 
the boundary of each part would lie met in at most two points by 
any line parallel to the x axis, and begin by integrating with respect 
to x. Let us consider, for example, a convex closed curve which lies 
inside the rectangle formed by the lines x = a, x = b, y = c, y = d, 
upon which lie the four points A , B, C, I), respectively, for which r 
or y is a minimum or a maximum.* Let y, = d>, (x) and y. t = fa(.r) 
be the equations of the two arcs A CB and /) t)B, respectively, and 
let x, = fa(y) and x 2 = fa (y) lie the equations of the two ares CA 1) 
and CBD, respectively. The functions fa(x) and fa(x) are continu¬ 
ous between a and b, and fa(y) and fa(y) are continuous between r, 
and d. The double integral of a function f(x, y), which is continuous 
inside this contour, may be evaluated in two ways. Equating the 
values found, we obtain the formula 


X b rn r<i r r , 

dxj f(x, y)dy =J d//J f(x,y)dx. 

It is clear that the limits are entirely different in the two integrals. 
Every convex closed contour leads to a formula of this sort. Tor 
example, taking the triangle bounded by the lines y — 0, x — a., 
y — x as the field of integration, we obtain the following formula, 
which is due to Lejeune Dirichlet: 



f(x, y) dy = 



•The reader is advised to draw the figure. 
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18S. Analogies to simple integrals. The integral f*S(t)dt, considered as a 
function of x, has the derivative f(x). There exists an analogous theorem for 
double integrals. Let /( x, y) be a function which iB continuous inside a rec¬ 
tangle bounded by tiie straight lines x — a, z = A, y = b,y = if,(a < A, 6<R). 
The double integral of f(x, y) extended over a rectangle bounded by the lines 
x = a, x = X, y = 6, y = Y,(a < X<A, b < Y < B), is a function of the codrdi- 
nates X and Y of the variable corner, that is, 


F(X, Y) = J' dx £ f(x, y) dy 

Setting = J,’ f(x, v)dy, a first differentiation with respect to X gives 

t’F r y 

- y = +W = / f(X,y)dy. 
vJL Jb 


A second differentiation with respect to T leads to the formula 


(9) 


i*F 
cX c V 


~f(X, Y). 


The most general function u{X, Y ) which satisfies the equation (9) is evi¬ 
dently obtained by adding to F(X, Y) a function z whose second derivative 
C-z/dX oY is zero. It is therefore of the form 

(10) u(X, Y) = fdc f/(z, y)dy + <f>{X) + 0(7), 

J a J b 

where <t>(X) and 0(F) are two arbitrary functions (see § 38). The two arbitrary 
functions may ho determined in such a way that u(X t Y) reduces to a given 
function V(Y) when X = «, and to anotiier given function U(X) when Y = b. 
Setting X = a and then F =-= 6 in the preceding equation, we obtain the two 
conditions 

V(Y) = 0 (a) +- 0 (F), V(X) r? <p{X ) 4- 0(6), 

whence we find 

0(F) = V(Y) - 0 (a), 0 ( 6 ) - V(b) - 0 (a), <fi(X) = V(X) - V(b) + 0 (a), 

and the formula (10) takes the form 

(11) u(X, Y)= j X dxjj(x, y)dy+U(X) + V(Y)-V(b). 

Conversely, if, by any means whatever, a function u(X, K) has been found 
which satisfies the equation (it), it is easy to show by methods similar to the 
above that the value of the double integral is given by the formula 

(12) Six, y)dy = u(X, T) — u(X, b) — u(a, Y) + u(o, b). 

This formula is analogous to the fundamental formula ( 6 ) on page 165. 

The following formula is in a sense analogous to the formula for integratifji 
by parts. Let A be a finite region of the plane bounded by one or more curves 
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of any form. A function /(x, y ) which is continuous in A varies between its 
minimum t>o and its maximum V. Imagine the contour lines fix , y) = n drawn 
where u lies between t>„ and V, and suppose that we are able to find the area of 
the portion of A for which /(x, y) lies between v 0 and u. This area is a func¬ 
tion F(v) which increases with v, and the area between two neighboring contour 
lines is F(v + All) — F(v) = AvF'(V + &A»). If this area be divided into infinitesi¬ 
mal portions by lines joining the two contour lines, a point (£, ij) may be found 
in each of them such that /(£, ?)) = » + 6Av. Hence the sum of the elements 
of the double integral f Jfdxdy which arise from this Tegion is 

(u + 6 An) F'(» + 9 An) An. 

It follows that the double integral is equal to the limit of the sum 

2(n + 6 An) F'(o + 9 An) An, 
that is to say, to the simple integral 

J vF'(v)do =VF(V) - J" F{v)dv. 

This method is especially convenient when the field of integration is bounded 
by two contour lines 

/(x, y) = r„, /(x, y)=V. 

For example, consider the double integral ff Vl + x 2 + y' t dxdy extended over 
the interior of the circle X s + t/ 2 — 1. If we set n = Vl -+ x‘ + y a , the field of 
integration is bounded by the two contour lines n = 1 and n = V2, and the 
function F( n), which is the area of the circle of radius Vn s — 1, is equal to 
ir(n 2 — 1). Hence the given double integral lias the value 

f 2xo-dv = (2 V2 - 1) * 

J i 11 

The preceding formula is readily extended to the double integral 

J~J7(x, V)H X , y) dx ij , 

where F(v) now denotes the double integral / f <p{x, y)dxdy extended over that 
portion of the field of integration bounded by the contour line r = /(x, y). 

126. Green’s theorem. If the function f(x, y) is the partial deriva¬ 
tive of a known function with respect to either x or y, one of the 
integrations may be performed at once, leaving only one indicated 
integration. This very simple remark leads to a very important 
formula which is known as Green’s theorem. 


•Numerous applications of this method are to be found in a memoir by Catalan 
journal de Liouville, 1st series, Vol. IV, p. 23o). 
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Let us consider first a double integral /f dP/dydxdy extended 
over a region of the plane bounded by a contour C, which is met 
in at most two points by any line parallel to the y axis (see Fig. 15, 

p. 188). 

Let A and li be the points of P at which x is a minimum and a 
maximum, respectively. A parallel to the y axis between Aa and 
/.'//meets (' in two points and m., whose ordinates are y 1 and y„, 
respectively. Then the double integral after integration with respect 
to y may be written 

ff % dr ' hj ,Lr f„ i d <>y d,J = X t V(x ' Vd) " P ( x ’ ' Vl) ^ <lr ' 

But the two integrals J'‘!’(x, y,)dx and j'‘/'(x, y,)dx are line 
integrals taken along the arcs 1 w, V. and A m., K, respectively; hence 
the preceding formula may lie written in the form 

(,3 > 

where the line integral is to be taken along the contour C in the 
direction indicated by the arrows, that is to say in the positive 
sense, if the axes are chosen as in the figure. In order to extend 
the formula to an area hounded by any contour we should proceed 
as above (§ 94), dividing the given region into several parts for each 
of which the preceding conditions are satisfied, and applying the for¬ 
mula to each of them. In a similar manner the following analogous 
form is easily derived : 



where the line integral is always taken in the same sense. Sub- 
tiacting the equations (13) and (14). we find the formula 

(is/ jji. + « -ff(Z - Z) "‘ d> ’ 

where the double integral is extended over the region bounded by C. 
This is Green’s formula; its applications are very important. Just 
now we shall merely point out that the substitution Q = x and 
,J = — y gives the formula obtained above (§ 94) for the area of a 
closed curve as a line integral. 
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II. CHANGE OF VARIABLES AREA OF A SURFACE 

In the evaluation of double integrals we have supposed up to the 
present that the field of integration was subdivided into infinitesimal 
rectangles by parallels to the two coordinate axes. We are now going 
to suppose the field of integration subdivided by any two systems of 
curves whatever. 

127. Preliminary formula. Let u and v be the coordinates of a point 
with respect to a set of rectangular axes in a plane, x and y the coor¬ 
dinates of another point with respect to a similarly chosen set of 
rectangular axes in that or in some other plane. The formulae 

(16) * =/(", »’), V = <t>( u > v ) 

establish a certain correspondence between the points of the two 
planes. We shall suppose 1) that the functions f(u, v) and </>(«, v), 
together with their first partial derivatives, are continuous for all 
points (it, v) of the ut> plane which lie within or on the boundary of 
a region .1, bounded by a contour (\; 2) that the equations (16) 
transform the region A, of the uv plane into a region A of the 
xy plane bounded by a contour C, and that a one-to-one correspond¬ 
ence exists between the two regions and between the two contours 
in such a way that one and only one point of A , corresponds to any 
point of A ; 3) that the functional determinant A = D(f, v) 

does not change sign inside of C,, though it may vanish at certain 
points of 

Two cases may arise. When the point («, v) describes the con¬ 
tour C\ in the positive sense the point (x, y) describes the contour C 
either in the positive or else in the negative sense without ever 
reversing the sense of its motion. We shall say that the corre¬ 
spondence is direct or inverse, respectively, in the two cases. 

The area O of the region A is given by the line integral 



taken along the contour C in the positive sense. In terms of the 
new variables u and n defined by (16) this becomes 

n = ± f f(u, v)d<f,(u, V ), 

J(C t ) 

where the new integral is to be taken along the contour C, in the 
positive sense, and where the sign + or the sign — should be taken 



VI, § 127] 


CHANGE OF VARIABLES 


265 


according as the correspondence is direct or inverse. Applying 
Green’s theorem to the new integral with x = u, u — y, P =fe<j>/du, 
/ov, we find 

da 8 p ^ ^ = 4 .) 

du 8v J>( u, n) 

whence 

(l = ± 

or, applying the law of the mean to the double integral, 

(17) fi = ±0 1 

where ((, y) is a point inside the contour t'„ and Q, is the area of 
the region ,1, in the uv plane. It is clear that the sign + or the 
sign — should be taken according as A itself is positive or negative. 
Hence the correspondence is direct or inverse according as A is positive 
or negative. 

The formula (17) moreover establishes an analogy between func¬ 
tional determinants and ordinary derivatives. For, suppose that the 
region A, approaches zero in all its dimensions, all its points approach¬ 
ing a limiting point (it, r). Then the region A will do the same, and 
the ratio of the two areas ti and IL approaches as its limit the abso¬ 
lute value of the determinant A. Just as the ordinary derivative is 
the limit of the ratio of two linear infinitesimals, the functional 
determinant is thus seen to be the limit of the ratio of two infinites¬ 
imal areas. From this point of view the formula (17) is the analogon 
of the law of the mean for derivatives. 

■ Remarks. The hypotheses which we have made concerning the correspondence 
between A and Ai are not all independent. Thus, in order that the correspond¬ 
ence should be one-to-one, it is necessary that A should not change sign in the 
region A i of the uv plane. For, suppose that A vanishes along a curve y, which 
divides the portion of A t where A is 
positive from the portion where A is 
negative. Let us consider a small arc 
mini of and a small portion of A\ 
which contains the arc mini. This 
portion is composed of two regions dj 
and al which are separated by t»im 
(Fig. 26). 

When tlje point (u, v) describes the Fia, 26 

region at, where A is positive, the point 

(*i V) describes a region o bounded by a contour mnpm, and the two contours 
m i 'UPi mi and mnpm are described simultaneously in the positive sense. When 
the point («, v) describes the region oi, where A is negative, the point (x, y) 



m.f ; * ) 
mi, y)’ 


ff ^ dudv , 
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describes a region a' whose contour nmqr is described in the negative sense aa 
is described in the positive sense. The region a' must therchne 
cover a part of the region a. Hence to any point (x, y) in the common part 
Tim correspond two points in the uv plane which lie on either side of the 
line mini- 

As an example consider the transformation A' = x, Y = y 1 *, for which A = 2;/ 
If the point (x, y) describes a closed region which encloses a segment ab of the 
x axis, it is evident that the point (A, Y) describes two regions both of which 
lie above the A' axis and both of which are bounded by (he same segment A V, of 
that axis. A sheet of paper folded together along a straight line drawn upon 11 
gives a clear idea of the nature of the region described by the point (A', I*). 

The condition that A should preserve the same sign throughout A , is not suf¬ 
ficient for one-to-one correspondence. In the example A' = x 1 — y-, Y - 2 r// 
the Jacobian A = 4(x 2 4. y?) is always positive. But if (r, 6) and (E, oi) aie the 
polar coordinates of the points (x, y) and (A', T). respectively, the formula' of 
transformation may be written in the fmm R = r 2 , o> = 2 6. As r varies from a 
to b (a < ii) and 6 \ arise from 0 to jr -f a (0 < n< ir/2), the point (7f, w) describes 
a circular ring hounded by two uncles of radii a- and b- But to every value of 
the angle u between 0 and 2a correspond two \aluos of f>, one of which lies 
between 0 and tr, the other between ir and tr + ir. The region described by the 
point (A, 1') may be realized by forming a circular ring of paper which partially 
overlaps itself. 


v 128. Transformation of double integrals. First method. Retaining 
the hypotheses made above concerning the regions A and A, anil the 
formulic (10), let us consider a function F(x, >/) which is continuous 
in the region A. To any subdivision of the region A t into subregions 
a 1( a 2 , a„ corresponds a subdivision of the region A into sub¬ 
regions a,, a 2 , ■ ■ ■, n„. Let <o, and a-, be the areas of the two corre¬ 
sponding subregions a, and ,t,, respectively. Then, by formula (17), 


(1) { = (T t 


1 >(/•__$)_ 


where u, and i\ are the coordinates of some point in the region . 
To this point («,, n,) corresponds a point x, = /(•«,, r,), ;/, = </>(«,, i’,) 
of the region a,. Hence, setting $(«, «) = /»), <£(«, c)], we 

may write 


1 


i- i 




\ Hf 0) 1 

1 ^(“,T «,) I ‘ ’ 


whence, passing to the limit, we obtain the formula 


(18) ( ( F(x, y) dx di/= if F[f(ii, »), d>(M, v 

J *J{A) 


)] 


»(/■ ») 

D(u, v) 


dudv. 
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Hence to perform a transformation in a double integral x and y should 
be replaced by their values as functions of the new variables u and v, 
and dx dy should be replaced by \&\dudv. We have seen already 
how the new field of integration is determined. 

Jn order to find the limits between which the integrations should 
],e performed in the calculation of the new double integral, it is in 
general unnecessary to construct the contour rof the new field 
of integration For, let us eonsidor « and r as a system of 

curvilinear coordinates, and let one of the vauables u and r m the 
formula; (16) he kept constant while the other varies. We obtain 
ui this way two systems of curves v — const, and v — const. By 
the hypotheses made above, one and only one curve, of eac,h of these 
tain dies passes through any 
given point of the region A. 

Lot as suppose for definite¬ 
ness that a curve of the 
family r — const, meets the 
contour <’ in at most two 
pmuts jl/, and Mi which cor¬ 
respond to values it, and « 2 
of a (iii < u s ), and that each 
of the (e) curves which meets 
the contour C lies between 
the two curves v = a and 
i’ = b (a. < b). In this case 
we should integrate first 
w itli regard to v, keeping e constant and letting u vary from «, 
to iii, where u, and are in general functions of c, and then inte¬ 
grate this result between the limits a and h. 

The double integral is therefore equal to the expression 



r* r 

I do I F[f(u, r). u )]! A | 


du. 


A change of variables amounts essentially to a subdivision of the 
field of integration by means of the two systems of curves («) and (u). 
Bet w be the area of the curvilinear quadrilateral bounded by the 
curves (it), (u + du), (v), (v + dr), where du and dr are positive. 
To this quadrilateral corresponds in the uv plane a rectangle whose 
sides are du and dv. Then, by formula (17), u> = ] A(£, ij)| du du, where 
f lies between v and v + du, and y between v and r + du. The expres- 
siou |A(«, -c) I du dv is called the element of area in the system of 
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ooiirdi nates (it, v). The exact value of w is o> = j | A(m, v) \ + t j du dv, 
where e approaches zero with da and dr. This infinitesimal may be 
neglected in finding the limit of the sum 1 F(x, y) u>, for since A(u, o) 
is continuous, we may suppose the two («) curves and the two 
(v) curves taken so close together that each of the *’s is less in ah 
solute value than any preassigned positive number. Hence the abso¬ 
lute value of the sum 1P(x, tj)t du dv itself may be made less than 
any preassigned positive number. 

129. Examples. 1) Polar coordinate. Let us pass from rectangu¬ 
lar to polar cobidinates by means of the transformation x = p cos <d, 
y = p sin <n. We obtain all the points of the xy plane as p varies 
from zero to + oo and u> from zero to 27r. Here A = p; hence the 
element of area is p dm dp, which is also evident geometrically. Let 
us try first to evaluate a double integral extended over a portion of 
the plane bounded by an arc A11 which intersects a radius vector in 
at most one point, and by the two straight lines <>A and OJi which 
make angles on and <n., with the x axis (h'ig. 17, p. 189). Let 
11 = be the equation of the arc .1/,’. In the field of integration 
<u varies from on to w, and p from zero to 11. Hence the double inte¬ 
gral of a function/(x, y) has the value 



COS (jJ, 


p sin a) p dp. 


If the arc AB is a closed curve enclosing the origin, we should 
take the limits an = 0 and w. = 'Inr. Any field of integration can 
be divided into portions of the preceding types. Suppose, for 
instance, that the origin lies outside of the contour <' of a given 
convex closed curve. Let OA and Oil be the two tangents from 
the origin to this curve, and let =^( 01 ) and /.*„ = f.(u>) be the 
equations of the two arcs A KB and A MB, respectively. For a 
given value of w between ui! and w. lt p varies from K l to It.,, and 
the value of the double integral is 


.0-0 


f(f) COS p sill a>) p dp. 


2) Elliptic coordinates. Let us consider a family of confocal conics 



(19) 
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where ' denotes an arbitrary parameter Through every point of the plane pans 
two conics of this family, — an ellipse and an hyperbola, — for the equation (19) 



has one root X greater than c 2 , and another positive root n. less thin <-, for any 
values of x. and y From (19) and from the analogous equation where X is 
replaced by g, we find 


( 20 ) 



y<x _ * 

e 


0 


To avoid ambiguity, we shall consider only the brut quadrant in the xy plane 
This region corresponds point foi point in a one tn one manner to Hip region of 
the \/t piano which is bounded by the straight hues 

X — c 2 , /» = 0, p = r 2 

It is evicknt from the formula* (20) thu when the point (X /x) describes the 
boundary of this legion in tin direction indicated by the arrows, the point (*, y) 
describes the two axes Ox and O y m the sense indicated by ilie arrows The 
transformation is therefore inverse, which is \tidied by calculating A 

4 _ D(x_y) 1 x a 

1 ){\ lx) 4 VXxx (\ — t )(c4 — |x) 


130 Transformation of double integrals Second method We shall 
now derive tlio geneial fonnula (18) by another method which 
depends solely upon the mle foi calculating a double integral We 
bhall retain, howevei, the hypotheses made above (Oiueining the 
correspondence between the points of the two legions 1 and A, 
If the formula is eonect foi two partieulai transformations 

= f(u, i ). \n = /, (» i '), 

) y =<t>(n, <), ) ' -= 4>i (u , v ), 

it is evident that it is also coirect for the transformation obtaimd 
by carrying out the two transformations in succession This follows 
at once from the fundamental pioperty of functional determinants 
(5 30) 




i)(a, y) _ l>(x, y) D(u, v) 
/■>(«', o’) J)(u, v) D(u\ v’) 
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Similarly, if the formula holds for several regions A, B, C, ■ ■. } j 
to which correspond the regions Ji, B t : l\, L lt it also holds for 

the region A + />* + <' A-+ L- Finally, the formula holds if the 

transformation is a change of axes: 

x = x„ + X 1 cos .r - I/’ sin <r, y = y„ + x' sin a + y' cos a. 
Here A = 1, and the equation 


fl 


F(x, y) tlx thj 


-fl 


F{'» 4 ,(•' cos <x - ;/' sin <», y„ -4 x' sin <i 4 //' cos a) dx' dy‘ 


is satisfied, since the two integrals icpresent the same volume. 

We shall proceed to prove the formula for the particular trans¬ 
formation 


(21) x = y '), y = y', 

which carries rhe region .1 into a region .1 ’ which is included between 
the same parallels to the x axis, // = //„ and y = p,. We shall sup¬ 
pose that just one point of J corresponds to any given point of A ’ ami 

conversely. If a paral¬ 
lel to the x axis meets 
the boundary C of the 
region A in at most two 
points, the same will he 
true for the boundary 
C" of the region A To 
any pair of points m„ 
and »i, on <’ whose or- 
dinates are each y cor- 

tiu mi 

respond two points m 0 
and m[ of the contour But the correspondence may be direct or 
inverse. To distinguish the two cases, let us remark that if d<f>/dx' is 
positive, x increases with x 1 , and the points m 0 and »i, and m’„ and 
m\ lie as shown in Fig. 29; hence the correspondence is direct. On 
the other hand, if fi<f>/dx‘ is negative, the correspondence is inverse. 

Let us consider the first case, and let x 0 , x u xl, x[ be the abscissue 
of the points m 0 , w,, mj, m\, respectively. Then, applying the for¬ 
mula for change of variable in a simple integral, we find 

jf F(x, y)dx y<), /] | ±dx', 
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w j ier e y and y' are treated as constants. A single integration gives 
tin- formula 


r» i r* i /'», r r i 

I <ly I F ( x >.'/) ,fx = I «y I /■' 

•A, -A A A, 


|>(Ay] t£, <&■ 


Rut the Jacobian A reduces in this case to c,y,/rx', and lienee the 
preceding formula may be written in the form 


// y)<ix A = / j y'), y'J 1 A ] 


A dy'. 


This foimula can be established in the same manner if rt'ji/rx' is 
negative, and evidently holds for a region of any form whatever. 

In an exactly similar manner it can be shown that the trans¬ 
formation 


(--) X=x', <J = y') 

leads to the formula 


j jT F(r, y)dx<ly =jjf ip(s\ y') ] \ A| dx'dy', 

where the new field of integration I' corresponds point for point to 
the region .1. 

Let us now consider the general formula* of transformation 


(23) ■ r =/(- r i.'/i), .'/=./ 

where for the sake of simplicity (x, y) and (x,, y j) denote the coor¬ 
dinates of two corresponding points m and .1/, with respect to the 
same system of axes. Let. .1 and 1 , be the two corresponding regions 
bounded by contours (' and (\, respectively. Then a third point m', 
whose coordinates are given in terms of those of m and JU, by the 
relations x' ----- x,, //' = y, will describe an auxiliary region .1’, which 
for the moment we shall assume corresponds point for point to each 
of the two regions .1 and -1,. The six quantities x, y, x t> y 1; x\ y' 
satisfy the four equations 

x =/(■'■). //i), y=A(xi,yi), x’ = x lt y'-y, 
whence we obtain the relations 

(24) x' = x u y' =/i (x,, y,), 

which define a transformation of the type (22). From the equation 
—fi (x\ y,) we find a relation of the form y l = tt(x’, y 1 ); hence 
we may write 

(25) 


* =f{x'> yi)= <K X ‘> v r )> 


y = y'- 
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The given transformation (23) amounts to a combination of the two 
transformations (24) and (25), for each of which the general formula 
holds. Therefore the same formula holds for the transformation (23). 

Remark. We assumed above that the region described by the 
point m' corresponds point for point to each of the regions A and 
At least, this can always be brought about. For, let us con¬ 
sider the curves of the region .4, which correspond to the straight 
lines parallel to the x axis in A. If these curves meet a parallel to 
the y axis in just one point, it is evident that just one point m’ of 
A’ will correspond to any given point wi of A. Hence we need 
merely divide the region A, into parts so small that this condition 
is satisfied in each of them. If these curves were parallels to the 
y axis, we should begin by making a change of axes. 

131. Area of a curved surface. Let .S’ be a region of a curved stir- 
face free from singular points and bounded by a contour T. Let .s' 
be subdivided in any way whatever, let s, be one of the subregions 
bounded by a contour y,, and let m, be a point of Draw the tan¬ 
gent plane to the surface S at the point »,, and suppose s, taken so 
small that it is met m at most one point by any perpendicular to 
this plane. The contour y, projects into a curve y( upon this plane; 
we shall denote the area of the region of the tangent plane bounded 
by y[ by <r,. As the number of subdivisions is increased indefinitely 
in such a way that each of them is infinitesimal in all its dimensions, 
the sum Sir, approaches a limit, and this limit is called the area of 
the region S of the given surface. 

Let the rectangular coordinates x, %>, 2 of a point of .S’ be given in 
terms of two variable parameters u and v by means of the equations 

(26) x =f(u, v), y = <£(«, v), z = 4 ,( 11 , r ), 

in such a way that the region .S’ of the surface corresponds point for 
point to a region U of the uv plane bounded by a closed contour 
We shall assume that the functions /, <f>, and i/., together with their 
first partial derivatives, are continuous in this region. Let R be 
subdivided, let r, be one of the subdivisions bounded by a contour c„ 
and let w, be the area of r,. To r, corresponds on S a subdivision s, 
bounded by a contour y t . Let a, be the corresponding area upon the 
tangent plane defined as above, and let us try to find an expression 
for the ratio <r ( /(u,. 

Let a„ /8(, y, be the direction cosines of the normal to the surface 5 
at a point m t (x„ y ( , 2 ,) of s, which corresponds to a point (w t) v t ) 
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of p Let us take the point to, as a new origin, and as the new axes 
the normal at m, and two perpendicular lines m t X and m, V in the 
tangent plane whose direction cosines with respect to the old axes are 
o', J a,1< l a", fi", y", respectively. Let X, Y, Z be the coordinates 
of a point on the surface .S' with respect to the new axes. Then, 
by the well-known formula; for transformation of coordinates, we 
shall have 

X = «' (x - i,) + /S’ (// - y,) + y' (z - 2 ,), 

Y = a"(x - x,) + P"(y - y.) + y"(z - 2 .). 

Z = a,(x - x,) + (i, (y - y,) + y, (2 - 2 ,). 


The area tr, is the area of that portion of the ,Y Y plane which is 
bounded by the closed curve, which the point (,Y, Y) describes, aB 
the point (u, o) describes the contour c . Hence, by § 127, 


cr, — (o, 


i »(X, Y) 

! 0 (H'„ vl) 


where i(| and »[ are the coordinates of some point inside of c,. An 
easy calculation now leads us to the form 


»(X Y) 
/)(»;,»;) 


yH ' y H ’ />(»,', V ,') 

W ' ’ />(!/,', I’’) 


+ («'/ 3"- P 1 a") 


&(*, y) 
n(«;, *:>’ 


or, by the well-known relations between the nine direction cosines, 


T>(X, Y) = , \ />(?/. «) , „ '*(-■ •»•) , J>(s, ?/) ). 

/>(«!, } n ‘I>{u[, v[) P 'D(u[, r[) y ‘D(u[, v'i)) 

Applying the general formula (17), we therefore obtain the equation 


/)(y, 2) />(*■ -r) , y) 

* D(u[, v[) ' r P ‘ ;>(«;, cl) />(«.', v[) 


where n[ and cj are the coordinates of a point of the region r,- in the 
uu plane. If this region is very small, the point («[, v[) is very near 
the point ( u it i\), and we may write 


»(y, 2 ) l)(y, 2 ) 


+ 


D(z, r) _ P(z, x) 


D(u[, v[) D(Ui, v ( ) 

D(y, 2 ) 


+ «!, 


io-j = Swi 


£>(«;, «’J) £»(«., C.) 

• • 1+ SSwJait, -f fte,' + y,e-'| 


where the absolute value of 8 does not exceed unity. Since the 
derivatives of the functions f, <p, and ^ are continuous in the 
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region R, we may assume that the regions r, have been taken so 
small that each of the quantities e', t^is less than an arbitrarily 
preassigned number y . Then the supplementary term will certainly 
be less in absolute value than 3^0, where II is the area of the 
region R. Hence that term approaches zero as the regions s, 
(and r,) all approach zero in the manner described above, and the 
sum 2cr, approaches the double integral 



'>(!/, ~) . „ D(=. *) .'/) 

"/>(«,(’) P l>(u, r) 7 />(»,(') 


rfu, 


where «, /3, y are the direction cosines of the normal to the surface N 
at the point (a, y). 

Let us calculate these direction cosines. The equation of the 
tangent plane (§ 30) is 


(-Y 

whence 


- x) 


i>(y, 

/>(«, r) 




D( ~, J) 

D(m, w) 


+ (Z - 


//) _ (| 

D(ii, r) 


nr _ P _ y LI 

!>(>/< *) a 1 ) /> (•<•, y) /r/> ('/, -) T, 

D(u, t>) D(it, t*) />(«, c) i')J 


Choosing the positive sign m the last ratio, we obtain the formula 

' IHV, «) . „ »(«, x) />(r, y) 

D(«, o) P D(u, f) ^ D(«, c) 


= /r%j)T + fM ! + r"^T 

\LD(«, c)J L J>(u, i;)J Ld'(m, c)J 

The well-known identity 


(«&' — ba'Y + (ic' — cb ') 2 (co 1 — ac') z 

= (<i* + 6 2 + e 2 )(a' 2 -j- I/ 2 c 12 ) — (aa 1 + W/ + cc 1 ) 2 , 

which was employed by Lagrange, enables us to write the quantity 
under the radical in the form EC — F i , where 



c, dx dx 



the symbol S indicating that z is to be replaced by y and a succes¬ 
sively and the three resulting terms added. It follows that the area 
of the surface S is given by the double integral 



VEG _ F»dudv. 


( 28 ) 



VI, §132] 


CHANGE OF VARIABLES 


275 


The functions E, F, and C play an important part in the theory 
of surfaces. Squaring the expressions for dx, dy, and da and adding 
the results, we find 

(29) ds 2 = dx 2 + dif + da 1 = Edu" + 2 Fdudr + (i did. 

It is clear that these quantities E, /•', and C do not depend upon 
the choice of axes, but solely upon the surface .s' itself and the inde¬ 
pendent variables it and v. If the variables it and i> and the sur¬ 
face <S are all real, it is evident that E<! — F 2 must be positive. 


132. Surface element. The expression \/ E<i — F 2 du dv is called the 
element of area of the surface -V in the system of coordinates (u, e). 
The precise value of the area of a .small portion of the surface bounded 
by the curves (it), (u + du), (r), (/• + dr) is ( \ E<i — F' 1 -f- e)dudv, 
where e ajiproaehes zero with du and dr. It is evident, as above, 
that the term t du do is negligible. 

Certain considerations of differential geometry confirm this result. 
For, if the portion of the surface in question be thought of as a small 
curvilinear parallelogram on the tangent plane to S at the point (u, n), 
its area will he equal, approximately, to the product of the, lengths 
of its sides times the sine of the angle between the two curves (u) 
and (c). If we further replace the increment of arc by the differ¬ 
ential ds, the lengths of the sides, by formula (29), are V Edu and 
Vil dr, if du and dr are taken positive. The direction parameters of 
the tangents to the two curves (u) and (a) are cxjCu, dy/du, dz/du. 
and cx/dr, dy/dr, dz/dr, respectively. Hence the angle a between 
them is given by the formula 



whence sin <r = V Ed — F 1 / V lie. Forming the product mentioned, 
we find the same expression as that given above for the element of 
area. The formula for cos <t shows that F = 0 when and only when 
the two families of curves («) and (v) are orthogonal to each other. 

When the surface .S' reduces to a plane, the formulae just found 
reduce to the formulae found in § 128. For, if we set ip(u, v) = 0, 
we find 



dx dx dy dy 
du dr du do ’ 
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whence, by the rule for squaring a determinant, 


A 2 = 



dx dx 


2 



du 0w 



E F 


d_y dy 



F G 

a. 

du ~8v 





= EG - F i . 


Hence VEG — F 1 reduces to j A). 


Examples. 1) To find, the area of a region of a surface whose equa¬ 
tion is z = f{x, y) which projects on the xy plane into a region R in 
which the function fix, y), together with its derivatives /> = df/dx and 
q = df joy, is continuous. Taking x and y as the independent vari¬ 
ables, we find E = 1 4- p 2 , F = pq, <j = 1 + 7 \ and the area in ques¬ 
tion is given by the double integral 


(30) 


-fly 


l + p l + (/- dx dy 


rr dxdy f 
~Jj(H > cosy’ 


where y is the acute angle between the - axis and the normal to the 
surface. 


2) To calculate, the, area of the region of a surface of revolution 
between two plane sections perpendicular to the axis of revolution. 
Let the axis of revolution be taken as the * axis, and let s =/(*) 
be the equation of the generating curve in the xe plane. Then the 
coordinates of a point on the surface are given by the equations 

x = p cos oi, !/ — p sin <», is = _f(p), 

where the independent variables p and w are the polar coordinates of 
the projection of the point on the xy plane. In this case we haye 

ds 2 = <V[i+/' 5 0>)] + pW, 

E = 1 + /' 2 (p), F= 0, G = P 2 . 

To find the area of the portion of the surface bounded by two plane 
sections perpendicular to the axis of revolution whose radii are p, and 
p s , respectively, p should be allowed to vary from p, to p 2 (pi< pa) and 
«■> from zero to 2ir. Hence the required area is given by the integral 

A = r dp f p vT+/' 2 (p)rfa, = 2w f P ' p Jl + f'*(p)dp, 

Jo J Pl 

and can therefore be evaluated by a single quadrature. If s denote 
the arc of the generating curve, we have 

ds* = dp 2 + dz 2 = dp 5 [l+/' 2 (p)j, 
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V'l, 51*0 

and the preceding formula may be written in the form 

pi 

2-rrp ds . 

Pi 

The geometrical interpretation of this result is easy: 2 irpds is 
the lateral area of a frustum of a cone whose slant height is ds and 
whose mean radius is p. Replacing the area between two sections 
whose distance from each other is infinitesimal by the lateral area 
of such a frustum of a cone, we should obtain precisely the above 
formula for A. 

For example, on the paraboloid of revolution generated by revolv¬ 
ing the parabola x 2 = 2 pz about the ~ axis the area of the section 
between the vertex and the circular plane section whose radius is r is 

a = 2w f -e V^+7 dp = ^ o’ + - P >]. 

Jo P *V' 

HI. GENERALIZATIONS OF DOUBLE INTEGRALS 
IMPROPER INTEGRALS SURFACE INTEGRALS 

133. Improper integrals. Let f(r, y) be a function which is con¬ 
tinuous in the whole region of the plane which lies outside a closed 
contour P. The double integral of fix. y) extended over the region 
between T and another closed curve <' outside of T has a finite value. 
If this integral approaches one and the same limit no matter how 
(' varies, provided merely that the distance from the origin to the 
nearest point of C becomes infinite, this limit is defined to be the 
value of tire double integral extended over the whole region 
outside T. 

Let us assume for the moment that the function fix, y) has a 
constant sign, say positive, outside P. In this case the limit of the 
double integral is independent of tlie form of the curves C. For, 
let f,, (-’»,•••, C„, be a sequence of closed curves each of which 
encloses the preceding in such a way that the distance to the nearest 
point of C„ becomes infinite with n. 1 f the double integral /„ extended 
over the region between P and C„ approaches a limit I, the same will 
lx: true for any other sequence of curves C[, Cl, ■*, C m , ••• which 
satisfy* the same conditions. For, if /', be the value of the double 
integral extended over the region between P and C’ m , n may be 
chosen so large that the curve ('„ entirely encloses C’ m , and we 
shall have /’„</„< /. Moreover /', increases with m. Hence I’„ 
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has a limit I' 5 /. It follows in the same mannei that T S I'. Hence 
I' — I, i.e. the two limits are equal. 

As an example let us consider a function f(x, y), which outside a 
circle of radius r about the origin as center is of the form 


/(*, y) = 


y) 

<> 2 + y y 


where the value of the numerator i ji(x, y) remains between two posi¬ 
tive numbers ni and At. Choosing for the curves C the circles 
concentric to the above, the value of the double integral extended 
over the circular ring between the two circles of radii r and It is 
given by the definite integral 



*^(p cos fti, p sin io)p(tp 

> 


It therefore lies between the values of the two expressions 





By § 90, the simple integral involved approaches a limit as It 
increases indefinitely, provided that 2a—1>1 or a>l. But it 
becomes infinite with It if a SI. 

If no closed curve can be found outside which the function f{x, y) 
has a constant sign, it can be shown, as in § 89, that the integral 
ff f{x, y) dx dy approaches a limit if the integral ff \f(x, ;/) j dx d>j 
itself approaches a limit. But if the latter integral becomes infinite, 
the former integral is indeterminate. The following example, due 
to Cayley, is interesting. Let f(r, >/) = sin (a- 2 + y-), and let us inte¬ 
grate this function first over a square, of side a formed by the axes 
and the two lines x — a, y = a. The value of this integral is 



sin(i 2 + y 2 )dy 


= / sin x*dx x / cosy‘ l dy + I cos x 2 dx x I f 

Ji l (I 


sin y 2 dy ■ 


As a increases indefinitely, each of the integrals on the right has 
a limit, by § 91.. This limit can lie shown to be Vtt/ 2 in each case ; 
hence tlie limit of the whole right-hand side is 7 r. On the other 
hand, the double integral of the same function extended over the 
quarter circle bounded by the axes and the circle x 2 + y 2 = R 2 is 
equal to the expression 
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J du>J p sin p a rfp = — — [cos p 2 ]* = — [1 — c.os E 2 ], 

which, as II becomes infinite, oscillates between zero and 7 t /2 and 
does not approach any limit whatever. 

We should define in a similar manner the double integral of a 
function/(. t, y) which becomes infinite at a point or all along aline. 
First, we should remove the point (or the line) from the field of 
integration by surrounding it by a small contour (or by a contour 
veiy close to the line) which we should let dimmish indefinitely. 
For example, if the function J\x, y) can lie written in the form 


/(*> ?/) = 


o- 


J,(x, y)_ _ 


m the neighborhood of the point (". />). where ;/) lies between 
two positive numbers m and M, the double integral of f(x, y) 
extended over a region about the point (n. b) which contains no 
other point of discontinuity has a finite value if and only if a is 
less than unit]'. 


134, The function B(p, q). We have assumed above that the contour C n 
lemles indefinitely in every direction But it is evident that we may also sup¬ 
pose that oi»lj a certain portion recedes to infinity. This is the case in the above 
example of Cayley’s anil also in the following example. Let us take the function 

/(x, (j) - (/-"-'c-* 1 

where p and ry are each positive This function is continuous and positive in the 
first quadrant Integrating first over the square of side a bounded by the axes 
and the lines x ~ a and y — a, we find, for the value of the double integral, 

f 2 x 2 e-i c ~~ T> <lx x f 2y' 2, /- l e~v*dy. 

•mi •'<> 

Each of these integrals approaches a limit as a becomes infinite For, by the 
definition of the function I'(p) in § fi‘2, 

T(p)=.j* 

whence, setting / = x 2 r we find 

(31) V{p) - f 4 

«/» 

Hence the double integral approaches the limit. r(p)r(tf) as d becomes infinite. 

Let as now' integrate over the quarter circle bounded by the axes and the 
circle x 2 -f y 2 = li 1 . The value of the double integral in polar coordinates is 

I* 2 />*<e+gl- 1 c~f^dp x J 2 2 cos 2 *' 1 ip 8 in ‘ i «~ l 0 d 0 . 
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As B becomes infinite this product approaches the limit 

T(p + q) B(p, q ), 

where we have set 

(32) B(p, q) = f 2 2 cos 2 *- 1 <p sin 1 "'- 1 $ dq>. 

J 0 


Expressing the fact that these two limits must be the same, we find the equation 

(33) T(p) Y(q) -V(P + q) B(p, (/). 

The integral B(p, q) is called Euler’s integral of the first kind. Setting t = sinV, 
it may be written in the form 

(34) B(p, q) = fa'f-'O -ty-'di 

The formvila (33) reduces the calculation of the function 11 {p, q) to the calcu¬ 
lation of the function V. For example, setting = // — 1/2, we find 


[ r (i)] J = r (i)X 8 ^ = > r . 

whence T(l/2) = VV Hence the formula (31) gives 


e- ^dx = 




C - 2 

In general, setting </ = 1 — p and taking p between 0 and 1, we find 
r(p>T(i - p)= B(p, i - p) = jf 'j 

We shall see later that the value of this integral is n/sin pit. 


'n 135. Surface integrals. The definition of surface integrals is analogous to that 
of line integrals. Let <S be a region of a surface bounded by one or more curves r. 
We shall assume that the surface has two distinct Bides in such a way that if one 
side be painted red and the other blue, for instance, it will be impossible to pass 
from the red side to the blue side along a continuous path which lies on the sur¬ 
face and which does not cross one of the bounding curves.* Let us think of S as 
a material surface having a certain thickness, and let m and in' be two points 
near each other on opposite sides of the surface. At m let us draw that half of 
the normal mn to the surface which does not pierce the surface. The direction 
thus defined upon the normal will be said, for brevity, to correspond to that side 
of the surface on which m lies. The direction of the normal which corresponds 
to the other side of the surface at the point m' will be opposite to the direction 
just defined. > 

Let % ~ 0 (x, y) be the equation of the given surface, and let S "he a region of 
this surface hounded by a contour r. We shall assume that the surface is met 
in at most on6 point by any parallel to the z axis, and that the function <t>(x , y) 


*It is very easy to form a surface which does not satisfy this condition. We need 
only deform a rectangular sheet of paper AB CD by pasting the side BC to the side AD 
In such a way that the point C coincides with A and the point B with D . 
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is continuous inside the region A of the xy plane which is bounded by the curve C 
uito which T projects. It is evident that this surface has two sides for which 
the corresponding directions of the normal make, respectively, acute and obtuse 
angles with the positive direction of the z axis. We shall call that side whose 
corresponding normal makes an acute angle with the positive z axis the upper 
side Now let P(x, y, z) be a function ofi the three variables x, y, and z which 
is continuous in a certain region of space which contains the region ,S of the sur¬ 
face. If z he replaced in this function by <p(x, y), there results a certain function 
7 > |x, y, !/)] of 1 and y alone; and it is natural by analogy with line integrals 
to call the double integral of this function extended over the region A, 

(36) j'j' P[x, y, <#>(z, Ji)]dxdi/, 

the surface integral of the function P(x, //, z) taken over the region S' of the given 
surface. Suppose the coiiidinat.es x, y, and z of a point of S' given in terms of two 
auxiliary variables u and o in such a way that the portion S of the surface corre¬ 
sponds point for point in a one-to-one manner to a region R of the uv plane. Let 
da be, the surface element of the surface .S, and y the acute angle between the posi¬ 
tive z axis and the normal to the upper side of S'. Then the preceding double 
integral, by §§ 131-132, is equal to the double integral 

(30) ff P(x, y, z) <•>»-, il<r, 

where x, y, and z are to be expressed in terms of u and v. This new expression 
is, however, more general than the former, for cosy may take on either of two 
values according to which side of the surface is chosen When the acute angle y 
is chosen, as above, the double integral (35) or (30) is called the surface integral 

(37) ffr(x,y,z)dxdy 

extended over the upper aide of the surface S. Hut if 7 be taken as the obtuse 
angle, every element of the double integral will be changed in sign, and the new 
double, integral would be called tin* surface integral j J I*ds dy extended over the 
lower side of N. In general, the surface integral J J Pdx dy is equal to ± the double 
integral (36) according as it is extended over the upper 01 the lower side of S. 

This definition enables us to complete the analogy between simple and double 
integrals. Thus simple integral changes sign when the limits are interchanged, 
while nothing similar has been developed for double integrals. With the gen¬ 
eralized definition of double integrals, we may say that the integral///(z, y) dx dy 
previously considered is the surface integral extended over the upper side of the 
xy plane, while the same integral with its sign changed represents the surface 
Integral taken over the under side. The two senses of motion for a simple inte¬ 
gral thus correspond to the two sides of the xy plane for a double integral. 

The expression (3B) for a surface integral evidently does not require that the 
surface should be met in at most one point by any parallel to the z axis. In the 
same manner we might define the surface integrals 

ff QU, V: z) dydz , ff R(x, V, z)dzdx, 
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and the more general integral 

JJP(z, y, z)dxdy +Q(x, y, z)dydz + R(x, y, z)dzdx. 

This latter integral may also be written in the form 

ffr cos 7 4- Q cos a + li cos p] da , 

where a t p, y are the direction angles of the direction of the normal which coi- 
responds to the side of the surface selected. 

Surface integrals are especially important in Mathematical Physics. 

v 136. Stokes’ theorem. Let L be a skew curve along which the functions 
P(x y !/, z), Vi z), ft(x, y, z) are continuous. Then the definition of the line 
integral 


f Pdx + Qdy +Rdz 


taken along the line L is similar to that given in §93 for a line integral taken 
along a plane curve, and we shall not go into the matter in detail. If the curve L 
is closed, the integral evidently may be broken up into the sum of three line inte¬ 
grals taken over closed plane curves. Applying Green’s theorem to each of these, 
it is evident that we may replace the line integral by the sum of three double 
integrals. The introduction of surface integrals enables us to state this result in 
very compact form. 

Let us consider a two-sided piece S of a surface which we shall suppose for 
definiteness to be bounded by a single curve r. To each side of the surface 
corresponds a definite sense of direct motion along the contour r. We shall 
assume the following convention: At any point M of the contour let us draw 
that half of the normal Mn which corresponds to the side of the surface under 
consideration, and let us imagine an observer with liis head at n and his feet at M ; 

we shall say that that is the positive sense 
of motion which the observer must take in 
order to have the region S at his left hand. 
Thus to the two sides of the surface corre¬ 
spond two opposite senses of motion along 
the contour r. 

Let us first consider a region S of a sur¬ 
face which is met in at most one point by 
any parallel to the z axis, and let us suppose 
the trihedron Ozyz placed as in Fig. 30, 
where the plane of the paper is the yz plane 
and the x axis extends toward the observer. 
To the boundary r of S will correspond a 
closed contour C in the xy plane; and these 
two curves are described simultaneously in 
the sense indicated by the arrows. Let 
z =X(x, y) be the equation of the given surface, and let P(z, y , z) be a function 
which is continuous in a region of space which contains S. Then the line inte¬ 
gral P(x, %/, z)dx is identical with the line integral 
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f P[x, V, ]/)] dx 
*'(C) 

taken along the plane curve C. Let us apply Green’s theorem (§ 120) to tins 
latter integral. Setting 

P(Xy U) = U[z, V, «(x, g)] 

for definiteness, we find 

dP(X y y) _ £.P ^ dP d<p _ f 1 / 1 rP COS ft 

dy dy dz dy 'ey iz cosy 


where a, P, y are the direction angles of the normal to the upper side of S 
Hence, by Green’s theorem, 



oP u HP 

— cos ft - - - COS 7 
Iz cy 


) 


dxdy 
cos y ’ 


where the double integral is to be taken over the region A of the zy plane 
bounded by the contour C. Hut the right-hand side is simply the surface 
integral 



ep 

- cos y 

('y 


da 


extended over the upper side of A ; and hence we may write 


fj£ 


dP 

dz dz - dxdy. 

cy 


This formula evidently holds also when the surface integral is taken over the 
other side of if the line integral is taken in the othei direction along r. And 
it also holds, as does Green’s theorem, no matter what the-form of the surface 
may be. By cyclic permutation of x, y, and 2 we obtain the following analogous 
formula!: 


X„“<- -JIM 


^ dxdy — dydz t 
dz 


dii , - cR 

dy dz — — dz dx. 
dx 


Adding the three, we obtain Stokes' theorem in its general form: 
f P(x, y, z) dx + Q(x , y y 2 ) dy + R (*, y, z) dz 

J (T) 

= [f + (L»-L«W + (??JV 

JJ(S)\ dx d y / \ c, y dz / \ dz dx ) 


(38) 


The sense in which V is described and the side of the surface over which the 
double integral is taken correspond according to the convention made above. 
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IV. ANALYTICAL AND GEOMETRICAL APPLICATIONS 


137. Volumes. Let us consider, as above, a region of space bounded 
by the xy plane, a surface S above that plane, and a cylinder -whose 
generators are parallel to the z axis. We shall suppose that the 
section of the cylinder by the plane z = 0 is a contour similar to 
that drawn in Fig. 25, composed of two parallels to the y axis and two 
curvilinear arcs .1 PH and A'QH'. If z = /( x, y) is the equation of the 
surface S, the volume in question is given, by § 124, by the integral 


X b pv, 

dxj f{x,y)dy. 


Now the integral y)dy represents the area A of a section of 

this volume by a plane parallel to the yz plane. Hence the preceding 
formula may lie written in the form 


(39) 



A dx. 


The volume of a solid bounded in any way whatever is equal 
to the algebraic sum of several volumes bounded as above. For 
instance, to find the volume of a solid bounded by a convex closed 
surface we should circumscribe the solid by a cylinder whose gen¬ 
erators are parallel to the s axis and then find the difference between 
two volumes like the preceding. Hence the formula (39) holds for 
any volume which lies between two parallel planes x = a and x — b 
(a < b) and which is bounded by any surface whatever, where A 
denotes the area of a section made by a plane parallel to the two 
given planes. Let us suppose the interval (a, h) subdivided by the 
points a, x lt x. 2> • ■ -, b, and let A<>, A,, • • •, A,, • be the areas 
of the sections made by the planes x = a, x = x u ■ ■■, respectively. 
Then the definite integral f b f\dx is the limit of the sum 


Ao(*i - a)+ A,(/q-*,)+■- + A,_i(7-, - *._,) 

The geometrical meaningof this result is apparent. For ^ x (x t — £,._,), 
for instance, represents the volume of a right cylinder whose base is 
the section of the given solid by the plane x = and whose height 
is the distance between two consecutive sections. Hence the volume 
of the given solid is the limit of the sum of such infinitesimal cylin¬ 
ders. This fact is in conformity with the ordinary crude notion of 
volume. 
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If the value of the area A be known as a function of r, the vol¬ 
ume to be evaluated may be found by a single quadrature. As an 
example let us try to find the volume of a portion of a solid of revo¬ 
lution between two planes perpendicular to the axis of revolution. 
Let this axis be the x axis and let r. = /(.r) be the equation of the 
generating curve in the xz plane. The section made by a plane par¬ 
allel to the yr. plane is a circle of radius/(.r). Hence the required 
volume is given by the integral Trj* [/(r)]Vr. 

Again, let us try to find the volume of the portion oi the ellipsoid 


E + £ + L = 

a? b 1 c 1 


1 


bounded by the two planes x = x 0 , x = .A. The section made by a 
plane parallel to the plane x — 0 is an ellipse whose setniaxes are 
b Vl — xfjd 1 and c Vl — x 2 /d z . Hence the volume sought is 


-I '“•{'-fa- 


rrbe. ( .V — ir 0 — 


-v 8 - -r !\ 

3<r 2 )- 


To find the total volume we should set x — — a and X — a, which 
gives the value J7 rabc. 


138. Ruled surface. Pnsmoidal formula. When the area A is an integral 
function of the second degree in x. the volume may be expressed very simply 
in terms of the areas }i and li’ of the bounding sections, the area b of the mean 
section, and the distance h between the two bounding sections. If the mean 
section be the plane of yz, we have 

V = f (lx 1 + 2mx 4 n) dx = 21 + 2 na. 

J—a o 

But we also have 

h — 2a, b = n , B — la' 2 -h 2ma + «, B' = la 2 — 2 ma + n , 
whence n = b, a = A/2, 2la 2 = B -f IV - 2b. These equations lead to the formula 

( 40 ) V - * [B + B' + 46 ] , 

which is called the prismoidal formula. 

This formula holds in particular for any solid bounded by a ruled surface and 
two parallel planes, including as a special case the so-called prigmoid.* For, 
let y — ax + p and z = bx + q be the equations of a variable straight line, where 
a, 6, p, and q are continuous functions of a variable parameter t which resume 
their initial values when f increases from t 0 to T. This straight line describes 


* A prismold is a solid bonnded by any number of planes, two of which are paral¬ 
lel and contain all the vertices. —Trans. 
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a ruled surface, and the area of the section made by a plane parallel to the plane 
x = 0 is given, by § 94, by the integral 

r T 

A = I (ax + p){b'x -f q')dt, 

*'<0 

where a', b\ ^ ^-denote the derivatives of a, b, ^-ij^ith respect to t. These 
derivatives may even be discontinuous for a finite number of values between to 
and T, which will be the case when the lateral boundary consists of portions of 
several ruled surfaces. The expression for A may be written in the form 

A = x 2 f ab'dt + x f ( aq' + pb')dt + f pq'dt, 

•'to dtf, Jt 0 

where the integrals on the Tight are evidently independent of x. Hence the 
formula (40) holds for the volume of the given solid. It is worthy of notice that, 
the same formula also gives the volumes of most of the solids of elementary geometry 


139. Viviam's problem. Let C be a circle described with a radius OA R | 
of a given sphere as diameter, and let us try to find the volume of the portion 
of the sphere inside a circular cylinder whose right section is the circle C. 
Taking the origin at the center of the sphere, one fourth the required volume 
is given by the double integral 


J -=ff VR2 - x» - y i dxdy 


extended over a semicircle described on OA as diameter. Passing to polar cooi- 
dinates p and u, the angle u> varies from 0 to rr/2, and p from 0 to R cos u>. Hence 
we find 


V 

4 



ft COBOJ ___ 

P VR» - pj dp = 



IP - p s ) 5 ]" 


du) , 


or 





Fig. 31 


V 1 ». • . v - R s /jt 2\ 

4 3 Jo 3\2 3/ 

If this volume and the volume inside the cylinder 
which is symmetrical to this one with respect to 
the z axis be subtracted from the volume of the 
whole sphere, the remainder is 



Again, the area 0 of the portion of the sur¬ 
face of the sphere inside the given cylinder is 


I * = Vl + p 2 + q a dzdy. 


Replacing p and q by their values — x/z and — y/x, respectively, and passing to 
polar coordinates, we find 



\ I, 5 H"] 


APPLICATION^ 


287 


IT 

r 2 r 

2 = 41 dcj I 

Jo Jo 


u Rp dp 
y/R 2 - p * 


,r~ 4 L' d „, 

Si _ 4 IP £ J (1 sniwpfw ill- - 1 j 
two t yiindeis i 

[*,- ') ««* 


Subtracting the aiea enclnbeii by the two lyhndeis from the whole area of the 
spheie, the remainder is 

inVA - ft A* 2 / 


140 Evaluation of particular definite integrals The them am v estab- 
Itshed above, m partioulai the theorem legaulmg difteiuntiation 
midet the integral sign, sometimes enable us to o\ablate teitain tlefi- 
mte integrals without knowing the ooiresponding indehiiite integrals 
We proceed to give a few examples. 

Setting 

r"Iog(l + ir.r) 

i - 7(a)= .l 1 4 j* ' Jr ’ 

the foumila foi diffeientlation uiulei the mtegial sign gnes 


whence 


£ 


,1 1 

h»g(i -j 

a 2 ) 

f ' X dx 

<1l\ 

i +, 

i r“ 

Jii 11 -f <r<)( 1 x l ; 

up tills 

mtegi.wd mt' 

o paiti.il liactions, we 


r 


1 / r -f- a a 

(1 + 01 

Hi + a--) 

i 

-{ it" yl -j- j" 1 -f- cur 

.r 

<1jr 


log(l + n~) i <r 

(1 + ax 

)(i + 3 ■) 


2(1 + o') 1 + «' 


. arc tan a. 


It follows that 


d \ a log (1 + a-) 

- — - — aie tan o + - -— — . 

i/it 1 + ir 2(^1+ u 2 ) 

whence, observing that .1 vanishes whim <i — 0, we may write 

. f r log(l+n J ) , , r “ 

A — I ————da + I —-- arc tan a da. 

J a 2(1 + o 2 ) Jo l + «* 

Integrating the first of these integrals by parts, we finally find 
A = j- arc tan ir log (1 + cr a ). 





■288 


DOUBLE INTEGRALS 


[VI, | 140 


Again, consider the function J" v . This function is continuous 
when x lies between 0 and 1 and y between any two positive 
numbers a and h. Hence, by the general foimula of § 123, 


But 


y\\ nt S*b S%\ 

I dx I x v dy = I dy I x v dx. 

0 i/n a as o 


hence the value of the right-hand side of the previous equation is 



On the other hand, we have 


whence 



In genetal, suppose that /’(to, //) and <i( r, y) are two functions 
which satisfy the lelatum dP/f'y — cu/'dx. and lhat x 0 , x i, Vo, !)\ me 
given constants Then, by the geneial foimula for integration 
under the integial sign, we shall have 



(4!) J [/’(*, !/i) - /’('r, 



Cauchy deduced the values of a large number of definite inte¬ 
grals from this foimula It is also closely and simply related to 
Green’s theorem, of which it is essentially only a special case. 
For it may be derived by applying Green's theorem to the line 
integral jPdx + Qdy taken along the boundary of the rectangle 
formed by the lines x = x 0 , x = x x , y — y Q} y = y t . 

In the following example the definite integral is evaluated by a 
special device. The integral 



log (1 — 2 a cosx + <t*)dx 
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has a finite value if |a| is different from unity. This function 
f/ a ) has the following properties. 

1) F(- a) = F(a). For 

F( — «) = f 'og(l -f 2<r cosx + a 2 )dx, 
or, making the substitution x = w — y, 

F(— a ) = f log (1 — 2 a C.os y + <r 2 ) <fy — F(a). 

2) F(<r 2 ) = 2F(a). For we may set 

2 F(n) = F(<r) + F(— <r), 

whence 

2 F(a)=f [log(l — 2a cos a - + n") 4 log (I + 2ir cos x + a 2 )] dx 

=J^* log(l — 2a 2 cos 2.r + o 4 )i/.r. 

If we now make the substitution 2x — //, tins lieoomes 
2/•’(«) — t; log(1 — 2u 2 cos y ir 4 )dif 


1 

+ - | log(1— 2<r 2 cosy + it 4 )ay. 


Making a second substitution y = 2v — z in the last integral, we 
find 

s*ir 

log(l — 2<r 2 cos y 4- « 4 )dy — I log(l— 2<r 2 cos« + ir 4 )d*, 

fr Jq 

which leads to the formula 

2 F(a) = | F(« 2 ) + \ F(<r) = F(« 2 ). 


From this result we have, successively, 

F(a) = \ F(a 3 ) = \ F(« 4 ) = -" = ^F(a 2 "). 

If | a | is less than unity, a 2 " approaches zero as n becomes infinite. 
The same is true of F(a in )/ for the logarithm approaches zero. 
Hence, if |«r| < 1, we have F(u) = 0. 
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If I a I is greater than unity, let us set a = 1//?. Then we find 


f <“ )= £ 
■£ 


, 2 cos a; 

( 1 - J~ + 


£ ix 


= log (1 — 2/3 cos x + p 2 ) dx — 7t log fj 1 , 


where \ fi\ is less than unity. Hence we have in this case 
F(a) = — 7 T log fi 1 ~ tt log nr 2 . 

Finally, it can be shown by the aid of Ex. fi, p. 205, that F(± 1) =r 0; 
hence F(o) is continuous for all values of «. 


141. Approximate value oi log T(n + 1). A great variety of devices may be 
employed to find either the exact or at least an approximate value of a definite 
integral. We proceed to give an example. We have, by definition, 

l’(7i + l)= f x"e- r dx. 

J o 

The function x" e~ x assumes its maximum value n n e~ " f or x = n. As x inei eases 
from zero to n, x"c- x increases from zero to n’*e-’‘ (n >0), and when x increases 
from n to + on, x,"e- J decreases from n»e-» to zero. Likewise, the function 
n n <r"e-' 1 increases from zero to n"er n as £ increases from - oo to zero, and 
decreases from n“e _ “ to zero as t increases from zero to + x. Hence, by the 
substitution 


(42) x" tr* = we* c '', 

the values of x and £ correspond in such a way that as t increases from — oo 
to + oo, x increases from zero to -f oo. 

It remains to calculate dx/dl. Taking the logarithmic derivative of each side 
of (42), we find 

dx _ 2£x 
dt x — n 

We have also, by (42), the equation 

< 2 = x — n - n log ^ • 

For simplicity let us set x = n + z, and then develop log(l + z/n) by Taylor’s 
theorem with a remainder after two terms. Substituting this expansion in the 
value for t 2 , we find 

P = ,-n R_ * _1 = —“i _, 

[_™ 2n 2 (l+2 (n + Oz) 1 

where 8 lies between zero and unity. From this we find, successively, 



^-=2£g + 1 ) = 2 [^ + ( , - ff)t ]. 
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whence, applying * e formula for change of variable, 

r(n + l) = 2nf»e-“-^ J ^ tr l 'dt-i 2n»c-" /"* ”e-' 1 (l - #)tdt. 
The first integral is 


f + V' ! df = 2 f'r 

*/-« */ (I 


As lor the second integral, though we cannot evaluate, it exactly, since we do 
not know 0, we can at least locate its value between certain fixed limits. For 
all its elements are negative between — <x> and zero, and they are all positive 
between zero and + oo. Moreover each of the integrals f" is less in 

absolute value than / 0 + “ ter ^dt = 1/2 It follows that 

(43) r(» + 1) =■ y/2n V;r + ~-_V 

\ V2n/ 

where u lieR between — 1 and + 1. 

If n is very large, w/v'iin is very small. Hence, if we take 

r(n + 1| = n”c n V2nir 

as an approximate value of l’(n + 1), our error is relatively small, though the 
actual error may be considerable. Taking the logarithm of each side of (43), we 
find the formula 

(44) logT (n + 1) = (n + l)logn - n + * log(2ff) + t, 

where f is very small when n is very large. Neglecting r, we have an expression 
which is called the asymptotic value of logl'(n+ 1). This formula is inter¬ 
esting as giving us an idea of the order of magnitude of a factorial. 


142 D’Alembert’s theorem. The formula for integration under the integral 
sign applies to any function/(x, y) which is continuous in the rectangle of inte¬ 
gration Hence, if two different results are obtained by two different methods 
of integrating the function /(x, y), we rnay conclude that the function /(x, y) is 
discontinuous for at least one point in the field of integration. Gauss deduced 
from this fact an elegant demonstration of d'Alembert’s theorem. 

Let F{z) be an integral polynomial of degree m in 2 . We shall assume for 
definiteness that all its coefficients are real. Replacing z by p(cosw + isinw), 
and separating the real and the imaginary parts, we have 


F(z) = r + iQ , 

where * 

P = ^4op TO cosmw -f ^4 1 p m ~ , cos(m - l)w + ■ • ■ + ylm, 

Q = A 0 p m sin ma -f - Aip m ~ l sin (m — 1) u> + • • + -^w-ipsin w. 

If we set V = arc ta n(P/Q) t we shall have 


dV 

dp 


Q— — P — 

dp dp 


dV 

dio 


Q ?p -r fQ 

Bui ?u> 

P 2 4 Q 2 ’ 


P 2 + Q 2 

and it is evident, without actually carrying out the calculation, that the second 
derivative is of the form 

gap M 
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where Jf ib a continuous function of p and u>. ThiB second derivative can only 
be discontinuous for values of p and u for which P and Q vanish simultaneously, 
that is to say, for the roots of the equation F(z) = 0. Hence, if we can show that 
the two integrals 


(46) 


jf'-fs*' M 


&V_ 

dpdv 


du 


are unequal for a given value of R , we may conclude that the equation F(z) = o 
has at least one root whose absolute value is less than U. But the second inte¬ 
gral is always zero, for 


r^=pH“ 

J 0 d P™ L J« 


and dV/dp is a periodic function of w, of period 27r. Calculating the first inte¬ 
gral in a similar manner, we find 

f il F d P =f— 

and it is easy to show that 2 V/du is of the form 

2F_ ~m.A\ p 2m + • • • 

Al + • • • 

where the degree of the terms not written down is less than 2 m in p, and where 
the numerator contains no term which does not involve p. As p increases indefi¬ 
nitely, the right-hand side approaches — m. Hence R may be chosen so large 
that the value of cV/iui, for p = R, is equal to — m + t, where e is less than m 
in absolute value, The integral J 0 2 "(— m + e)du is evidently negative, and 
hence the first of the integrals (45) cannot be zero. 


EXERCISES 

* 1. At any point of the catenary defined in- rectangular coordinates by the 
equation 



let us draw the tangent and extend it until it meets the x axis at a point T. 
Revolving the whole figure about the x axis, find the difference between the areas 
described by the arc AM of the catenary, where A is the vertex of the catenary, 
and that described by the tangent 3fT* (1) as a function of the abscissa of the 
point M , (2) as a function of the abscissa of the point T. 

[Licence, Paris, 188A.] 

2. Using the usual system of trirectangular coordinates, let a ruled surface 
be formed as follows: The plane zOA revolves about the x axis, while the gen¬ 
erating line D, which lies in this plane, makes with the z axis a constant angle 
whose tangent is X and cuts off on OA an intercept OC equal to XaS, where a 
it a given length and S is the angle between the two planes zOz and zOA. 
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1 ) Find the volume ol the solid bounded by the ruled surface and the planes 
xOy, z° z < and z0A ' where tlle ®de !e 8 between the last two is less than 2jr. 

2) Find the area of the portion of the surface bounded by the planes xOy, 
zOx , zOA. 

[Licence , Parts, July, 1882.] 

. 3. Find the volume of the solid bounded by the xy plane, the cylinder 
p x 2 + a 2 y 2 = u 2 t> 2 , and the elliptic paraboloid whose equation in rectangular 
coordinates is 

2z _ X 2 y 2 
c p 2 i'/-’ 

[Licence Paris, 1882.] 


■ 4 Find the area of the curvilinear quadrilateral bounded by the four con- 
focal conics of the family 

* + *- = l, 

X X-e 2 

which are determined by giving X tlie values c 2 /3,2r 2 /3, 4r 2 /3, 5r 2 /3, respectively. 

[Licence, Besan^on, 1886.] 

5. Consider the curve 

y - V2 (sin x - cos i), 


where I and y are the rectangular coordinates of a point, and where sc varies 
ft uni jr/4 to 6ir/4. Find : 

1) the area between this curve and the x axis; 

2) the volume of the solid generated by revnlv ing the curve about the x axis; 

3) the lateral area of the same solid. 

[Licence, Montpellier, 1898.] 


6. In an ordinary rectangular coordinate plane let A and B be any two 
points on the y axis, atid let AMII be any cun e joining A and 11 which, together 
with the line A 11 , tonus the boundary of a region A MBA whose area is a pre- 
assigned quantity ,S\ Find the value of the following definite integral taken 
over the curve A MB : 


j" [<2>(?/>e-e — my]dx + [« / (F)« I - tn\dy, 

where m is a constant, and where the function (p(y), together with its derivative 
4*'(y), is continuous. 

[Licence. Nancy. 1895.] 

• 7. By calculating the double integral 

J r* -+■ <jc +«© 

I e~ x v sin axdydx 
o «/o 

in two different ways, show that, provided that a is not zero. 


f 


sin ax , .it 

- dx = P -- 

x 2 


8. Find the area of the lateral surface of the portion of an ellipsoid of revo¬ 
lution or of an hyperboloid of revolution which is bounded by two planes perpen¬ 
dicular to the axis of revolution. 
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• 9*. To find the area of an elUpaold with three unequal axes. Half of the total 
area A in given by the double integral 


A 

2 



dxdy 


extended over the interior of the ellipse b 2 x 2 + a 2 y 2 — a?IP. Among the methods 
employed to reduce this double integral to elliptic integrals, one of the simplest, 
due to Catalan, consists in the transformation used in § 120. Denoting the 
integrand of the double integral by n, and letting n vary from 1 to + m, it is 
easy to show that the double integral is equal to the limit, as l becomes infinite, 
of the difference 


■nabl(P- 1 ) 





i 


_ (n 2 — 1) eft) _ 

VF r ^(- , - i+ 3 


This eipressiou is an undetermined form ; but we may write 


v 2 dv 






+ f tM±L 


and hence the limit considered above is readily seen to be 


itab 




+ ■* 


dv 




10*. If from the center of an ellipsoid whose semiaxes are a, f), c a perpen¬ 
dicular be let fall upon the tangent plane to the ellipsoid, the area of the surface 
which is the locus of the foot of the perpendicular is equal to the area of an 
ellipsoid whose seraiaxea are be/a, ac/6, db/c. 

[William Koberts, Journal de Liouville , Vol. XI, 1st series, p. 81.] 
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'11. Evaluate the double integral of the expression 

(x - y) n f(y) 

extended over the interior of the triangle bounded by the straight lines y = Xo, 
y — x, and x = X in two different ways, and thereby establish the formula 

f 'dz jjz - vYf(y)dy = J^ ~ ~~~f(y) d V • 

Frmn this result deduce the relation 

f dx f dx ■ f /(x)dx- ■— f J (z - y)‘f{v)ily 

Jr » (n - 

In a similar manner derive the formula 

f x ' x,lJ f xdx ■■ f i xdx £ A*) d *~ 2 4 -i i - >n f \^-v' ! Yf(y)dy, 

and verify these formula- by means of the law for differentiation under the 
integral sign. 
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MULTIPLE INTEGRALS 
INTEGRATION OF TOTAL DIFFERENTIALS 

I. MULTIPLE INTEGRALS CHANGE OF VARIABLES 

143. Triple integrals. Let F(x, y, 2 ) be a function of the three 
variables x, y, z which is continuous for all points M, whose rec¬ 
tangular coordinates are ( x, y, in a finite region of space (E) 
bounded by one or more closed surfaces. Let this region be sub¬ 
divided into a number of subregions (>,)> (e 2 ), • •, (r„), whose vol¬ 
umes are i* 1( ■■■, v n , and let (£,, y,, £,) be the coordinates of any 

point m, of the subregion (ej. Then the sum 

n 

( 1 ) £ 

«=1 

approaches a limit as the number of the subregions (e,) is increased 
indefinitely in such a way that the maximum diameter of each ol 
them approaches zero. This limit is called the triple integral of 
the function F(x, y, z) extended throughout the region (A’), and 
is represented by the symbol 

<*> SSL F(x, y, z)dxdydz. 

The proof that this limit exists is practically a repetition of the 
proof given above in the case of double integrals. 

Triple integrals arise in various problems of Mechanics, for 
instance in finding the mass or the center of gravity of a solid 
body. Suppose the region ( E ) filled with a heterogeneous sub¬ 
stance, and let y(x, y, z) be the density at any point, that is to say , 
the limit of the ratio of the mass inside an infinitesimal sphere about 
the point {x, y, s) as center to the volume of the sphere. If yi and 
are the maximum and the minimum value of y in the subregion (>’,), 
it is evident that the mass inside that subregion lies between yi 
and y,v,-, hence it is equal to ij t , £,), where 17 ,, £,) is a 

suitably chosen point of the subregion («,). It follows that the total 

296 
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mass is equal to the triple integral f ff/idxdy d~. extended through¬ 
out. the region (E). 

The evaluation of a triple integral may be reduced to the suc¬ 
cessive evaluation of three simple integrals. Let us suppose first 
that the region ( E ) is a rectangular parallelepiped bounded by the 
six planes r — x 0 , x = A", // = //„, y = Y, ~ = z = Z. Let (E) 
be divided into smaller parallelepipeds by planes parallel to the 
tlnee coordinate planes. The volume of one of the latter >s 
(jr l - f,^i) Qu — yt-i) (~i — ~<-ib and we have, to finu Jie limit, of 
the sum 

(3) -'i = Pan Kai)(x, -L-j)(//a Vk-\ X J -i ~ ~i i) t 

i I l 

where the point is any point inside the corresponding 

parallelopiped. Let us evaluate liist that part oi S which arises 
from the column of elements hounded by the four planes 


x = x-x t , U~!h-\> !/ = !/(• 

taking all the points p, n , £,,,1 upon the straight line x = x,_,, 
y = y l _ l . This column of parallelepipeds gives rise to the sum 


(X, - Z,_,)(?/! - !/r !/, £,)(--! — ~o) + ]. 

and, as m § 1215, the £’s may tie chosen in such a way that the 
quantity inside the bracket will l>e equal to the simple integral 

*(*,-» y«-i) -j //<-,, *)<!-■ 

It only remains to find the limit of the sum 

'%%(*■ -x.-,)(>U - !h-i)*(x,-„ Fr-i)- 

I k. 

But this limit is precisely the double integral 

y) dx dy 


If • 


extended over the rectangle formed by the lines x = x 0 , x = X, 
!> = y 0l y = Y. Hence the triple integral is equal to 

| dx I <P(x, y)dy, 

nr, rejjjieing <I>(x, y ) by its value, 

(*> 


i ~ i r>y. 

I dx I dy I F(x, y, z)da 
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The meaning of this symbol is perfectly obvious. During the first 
integration x and y are to be regarded as' constants. The result will b<. 
a function of x and y, which is then to be integrated between the limits 
y a and Y, x being regarded as a constant and y as a variable. The 
result of this second integration is a function of x alone, and the last 
step is the integration of this function between the limits x 0 and X 
There are evidently as many ways of performing this evaluation 
as there are permutations on three letters, that is, six. For instance, 
the triple integral is equivalent to 


pi p.y pY p. 

I dr: I tlx I F(x, y, z ) <Iy = | 

o *-Xi J ,j„ Jz„ 


*(«)*>, 


where 4>(“) denotes the double integral of F(.r, #/, z) extended over 
the rectangle formed by the lines x = x„, x = X, y = y 0 , y = Y. \\ e 
might rediscover this formula by commencing with the part of the 
sum S which arises from the layer of parallelepipeds hounded by the 
two planes z = ,~,_i - z — s,. Choosing the points (£, y, £) suitably, 
the part of S which arises from this layer is 


*(*i-i)(~, 


and the rest of the reasoning is similar to that above. 


144. Let us now consider a region of space bounded in any 
manner whatever, and let ns divide it into subregions such that any 

line parallel to a suitably chosen 
fixed line meets the surface which 
bounds any subregion in at most 
two points. We may evidently 
restrict ourselves without loss of 
generality to the case in which a 
line parallel to the a axis meets 
the surface in at most two points. 
The points upon the hounding 
surface, project upon the xy plane 
into the points of a region .-1 
bounded by a closed contour C. 
To every point (,r, y) inside (' cor¬ 
respond two points on the bound¬ 
ing surface whose coordinates are 
= 4>\(x, y) and z 2 = y). We shall suppose that the functions 

, and <t >2 are continuous inside f, aud that <£, < <]>.,. Let us now 
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divide the region under consideration by planes parallel to the coor¬ 
dinate planes. Some of the subdivisions will be portions of paral¬ 
lelepipeds. The part, of the sum (1) which arises from the column 
of elements bounded by the four planes x = x = x,, y = y k _ l , 
y =r y k is equal, by § 124, to the expression 


(A - A-iXa 1 * - t/t- 1) I F (?<-1 ■ >h - 


[f 



where the absolute value of may be made less than pteassigned 
number t by choosing the parallel planes sufficiently near together. 
The sum 

XX*" 1 ^' ~ _ !fi- 1) 

, * 


approaches zero as a limit, and the triple inicgral in question is 
therefore equal to the double integral 



4>(A >J)dx dtj 


extended over the region (.-1) bounded by the contour <where the 
function <h(x, y) is defined by the equation 



I-\.r, y, z)dz. 


If a line parallel to the ?/ axis meets the contour C in at most two 
points whose coordinates are y = \pi(r) and y = tf/»(x), respectively, 
wliile x varies from x l to x 3 , the triple integral may also be written 
in the form 

r x % r"t r-t 

(5) I dx I dy I /-’Car, y, z)dz. 

%Jx x y x 

The limits and z, depend upon both x and y, the limits y, and 
are functions of x alone, and finally the limits .r, and x 2 are constants. 

We may invert the order of the integrations as for double inte¬ 
grals, but the limits are in general totally different for different 
orders of integration. 


Note. If q»(x) be the function of x given by the double integral 
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extended, over the section of the given region by a plane parallel to 
the yz plane whose abscissa is x, the formula (5) may be written 

I <l>(x)cte. 

•A 

This is the result we should have obtained by starting with the 
layer of subregions bounded by the two planes x = x,_ lt x = x. 
Choosing the points (£, y, () suitably, this layer contributes to the 
total sum the quantity 

Example. Let us evaluate the triple integral f f fzdxdydz extended tlirougii- 
out that eighth of the sphere x 2 4- U 2 + z 2 — H 2 which lies in the first octant. If 
we integrate first with regard to z, then with regard to y , and finally with regaul 
to x, the limits are as follows: x and y being given, z may vary from zero to 
Vfi 2 — x' 2 — y 2 , x being given, y may vary from zero to Vfl 2 ”— x 2 ; and x itself 
may vary from zero to R. Hence the integral in question has the value 


/»/»/* n R pVRl — s' p ^ R"* — jt* ~ y- 

J J J zdxdydz = J iZxJ dy J zdz, 


VfC 1 — — y- 


whence we find successively 


ry/R^-^-y* 1 

J o zdz = !(R* - x* - y*), 

IX (&-**- y' 2 )dy = |j ^ - x *)y -1 y *J o = l 


and it merely remains to calculate the definite integral (R 2 - x*)*dx, which, 
by the substitution x = R cos 0 , takes the form 


~ f 2 R 4 sin 4 0 d<£. 

O */Q 

Hence the value of the given triple integral is, by § 11(1, ttK'/IO. 

145. Change of variables. Let 


1 x = f(v, v, w), 
y = $(«, v, w), 

~ = H u > v > w ) : 

be formulee of transformation which establish a one-to-one corre¬ 
spondence between the points of the region (E) and those of another 
region (J3i). We shall think of u, v, and w as the rectangular coor¬ 
dinates of a point with respect to another system of rectangular 
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coordinates, m general different from the first. If F(x, y, z) is a 
continuous function throughout the region (E), we shall always have 



££f, <t>, 4') 

D(u, u, w) 


du dv dm, 


where the two integrals are extended throughout the regions ( 
and (A'i), respectively. This is the formula for change of variables 
in triple integrals. 

In order to show that the formula (7) always holds', we shall 
commence by remarking that if it holds for two or more particular’ 
transformations, it will hold also for the transformation obtained by 
carrying out these transformations m succession, by the well-known 
properties of the functional determinant (§ 20). If it is applicable 
to several regions of space, it is also applicable to the region obtained 
by combining them. We shall now proceed to show, as we did for 
double integrals, that the formula holds for a transformation which 
leaves all hut one of the independent variables unchanged, — for 
example, for a transformation of the for in 


(8) x = x', y = y', z = ty(x', y\ *'). 

We shall suppose that the two points M{x, </, z) and M'(x', y', z’) are 
referred to the same system of rectangular axes, and that a parallel 
to the z axis meets the surface which 
bounds the region (/£) in at most two 
points. The formulas (8) establish a corre¬ 
spondence between this surface and another 
surface which bounds the region (E'). The 
cylinder circumscribed about the two sur¬ 
faces with its generators parallel to the 
z axis cuts the plane z = 0 along a closed 
curve C. Every point m of the region A 
inside the contour C is the projection of 
two points m x and m, of the first surface, 
whose coordinates are Zj and z 2 , respectively, and also of two 
points m[ and m\ of the second surface, whose coordinates are z{ 
and ^/respectively. Let us choose the notation in such a way 
that Zi<* 2 , and z{ < zj. The formulae (8) transform the point m, 
into the point mj, or else into the point To distinguish the 
two cases, we need merely consider the sign of di/i/dz’. If df/dz' is 
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positive, z increases with z\ and the points m L and m 2 go into the 
points m{ and m[, respectively. On the other hand, if dip/dz' i s 
negative, z decreases as z' increases, and to, and m i go into and 
jreJ, respectively. In the previous case we shall have 

j \x, y, z)dz = jf F[x, y, ip(x, y, s')] ^ dz', 

whereas in the second case 

jf F(X, y, z)dz = -J F[x, y, xj,(x, y, s')] ^ dz'. 

In either case we may write 


(9) 


J F(x,y,z)dz = J F[x, 


y, «K*, y> 


c')l ^ 
)S dz' 


dz' 


If we now consider the double integrals of the two sides of this 
equation over the region A, the double integral of the left-hand side, 


f f dxdy f ’ 

\J{A) K. 


F(x, y, z)dz. 


is precisely the triple integral fjf F(x,y, z)dxdydz extended through¬ 
out the region (K). Likewise, the double integral of the riglit-liand 
side of (9) is equal to the triple integral of 


Fix', y', >Kx', y\ c')] 


d<p 

dz' 


extended throughout the region*(E'), which readily follows when 
x and y are replaced by x' and y', respectively. Hence we have in 
this particular case 


SSL’ 


F(x, y, z) dx dy dz 


-SSL 1 


F[x',y'^(x',y',z')] 


dx'dy'dz'. 


But in this case the determinant D(x, y, z)/J}(x\ y', s’) reduces to 
dip/dz'. Hence the formula (7) holds for the transformation (8). 

Again, the general formula (7) holds for a transformation of the 
type 

(10) x =/(*', y', *')> y = <Mx', y', z'), z = z', 
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w |iere the variable z remains unchanged. We shall suppose that 
t l„. formulae (10) establish a one-to-one correspondence between 
the points of two regions (/i) and (/■.”), and in particular that the 
sections Ji and R' made in (I!) and (/;'), respectively, by any 
plane parallel to the -rtj plane correspond in a one-to-one maimer. 
Then by the formula) for transformation of double mtegiaL we 
shall have 


(ID 



<*>t y. 


// ) 


The two members of this equation are functions of the variable 
- — *' aione Integrating both sides again between the limits sq 
and between which can vary m the region [IIi, we find the 
formula 


( 12 ) 


h\x, >/, z ) f/.r il'i ifc 


\ •fllr 1 '™-'- 


’>//'-j djr'dtfds,'. 


Rut in this case l)(x, //, .-;)//)(V, //’, - /V. »/)//>(.*•', y'). Hence 

the formula (7) holds for the transformation (10) also. 

We shall now show that any change of variables whatever 


(13) -T -/(-Tj, j/i, Sj) . .'/l- -'ll- ~ 1Jl, Zi) 

may be obtained by a combination of the preceding transformations. 
For, let us set r' = r lt //' = //,, Then the last equation of 

(13) may be written = y(j-', //, ~ t ), whence r, = ?/, z'). 

Hence the equations (13) may lie replaced by the six equations 

(i-i) a- =/[j-', i/ y Tr(s\ y, y>], tj = y, tt<v, y, ,-■')], * =«', 

(15) a' 1 = a-,, y' = i/t, ~ = <p( x f !h> ~i)- 

The general formula (7) holds, as we have seen, for each of the 
transformations (14) and (15). Hence it holds for the transforma¬ 
tion (13) also. 

We might have replaced the general transformation (13), as the 
reader can easily show, by a sequence of three transformations of 
the type (8). 
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146. Element of volume. Setting F(x, y, s) =1 in the formula (7), 
we find 


SSL 


tlx dy 



J) (x, y, ~) 
v, tv) 


du dv dn\ 


The left-hand side of this equation is the volume of the region (2,' i. 
Applying the law of the mean to the integral on the right, we find 
the relation 


(16) 


r = r, 


/>(/, d>. i/Q 

7> ("> '■> «•) <£,<1,4)’ 


where U, is the volume of (,), and f. ij, £ ate the coordinates of some 
point, in (2ii). This formula is exactly analogous to formula (17), 
Chapter VI. It shows that t.he functional determinant is the limit 
of the ratio of two corresponding infinitesimal volumes. 

Tf one of the variables u, r, v in (6) be assignor! a constant value, 
while the others are allowed to vary, we obtain three families of 
surfaces, h = const., r = const., t<> = const., by means of which the 
region (E) may he divided into subregions analogous to the paral¬ 
lelepipeds used above, each of which is bounded by six curved faces 
The volume of one of these subregions bounded by the surfaces 
(«), (it-fdu), (r), (v + dr), (»>), (w + dir) is, by (16), 


At' = 


.< |in f <*>, 

( I Mm, t>, ir) 


du do dir 


where du, dr, and du- are positive increments, and where £ is infini¬ 
tesimal with du , dr, and dir. The term ah,dr dw may lie neglected, 
as has been explained several times {§ 128). The product 


(17) 


/'(/■ <f>, f) 


d u dv dw 


is the principal part of the infinitesimal AT, and is called the dement 
of volume in the system of curvilinear coordinates (it, u, w). 

Let ds* be the square of the, linear element in the same system of 
coordinates. Then, from (6), 

dx = /du -f dr + dw, dy = ~ du + • ■, dz = du H-, 

ou Cv dw J du ’ du 


whence, squaring and adding, we find 



ds 1 = dx 2 + drf -+■ dz a 

= H i did-{ r'^- il 3 div~-<r2F, d r dir-\-~ du du'^'2 F z du dr, 



VJ l i§ H«] INTRODUCTION CHANGE OF VARIABLES 305 


the notation employed being 


/!!•) 





c, dx dx 

F, = A - . > 
cv ow 

bx ox 

*2 = A 77- T-y 
CU. GW 

Q cx dx 
a, 


where the symbol D means, as usual, that x is to be replaced by y 
and « successively and the resulting terms then added. 

The formula for dV is easily deduced from this formula for 
For, squaring the functional determinant by the usual rule, we find 


dx 

vjt 

r v 

2 



bu 

bu 

Oil | 

! ih 

fa 

b\ \ 

b.r 

by 

rz 

rh 

//, 

1 

— 



/•’, ' = .1/ 

cr 

bi* 

or 


.» 




i Pt 


II. 1 

b.r 


bz 



Ow 

rw 

rw 





whence the element of volume is equal to V,l/ ihi dv dii'. 

Let us consider in particular the very important ease in which 
the coordinate surfaces (u), (e), (»•) form a triply orthogonal system, 
that is to say, in which the three surfaces which pass through any 
point in space intersect in pairs at right angles. The, tangents to 
the three curves in which the surfaces intersect in pairs form a tri- 
rectangular trihedron. It follows that we. must have b\ — 0, b\ = 0, 
/•’ a = 0; and these conditions are also sufficient. The formula; for 
df and ds 1 then take the simple forms 

(20) dx 1 = ]I , du 2 -f- lifting, dV = v H\ // 2 II, du dv dw . 


These formula 1 may also he derived from certain considerations of 
infinitesimal geometry. Let us suppose du, dr. and dir very small, 
and let us substitute in place of the small subregion defined above a 
small parallelepiped with plane faces. Neglecting infinitesimals of 
higher order, the three adjacent edges of the parallelopiped may be 
taken to be y fu l du, y / /L dr, and -JIT, dw. lespeetively. Tlio for¬ 
mulae (20) express the fact that the linear element and the element of 
volume are equal to the diagon al and the volume of this parallele¬ 
piped, respectively. The area v //j II., du dv of one of the faces repre¬ 
sents in a similar manner the element of area of the surface (w). 

As an example consider the transformation to polar coordinates 

(21) x = p sin 0 cos <£, y = p sin 0sin^>, 


Z = p cos 0 , 
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where p denotes the distance of the point A/(j-, y, z) from the origin, 
8 the angle between OM and the positive z axis, and <f> the angle 
which the projection of OM on the xy plane makes with the positive 
x axis. In order to reach all points in space, it is sufficient to let p 
vary from zero to + op. 8 from zero to t r, and cj> from zero to 2 IT. 
From (21) we find 

(22) ds 2 = dp 2 + p 1 dff 1 -f p 2 sui' 2 9 , 

whence 

(23) dV — p 1 sin 8dp (19 d<j>. 

• These formulae may he derived without any calculation, however. 
The three families of surfaces (p), (8), (cf>) are concentric, spheres 

about the origin, cones of revolution 
about the ,-j axis with their vertices 
at the origin, and planes through 
the, r. axis, respectively. These 
surfaces evidently form a triply 
orthogonal system, and the dimen¬ 
sions of the elementary subregion 
are seen from the figure to lx; dp, 
pd8, p sin 0d<f> ; the formula 3 , (22) 
and (23) now follow immediately 
To calculate in terms of the va¬ 
riables p, 6, and <f> a triple integral 
extended throughout a region bounded by a closed surface S, which 
contains the origin and which is met in at most one point by a radius 
vector through the origin, p should be allowed to vary from zero to II, 
where R =f(8, <f>) is the equation of the surface ; 8 from zero to 7r; 
and <f> from zero to 2tt. For example, the volume of such a surface is 

T /’IT /i7i 

I d8 I p 1 sin 9dp. 

Jo Jo 

The first integration can always be performed, and we may write 

r*p>d9. 

Jo Jo ‘ & 

Occasional use is made of cylindrical coordinates r, w, and a defined 
by the equations x = r cos w, y = r sin io, z = z. It is evident that 

ds 2 = dr 1 + r 1 da? 4- dz 2 , 

and 

dV = r da> dr dz. 
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147. Elliptic coordinates The surfaces represented by the equation 


(24) 


* + t 
\ — a A — ft 



-1 = 0 , 


where X is a variable parameter and <i > b ,■ <■ 0, form a family of confocal 

conus. Through every point in space there pass three surfaces of this family, — 
an ellipsoid, a parted hyperboloid, and an unparted hyperboloid. For the equa¬ 
tion (24) always has one root Xi which lies between b and r, another root x 2 
between a and b, and a third root X 3 greater than a. These three roots Xj, X. \, 
are called the elliptic coordinates of the point whose rectangular • oordinates are 
(r, y, z). Any two surfaces of the family intersect at right angles. if X be given 
the values Xi and X 2 , for instance, in (24), and the resulting equations be sub¬ 
tracted, a division by Xj — X 3 gives 

x 1 v 2 z 1 

(26) -— 4 —- - + - - -- = 0, 

(Xi - a)(Xj - a) (X, - b)(X. - b) (X, - r)(X, - c) 

which shows that the two surfaces (X,) and (x-> are onhogonal 

fn order to obtain x, y. and z as functions of X,, X 2 , X 5 , we may note that the 
i elation 

(X ■ <t)(X - b){\ — r) - x*{\ - h)(X - c) yV (X - c)(x - a) - s 2 (X - o)(X - b) 

- (X - X,)(X - X,)(X - X s ) 

is identically satisfied. Setting X = a. X - h, X =■ c, successively, in this equa¬ 
tion, we obtain the values 


(26) 


(X.-«)("-_Xi)<u-_Xs) 

ta - b )\a - r) 

„ _ (X,_- M(Xo b)(b - X|) 
,J (« - b)(b - c) 

■i - Da “ ')IX= - r)(X, - c) 
(„ - c){h - ,) 


whence, taking the logarithmic derivatives, 


dx 

dy 

dz 


__ x / dX, 

~ 2 \A, - a 

__ v / d \i i 

2 Ui - & Xs 

_ 2 / d\j 
~ 2 \Xj — 


•l\n 

X 2 — « 
dXo 
-b 
dXj 

c X 2 — c 


dXi \ 

Xs - a/ 

dXtj \ 

Xa - ft/ 
dx 3 \ 
X 3 - c/ ‘ 


Forming the sum of the squares, the terms m dXi dX 2 , cfX^dXg, d\&d\ i must dis¬ 
appear by means of (26) and similar relations. Hence the coefficient of rfXj is 

i# i f v 1 _ z a “I 

Ml - 4 L(x7-‘(rj a + (Xi -W + (x. - C)»J ’ 

or, replacing z, y, z by their values and simplifying, 

(27) xr — 1 ( x » ~ *i)(X i ~ Vt) 

’ 1 _ 4 (Xj — a)(X, — b)(X, — c) 
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The coefficients JVf 3 and M a of tiX| and d\ 2 ,, respectively, may be obtained from 
this expression by cyclic permutation of the' letters. The element of volume is 
therefore vd/i Mq d\i d\s. 

/ 148 . Dirichlet's integrals. Consider the triple integral 




— x — y - zydxdydz 


taken throughout the interior of the tetrahedron formed by the four planes 
x = 0, y = 0, z = 0, x + y + z = 1. Let us set 

x+y+z= (. y + z — |y, z = fy f, 

where £, y, f are three new variables. These fnnnutsr may be written in the form 


£ = x + y + z, y = !/ ^- 2 , f -- ~ , 

x + y + z y + z 

and the inverse transformation is 

x = £(1 — rj), y = £y(l-f), z - fyf- 


When x, y, and z are all positive and x + y + z is less than unity, £, y, and ( all 
lie between zero and unity. Conversely, if £. y, and f ail lie between zero and 
unity, x, y , and z are all positive and x + y + z is less than unity. The tetra¬ 
hedron therefore goes over into a cube 

In order to calculate the functional determinant, let us introduce the auxiliary 
transformation X = £, Y = £y, Z = £yf, which gives x = X-T, y = Y — Z, 
z = Z. Hence the functional determinant has the value 


7)(x, y, z)_ D(x, y,z) D (X, r, Z ) 

D(£, y, {•> i>(AT, r, Z) »(£, y, f) 

and the given triple integral becomes 

f'd( f'dr, r 1 fP +v+r+»(1- f)«y»+r + l(I _ ,)»>f(1 _ 

a/»> «/y «/0 

The integrand is tlie product of a function of (, a function of y, and a func¬ 
tion of f. Hence the triple integral may be written in the form 

f f' ,+? + r + s (l - £)‘df X r y5 + r + 1 (l - y)i'dy x /" f(l — 

»/0 Jo Jo 

or, introducing I’ functions (see (33), p. 280), 

T(P + q + r + 3)P (« +1) ^ r(q + r + 2)T(p +1) , r(r + l)r(q+ll 
r(p + 7 + r + s + 4) r(p + q + r + 3) r(q + r + 2) 

Canceling the common factors, the value of the given triple integral is finally 
found to be 

r(p + i)r(q+i)r(r+i)r(e+i) 
r(p + q + r + » + 4) 


( 28 ) 
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149. Greeo’s theorem.* A formula entirely analogous to (16), § 120, may be 
derived for triple integrate. Ret us first consider a closed surface 8 which is 
met in at most two points by a parallel to tin* z axis, and a function Il(x, y, z) 
which, together with dli/dz, is continuous throughout the interior of this surface. 
All the points of the Burface 8 project into points of a region A of the xy plane 
winch is bounded by a closed contour C. To etery point of A inside C corre¬ 
spond two points of 8 whose coordinates are z\ — <pi (r, y) and z 2 = y). 

The surface S is thus divided into two distinct portions Sq and 8 2 . We shall 
suppose that Z\ is less than z 2 . 

Let ua now consider the triple integral 



( dx dy dz 

tz 


taken throughout the region Imunded bv the closed surface 8 A first integra¬ 
tion may be performed with regard to z between tlie limits z t ami z 2 (§ 144), 
which gix's li(x, y, z 2 ) - A‘(x, y, *i) The given triple integral is therefore 
equal to the double integral 

f f [K(-c, V. 2 i) - H(x, y. z,)]dxdy 


u\er the region A. But the double integral J f Il(x , y, z»)dxdy is equal to the 
bui face integral (§ 1!J6) 



U[i, y, z ) dx dy 


taken over the upper side of the surface .s'* Likewise, the double integral of 
li(x, y , Z\) witli its sign changed is the surface mtegial 


j*J R {/, </, z) dx dy 


taken over the lower side of Si Adding these two integrals, we may write 



f dx dy dz — f f fi(x, y , z) dx dy , 
c z */ J\ **1 


where the surface integral is to be extended over the whole exterior of the sur¬ 
face S. 

By the methods already used several times in similar cases this formula may 
be extended to the case of a region bounded by a surface of any form whatever. 
Again, permuting the letters x, y, and z, we obtain the analogous formulae 


Iff 

Iff 


— dxdydz - f f P(x, y, z)dydz, 
f'X j d(.s’) 


SQ 


dxdydz- f f Q(z, y , z)dzdx. 

dy -J •'(.'*> 


* Occasionally called Oulrugrudsky''- theorem. The theorem of § 136 is sometimes 
called Hiemunn’s theorem. But the title Green's theorem ia more clearly established 
and seems to be the more fitting. See Ency. der Math. WTss., II, A, 7, b and c.— 
Tuatts. 
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Adding these three formulae, we finally find the general Green’s theorem for 
triple integrals: 


(29) 



SP bQ SR 
dx ?y cz 


) 


dxdydz 


=ff 1 

j J iS) 


P{x , y , z) dy dz + (J(x, 


y, z)dzdx + #(x, y, z)dxdy , 


where the surface integrals are to be taken, as before, over the exterior of the 
bounding surface. 

It, for example, we set P = x, Q = R = 0 or Q — y , /* = R = 0 or R = z t 
P = Q = 0, it is evident that the volume of the solid bounded by S is equal to 
any one of the surface integrals 



150. Multiple integrals. The purely analytical definitions which have been 
given for double and triple integrals may be extended to any number of valu¬ 
ables. We shall restrict ourselves to a sketch of the general process 

Let xi, x 2 » • • *, x n lx* n independent variables We shall say for brevity 
that a system of \ allies x l ,\ x!j, • , x** n of these variables represents a point m 

space of n dimensions. Any equation F(x i, x 2 , • • •, x u ) — 0, whose first member 
is a continuous function, will be said to lepresciit a surface ; and if F is of the 
first degree, tiie equation will be said to represent a plane. Let us consider the 
totality of all poiuts whose coordinates satisfy certain inequalities of the form 

(30) ^i(ii. x», • • •, x„) ^ 0, i = l,2,- k. 

We slia>U say that the totality of these points forms a domain I) in space of n 
dimensions. If for all the points of this domain the absolute value of each of 
the coordinates x, is less than a fixed number, we shall say that the domain 1) is 
finite. If the inequalities which define 1> are of the form 

(31) xjr$ :*<*;, xS<x 2 <x’, ■ ' x n u <x n < x\, 

we shall call the domain a prismoid, and we shall say that the n positive quan¬ 
tities x\ — z'l are the dimensions of this prismoid. Finally, we shall say that a 
point of tlie domain D lies on the frontier of the domain if at least one of the 
functions in (30) vanishes at that point. 

Now let D be a finite domain, and let f(xi , x 2 , • • •, x n ) be a function which 
is continuous in that domain. Suppose J) divided into subdomains by planes 
parallel to the planes x t =- 0 (i = ], 2, • • •, n), and consider any one of the pris- 
moids determined by these planes which lies entirely inside the domain I). 
Let Axi, Axs, ■ • •, Ax„ be the dimensions of this prismoid, and let £i, £ 2 , ■ • ■ , U 
be the coordinates of some point of the prismoid. Then the sum 

(32) S = S/fr, f 2 , Ax t Ax,... Ax R , 

formed for all the prismoids which lie entirely inside the domain D , approaches 
a limit 1 as the number of the prismoids is increased indefinitely in such a way 
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that all of the dimensions of each of them approach zero. We shall call this 
limit I the n-tuple integral of f(xi . z?. ■ ■, x„) taken in the domain D and shall 
denote it by the symbol 

■ • ff( x i» i n )d^idi 2 ■ ■ • dx„. 

Tin 1 evaluation of an n-tuple integral may be reduced to the evaluation of 
n successive simple integrals. In order to show this in general, we need only 
show that if it is true for an (n - l)-tuple integral, it will also be true for an 
n-tuple integral. For this purpose let us consider any point (* t , x«,---, x,,) 
of /). Discarding the variable x„ for the moment, the point (xj, x ., . x n „ i) evi¬ 
dent!} describes a domain IX in space of (n - )) dimensions. We shall suppose 
that to any point (jj, x«, •••, x„_i) inside of 7/ there correspond just two 
points on the frontier of 1). whose coordinates are (/,. • , x„_j; x^) aud 

(jjj, • , x«_i, x ( „ 2) ), where the coordinates x\y and x ( ,;‘ are continuous fuuc- 
lions of the it — 1 variables x \, Xo ,..., x <( _ , inside the domain IX. If this con¬ 
dition were not satisfied, we should divide the domain J) into domains so small 
that, the condition would be met by each of the partial domains. Let us now 
consider the column of prismoids of the domain J) which correspond to the 
same point (/t, x 2 , • • •, x„-i). It is easy to show, as we did in the similar ease 
treated in § 124, that the part of S which arises ftom this column of prismoids is 

Axi Ax« • • Ax* _ I f(Xi , Xo, ■ •, x n ) (ten + f 

where |e| may be made smaller than any positive number whatever by choos¬ 
ing the quantities Ax, sufficiently small. If we now set 

(83) 4>(Xi, X.., • , X n /(J* 1 < *2* , *n) . 

it is clear that the integral I will lx* equal to the limit of the sum 
24>(X|, x 2 , • ■ •, x n -j) Axi Axo Ax„_j, 
that is, to the (n — 1)-tuple integral 

(:14) I= fff f* (x ' , X 2 , ■ • X rl - l)dXi ■ -dXn-l, 

m the domain IX. The law having been supposed to hold for an (n — l)-tuple 
integral, it is evident, by mathematical induction, that it holds in general. 

We might have proceeded differently. Consider the totality of points 
( 7 i, x*j, •- , x n ) for which the coordinate x„ has a fixed value. Then the 
point (xj, x 2 , • ■ , x„_i) describes a domain 5 in space of (n — 1) dimensions, 
and it is easy to show that the n-tuple integral I is also equal to the expression 

(35) I=J^'tHx n )dx,, 

where fl(a„)is the (n - l)-tnple integral ///• • f/dx , ■ ■ ■ dx„ _, extended through- 
out the domain 5. Whatever be the method of carrying out the process, the limits 
for the various integrations depend upon the nature of the domain D, and 
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vary in genera! for different orders of integration. An exception exists m ease 
D is a prismoid defined by inequalities of the form 

4'<Xi< *i, x'l<x t <Xi, 

The multiple integral is then of the form 

I =y ‘dzij'" ‘dxi ’' J' l , f'ix* • 

and the OTder in which the integrations are performed may be permuted in any 
way whatever without altering the limits which correspond to each of the 
variables. 

The formula for change of variables also may be extended to n-tuple integrals. 
Let 

(36) X, = f.(x{. JcL • • x'„). i = l,2. ,n, 

be formula; of transformation which establish a one-to-one correspondence between 
the points (x {, xi , • - , xl.) of a domain 1/ and the points (xi, j>, .., x„) of a 
domain D. Then we shall have 


(37) 



, r„)iir 1 • ■ (lx„ 


F(<t>u 


-,' -5.(01 > 
' 0,,) i l>(x'u 


' ] tiii ■ 

, x») I 


' dx' n 


The proof is similar to that given in analogous cases above. A sketch of the 
argument is all that we shall attempt here. 

1) If (37) holds for each of two transformations, it also holds for the trans¬ 
formation obtained by carrying out the two in succession. 

2) Any change of variables may be obtained by combining two transforma¬ 
tions of the following types : 


(38) X\ = x{, X 2 = Xo, •••, x„_i = x„ = <p„ (x [, 2 %j . ■ -, jc^) , 

(39) Xi = fi(xf, • • •, z*), •••, Zn -1 = ^ n -i (*],■■■, *»), = *«- 


3) The formula (37) holds for a transformation of the type (38), since the 
given n-tuple integral may be written in the form (34). It also holds for an) 
transformation of the form (39), by the second form (35) in which the multiple 
integral may be written. These conclusions are based on the assumption that 
(37) holds for an (n — l)-tuple integral. The usual reasoning by mathematical 
induction establishes the formula in general. 

As an example let us try to evaluate the definite integral 

x “’ x “' ■ ■ ’ X »'( x - x i-x, -- x„fdxj dxf dx„, 

where ari, a i< ■ • , «„, ft are certain positive constants, and the integral is to be 
extended throughout the domain D defined by the inequalities 

Ofi* i, 0<x 2 , • 0<x„, x,+x, + -px„<l. 

The transformation 

= Xt 4 - - ■ • + x„ = £i f 2 , • • •, x„ = (1 (1 ■ ■ - £» 



VII, 5 151 J 


TOTAL DIFFERENTIALS 


313 


carries D into a new domain O' defined by the inequalities 

0<£i < 1, 0<£ S <1. , 0 < f „ < 1, 

and it is easy to show as in § 148 that the value of the functional determinant is 
!)(*,, x 2 , ■ ■ ■, x„) _ 




■ {„- 


D({i, Is, -, £») 

The new integrand is therefore of the form 

and the given integral may be expressed, as befote, in terms of 1 i mictions 


(40) 


I = 


r(<r, + 1) l'(ir 2 + 1) l'(<r„ +1) I'lfl + 1) 

l'(' f i + "2 F ••+«, + P + » + 1 ) 


II. INTEGRATION OF TOTAL DIFFERENTIALS 


151. General method. Let /‘(x, //) and Q(x, y) lie two functions of 
the two independent variables x and ;/■ Then the expression 

P <l.r + Qdy 

is not in general the total differential of a single function of the two 
variables x and y. For we have seen that the equation 


(41) du = I'dx + Qdy 

is equivalent to the two distinct equations 


(42) g“ = 7>(x,i/), ^ = Q(*,y). 

Differentiating the first of these equations with respect to y and the 
second with respect to x, it appears that h(x, y) must satisfy each 
of the equations 

, 8 1 u _ 8 P(x,_y) 8*w _ dQ(x, y) 

Ox by by ’ 8y Ox Ox 
A necessary condition that a function «(x, y) should exist which 
satisfies these requirements is that the equation 


(43) 


dP dQ 
by 8x 

should be identically satisfied. 

This condition is also sufficient,. For there exist an infinite 
number of functions u(x, y) for winch the first of equations (42) 
is satisfied. All these functions are given by the formula _ 




P(x, y)dx+ Y, 
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where r„ is an arbitrary constant and Y is an arbitrary function of «, 
In order that this function u(x,y ) should satisfy the equation (41) ( 
it is necessary and sufficient that its partial derivative with respect 
to x should be equal to Q(x, y), that is, that the equation 


should be satisfied. 


f'dP , dY 

But by the assumed relation (43) we have 


fcy dx ~J kr <1x = Q ( x ’ >jS> ~ // ' ) ’ 

whence the preceding relation reduces to 
dY 

T V = ' 

The right-hand side of this equation is independenUol r. lfeni'e 
there are an infinite number of junctions of y whn li satisfy the 
equation, and they are all given bj the formula 


Y-f Q(s 0 , y)dy + C, 

J" 0 

where y 0 is an arbitrary value of //. and C is an aibitrarv constant 
It follows that theie are aii infinite numbei oi functions n(.r. y) 
which satisfy the equation (41). They are all given by the formula 


(44) 



y)di + f n(j\, y)dy + (', 

j V,. 


and differ irom eacli other only by the additive constant V. 
Consider, for example, the pair of functions 


j- + my y - m.r 

x + y X 2 + ,/ 


which satisfy the condition (43). Setting x„ = 0 and y„ = 1, the 
formula for « gives 



x -f- my 

* i +f 


dx + 


i; 



whence, performing the indicated integrations, we find 


« = 2 [*°§( x2 + v‘) X + m j^ al ' c tan ^ J 4- log y 4- C , 
or, simplifying, 

1 x 

u ~ n lc»g(j ; 2 + i/*) 4 - m, arc tan - + C. 

X y 
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The preceding method may be extended to any number of inde¬ 
pendent variables. We shall give the reasoning for three variables. 
Let P, Q, and H he three functions of x, ;/, and ». Then the total 
differential equation 


(45) du = Pdx + (l dy -f It dr. 

is equivalent to the three distinct equal urns 


(40) 


du 

fix 


= }', 


fi it 

<y 


a. 


(I XI 

T~ = R. 
C" 


Calculating the three derivatives (“i ijdrry, r -u ;c y 1 f^ujbccx in 
two different ways, >ve find the three following equations as neces¬ 
sary conditions for the existence of the function n . 

hr _ cq (Hi _ ri: dit _ f, r 

by cj • ’ 8z 'ey dx cz 


Conversely, let us suppose these equations satisfied. Then, by the 
first, there exist an infinite number id' functions n(x. y, z) whose 
partial derivatives with respect to x and y are equal to P and (I, 
respectively, and they are all given by the formula 





~)dx + f i 1 , r.)dy + Z, 


where Z denotes an arbitrary function of a. Tn order that the deriva¬ 
tive du /dr. should be equal to it is necessary and sufficient 1 hat 
tlie equation 



< C(.r„. y,z) 


dy + 


(IZ 

dr. 


It 


sliould be satisfied. Making use of the relations (47), which were 
assumed to hold, this condition reduces to the equation 

a ‘(A !/, *) - H(x u , !/i -) + !/■ ■■) - P(x 0 , //<„ -)+-— = y. =), 

or 

dZ . 

— h’U',., ?/o. 


It follows that an infinite number of functions n(.r, y, z) exist 
which satisfy the equation (45). They are all given by the formula 


(48) 


— f F(ar, y, z)dx -f f Q (x „, y, z)dy+ f lt(x„, i/„, z)dr. -f C, 


where x 0 , y„, z„ are three arbitrary numerical values, and (' is an 
arbitrary constant. 
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'/ 152. The integral J^^ Pdx + Qdy. The same subject may be 
treated from a different point of view, which gives deeper insight 
into the question and leads to new results. Let P(x, y ) and Q(x, y) 
be two functions which, together with their first derivatives, are 
continuous in a region A bounded by a single closed contour (' 
It may happen that the region A embraces the whole plane, in 
which ease the contour C would be supposed to have receded to 
infinity. The lme integral 


/ 


Pdx 4- Q dy 


taken along any path I) which lies in A will depend in general upon 
the path of integration. Let us first try to find the conditions under 
which this integral depends only upon the coordinates of the extremi¬ 
ties (j-„, //,,) and (./•,, //,) of the path. Let M and .Y he any two points 
of region .1, and let L and V lie any two paths which connect tlie.se 
two points without intersecting each other between the extremities 
Taken together they form a closed contour. In order that the values 
of the line integral taken along these two paths /. and V should be 
equal, it is evidently necessary and sufficient that the integral taken 
around the closed contour formed by the two curves, proceeding 
always in the same sense, should be zero. Hence the question at 
issue is exactly equivalent to the following : What are the conditions 
under which the line integral 


f 


Pdx + Qdy 


taken around any closed contour whatever which lies in the region A 
should Danish ° 

The answer to this question is an immediate result of Green's 
theorem: 

(49) £ Pdx + tidy - °£)^dy, 


where C is any closed contour which lies in A, and where the double 
integral is to be extended over the whole interior of ('. It is clear 
that if the functions /’ and Q satisfy the equation 


(43') 


dP_d_Q 
dy dx ’ 


the line integral on the left will always vanish. This condition is 
also necessary. Lor, if cPJdy — dQ/dx were not identically zero 
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m the region A, since it is a continuous function, it would surely be 
possible to find a region a so small that its sign would be constant 
inside of «. But in that case the line integral taken around the 
boundary of a would not be zero, by (40). 

If the condition (43 1 ) is identically satisfied, the values of the 
integral taken along two paths L and A' between the same two 
points D and A’ are equal provided the two paths do not intersect, 
between .1/ and A'. It is easy to sci that the same thing is 1 1 e 
even when the two paths intersect anv number of tine . lielwee.u 1/ 
anil S. For m that ease it would be necessary only to compare 
the values of the integral taken along the paths L and with its 
value taken along a third path L", which intersects neither of the 
preceding except at .1/ and X. 

Let us now suppose that one of the extremities of the path of 
integration is a fixed point (a-,,, //„), while the other extremity is a 
variable point (x, y) of .1, Then the integral 

£ <«.?/) 

I‘'lx + (/ dy 

O' V 

taken along an arbitrary path depends only upon the coordinates 
(,r, y) of the variable extremity. The partial derivatives ol tins 
function are precisely J\.r, y) and in For example, we leave 


F(x + Ax, y) = F(x, i/) -t 



i/l 

y)dx, 


for we may suppose that the path of nitegiation goes from (.r„, y„) 
to (x, y), and then from (x, y) to (x + Ac, y) along a line parallel to 
tin; x axis, along which dy — Applying the,law of the mean, we 
may write 


F(x + Ax, y I — F(-r, y) 


l'(x + 6Ax. y ), 


Taking the, limit when Ax approaches zero, this gives F r = P. 
Similarly, F„ = Q. Tlie line integral F(.r, .//), therefore, satisfies the 
total differential equation ('41), and the general integral of this 
equation is given by adding to F(x, y) an arbitrary constant. 

This new formula is more general than the formula (44) in that 
tlie path of integration is still arbitrary, If, is easy to deduce (44) 
from the new form. To avoid ambiguity, let (x n , y 0 ) and (x,, r/,) be 
the coordinates of the two extremities, and let the path of integra¬ 
tion be the two straight lines x = x 0 , y = y x . Along the former, 
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x = x 0 , dx — 0, and y varies from y„ to y,. Along the second, 
y = y u dy = 0, and x varies from ay to ay Hence the integral (, r i0) 
is equal to 


/' 


Q( x o, >j) d 'J 


+ f >‘{ x > Vi) dx > 
dr « 


which differs from (44) only in notation. 

But it might he more advantageous to consider another path of 
integration. Let x = f(t), y = lie the equations of a curve 
joining (x 0 , !/») and (,r„ //,), and let t lie supposed to vary con¬ 
tinuously from t n to t, as the point (s, y) describes the curve 
between its two extremities. Then we shall have 


f U'/j' + Udy = f [/’( X, y)f\t) + Q(x, y) dt > 
•Avv 


where there remains but a single quadrature. If the path lie 
a straight line, for example, we should set x = x„ + t(x s — .!•„), 
y = //.. + t(y i -- //„), and we should let t vary from 0 to 1. 

Conversely, if a particular integral y) of tlie eejuation (41) 
be known, the line integral is given by the formula 


I 


(■w 


l’d.r + lldy = ®(x, y) ~ 4>(.r 0 , y„), 


whieh is analogous to the equation (6) of Chapter IV. 


153. Periods. More general cases may lie investigated. In the 
first place, Green's theorem applies to regions bounded by several 
contours. Let us consider for definiteness a region .1 bounded by 
an exterior contour <' and two contours <" and 
<"' which lie inside the first (Fig. 35). Let /’ 
and Q lie two functions which, together with 
their first derivatives, are continuous in this 
region. (The regions inside the contours f 
and C" should not be considered as parts of 
the region A, and no hypothesis whatever is 
made regarding P and Q inside these regions.) 
Let the contours C and C" be joined to the contour C by trans¬ 
versals ab and cd. We thus obtain a closed contour abmcdndcpbaqa, 
or T, which may be described at one stroke. Applying Green’s 
theorem to the region bounded by this contour, the line integrals 
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B .luch arise from the transversals ah and rd cancel out, since each 
of them is described twice in opposite directions. It follows that 

f Pdx + ll<hj = fj 0 ~ %) ,krd!h 

where the line integral is to lie taken along the whole, boundary of 
the region A, i.e. along the three contours ( , C, and in the senses 
indicated by the arrows, respectively, these being such that the 
region d always lies on the left. 

If the functions /' and (i satisfy flu: relation c<l/ux <>Fjo\j in 
the region A, the double integral vanishes, and we may write the 
resulting relation in the form 

(51) f I’tlx + (I'ly - f t'dx + <)</(/ + | J’dx +■ (lily, 

wliere eaeli of the, line integrals is to be taken in the sense desig¬ 
nated above. 

Let us now return to the, region I bounded by a single contour 
<, and let /' and (t be two Innetnms which satisfy the equation 
i l’/ri/ - HljCx, and which, tngethei with their tiist derivatives, are 
lontiniious except at, a finite, number 
of points of at which af least, one of 
the functions /' or (j is discontinuous. 

We shall suppose for definiteness that 
there are three points of discontinuity 
a, h, r in .f. Let us surround each of 
these points by a small circle, and then 
join each of these circles to the contour 
(' by a cross cut (Fig. 3(1). Then the 
integral j (l<hj taken from a fixed 

point (a- 0 , // ( ,) to a variable point, ( x , >/) 
along a curve which does not cross any 
of these cuts has a definite value at every point. For the contour f\ 
the circles and the cuts form a single contour which may be described 
at one stroke, just as in the case discussed above. We shall call 
such a path tfiri-rf, and shall denote the value of the line integral 
taken along it from M a (x „, y (j ) to .!/( x, >/) by F(x, y). 

We shall call the path composed of the straight line from M 0 to 
a point a 1 , whose distance, from a is infinitesimal, the circumference 
of the circle of radius aa' about, a. and the straight line a’M 0 , a loop- 
nrcuit. The line integral / i‘dx + Qdy taken along a loop-circuit 
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reduces to the line integral taken along the circumference of the 
circle. This latter integral is not' zero, in general, if one of the 
functions P or Q is infinite at the point a, but it is independent oi 
the radius of the circle. It is a certain constant ± A, the double 
sign corresponding to the two senses in which the circumference 
may be described. Similarly, we shall denote by ± B and ± C the 
values of the integral taken along loop-circpits drawn about the two 
singular points h and c, respectively. 

Any path whatever joining and M may now be reduced to a 
combination of loop-circuits followed by a direct path from JI/ 0 to .1; 
For example, the path may be reduced to a combination 

of the paths M„ J/ 0 rfe.V/ 0 , and M„fM. The path 

M 0 mdM t] may then be reduced to a loop-circuit about the singular 
point a , and similarly for the other two. Finally, the path M„f\I 
is equivalent to a direct path. It follows that, whatever be the path 
of integration, the value of the line integral will be of the form 

(52) Fix, i /) = F(x, y) -f m A + n B 4- pC , 

where m, n, and /> may he any positive or negative integers. The 
quantities A, B, C are called the periods of the line integral. That 
integral is evidently a function of the variables x and y which 
admits of an infinite number of different determinations, and the 
origin of this indeterinination is apparent. 

Remark. The function F(x, y) is a definitely defined function 
in the whole region A when the cuts aa, bp, cy have been traced 
But it should lie noticed that the difference F(m) — F(m'j between 
the values of the function at two points m and m' which lie on 
opposite sides of a cut does not necessarily vanish. For we have 

a ,r + r + r, 

Jm m' 

which may be written 

J s»m s\m' r* m 

= / + A + / • 

V, Jm 0 J m , 

But J" is zero; hence 

F(m) - F(m') = A. 

It follows that the difference F(m) — F(m') is constant and equal 
to A all along aa. The analogous proposition holds for each of 
the cuts. 
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Example. The line integral 


J n (*■, //) 

( 1 , 0 ) 


xdtj — i/dr 


/(l.D) X + U 

lias a single critical point, the origin 


In order to find the corre¬ 
sponding period, let us integrate along the circle x 2 -+- y 2 ^ p 2 . 
Along this circle we have 


x = p coa w, y = p Sin <d, sdy — ydx — d l du>, 

whence the period is equal to J tlin = 2tt. It is tasy to verify 
this, for the integrand is the total differential of arc tan y jx. 


164. Common roots of two equations. Let A’ am! Y lie two functions of the 
variables X and y which, together with their first partial derivatives, are con- • 
tuitions in a region A bounded by a single closed contour (!. Then tlie expres¬ 
sion (XdY — YdX)/(X 2 -f- Y 2 ) satisfies the condition of lntegrabihty, for it is 
the derivative of arc tan Y/X. Hence the line integral 

f XdY - YdX 

in -V*+ 1" 

taken along the contour V in the positive sense vanishes provided the coeffi¬ 
cients of dr and dy in the integrand remain continuous inside (1, i.e. if the two 
curves X — 0, I' = 0 have no common point inside that contour. But if these 
twi i curves have a certain number of common points a. b, c, . • inside C, the value 
of the integral will he equal to the sum of the values of the same integral taken 
along the circumferences of small circles described about the points a, f>, c, • • • as 
centers. Let (tr, p) be the coordinates of one of the common points. We shall 
suppose that the functional determinant J>(-Y, V )J 7>(x, y) is not zero, i.e. that 
the two curves X ~ 0 and T = 0 ate not tangent at the point. Then it is pos¬ 
sible to draw about the point (it, ft) as center a circle c whose radius is so small 
that the (joint (Ah Y) describes a small plane region about the point (0, 0) 
which is hounded by a contour y and winch corresponds point for point to the 
circle c (§§ 25 and 127). 

As the point (a;, y) describes the circumference of the circle c in the positive 
sense, the point (X, l r ) describes the contour y in the positive or in the negative 
sense, according as the sign of the functional determinant inside the circle c is 
positive or negative. But the definite integral along the circumference of c is 
equal to the change in arc tan Y/X in one revolution, that is, ± 2tr. Similar 
reasoning for all of the roots shows that 


(54) 


r XdY - YdX 

Jio **+** 


= 2x(P -N), 


where P denoteB the number of points common to the two curves at which 
®(X, F) /D(z, y) is positive, and N the number of common points at which the 
determinant is negative. 



322 


'MULTIPLE integrals 


[VII, § 155 


The definite integral on the left is also equal to the variation in arc tan Y/X 
In going around c, that is, to the index of thc_ function Y/X as the point (x, ?/) 
describes the contour C. If the functions X and Y are polynomials, and if the 
contour C is composed of a finite number of arcs of unicursal curves, we are led 
to calculate the index of one or more rational functions, which involves only 
elementary operations (§ 77). Moroovei, whatever be the functions X and y, 
we can always evaluate the definite integial (.'>4) approximately, with an error 
less than it, which is all that is necessaiy, since the right-hand side is always a 
multiple of 'lit. 

The formula (54) does not give the exact number of points common to the 
two curves unless the functional determinant has a constant sign inside of (7. 
Picard’s recent work lias completed the results of this investigation.* 


155. Generalization of the preceding. The results of the preceding paragraphs 
may be extended without essential alteiation to line integrals in space. Let /', 
Q, and R be three functions which, together with their first partial derivatives, 
are continuous in a region (K) of space bounded by a single closed surface <S. 
Let us seek first to determine the conditions under which the lino integral 


(55) 


U. *) 

< V //„. -•„) 


V dx +(fdy 4- It dz 


depends only upon the extremities (jc 0 , i/ 0 , z 0 ) and (j, ?/, z) of the path of inte¬ 
gration. This amounts to mquiinig under what conditions the same integral 
vanishes when taken along any closed path I\ Hut by Stokes’ theorem 13(5) 
the above line integral is equal to the surface integral 


f f (~ - / \dzdy + ^ \(hjd: + - ‘/-Xlzdx 

JJ \CJt C‘ll! \OJ czj \ < Z ?£/ 


extended ever a surface 2 which is bounded by the contour In order that 
tins sin face integral should lie zero, it is evidently necessary and sufficient that 
the equations 

(56) ?* = f « ; -'X !P 

cy lx Iz lyh lx lz 

should be satisfied. If these conditions jfefe s&tiqlfed, V is*a function of the vari¬ 
ables x, y, and z whose total diiferential is l* fix J- 4 - R dz. and which is single 
valued in the region (K). In order to find the value of U at any point, the path 
of integration may be chosen arbitrarily. 

If the functions P, Q, and R satisfy the equations (50), but at least one of 
them becomes infinite at all the points of one or more curves in (I?), results 
analogous to thuBe of § 153 may be derived. 

If, for example, one of the functions P, Q, R becomes infinite at all the points 
of a closed curve 7 , the integral U will admit a period equal to the value of the 
line integral taken along a closed contour which pierces once and only once a 
surface <r bounded by 7 . 

We may also consider questions relating to surface integrals which are exactly 
analogous to the questions proposed above for line integrals. Let A , B, and C 
be three functions which, together with their first partial derivatives, are 
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continuous in a region ( E) of space bounded by a (single closed surface S. 
be ft surface inside of (E) bounded by a contour I' of any form whatever, 
the surface integral 


(57) 


I = J "y A dydz + 11 dz dx + Cdzdy 


Let 2 
Then 


depends in general upon the surface 2 as well as upon the contour P. In order 
that the integral should depend only upon ]', it is evidently necessary and suffi¬ 
cient that its value when taken over any closed surface in (E) should vanish. 
Green’s theorem (§ 149) gives at once the conditions under which this is true. 
For we know that the given double integral extended over any closed surface is 
equal to the triple integral 




dx dy dz 


extended throughout the region hounded by the surface In order that this latter 
integral should vanish for any region inside (E), it is evidently necessary that the 
functions A, IS, and C should satisfy the equation 


( 58 ) 



< K 
'"J 



iz 


Tins condition is also sufficient 

Stokes’ theorem affords an easy verification of tins fact For if A, B, and C 
are three functions which satisfy the equation (59). it is always possible to deter¬ 
mine id an infinite number of ways three other functions P, y, and H such that 


<lt IQ ^ r P f R r Q f P _ 

ly Iz ’ Iz cx ’ cx cy 


In the first place, if these equations admit, solutions, they admit an infinite 
nunibei, for they remain unchanged if P, Q, and R be replaced by 


P -t 


f X 

(X 


I\ 

V + 

cy 


it + 


i\ 
~ ) 
dz 


respectively, where \ is an arbitrary function of x, y , and z. Again, setting 
It — 0, the first two of equations (59) give 


P =J B(x, if, Z) tiz + <P(*. y), Q = -J A (x. y, z) dz + yt(x, y), 


where 0(x, y) and p(x, y) are arbitrary functions of x and y. Substituting these 
Values In the last of equations (59), we find 


-ft 


IA 1 7 >\ 
lx cy) 


. Pit 
dz + — - 
dx 


I <p 

iy 


C(x, y, z) , 


or, making use of (58), 


dip 

dx 


~ = C(x, y, zo). 

dy 


One of Aie functions <p or p may still be chosen at random. 

The functions P, Q , and It having been determined, the surface integral, by 
Stokes’ theorem, is equal to the line integral J^Pdx + Qdy + Rdz, which 
evidently depends only upon the contour T. 
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• 1. Find the value of the triple integral 


JJ f [5 (x — y) 2 + 3az - 4a 2 ] dx dy dz 


extended throughout, the region of space defined by the inequalities 

x 2 + y i — az <0, x 4 + y' 1 + z* - 2a 2 <0. 

[Licence, Montpellier, 1896.] 

• 2. Find the area of the surface 

x> + r + ^ -- 

a 2 x 2 + b 2 y 2 

and the volume of the solid bounded by the same surface. 

> 3. Investigate the properties of the function 

F(X, Y,Z)~ f dx f (iy f /{x, y, z)dz 

Jjr o Jv a ' u 

considered as a function of A", Y, and Z. Generalize the results of § 126 
4. Find the volume of the portion of the solid bounded by the surface 


(x a + ij 2 + z 2 ) 3 — 3 a^xyz 


which lies in the first octant. 


• 6. Reduce to a simple integral the multiple integral 

ff'"f x “' x 2 ! ' • + • +/„)ifx,<fav din 

extended throughout the domain 7> defined by (be inequalities 

0 ^ Xj, 9ytx2, 0 x„, x, 4 - Xu -P * ■ Xn = d. 

[Proceed as in § 148.] 

6 . Reduce to a simple integral the multiple integral 

If' f x '’ **’'' o' + ■ ■ ■ + (z) ] *'»'***" • **• 

extended throughout the domain I) defined by the inequalities 

0<X„ 0^X2, 0<X„, + 

• 7*. Derive the formula 
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„j, er e the multiple integral is extended throughout the domain Z) defined by the 

inequality 

z\ -t z\+ - h < 1 • 


8 *. Derive the formula 

J ftv n 2 it , /»+1 

del F{a oos 0 + 6 sin 6 cos <p + e sin 8 sm <p) sin 6 d<f> = 2w I F(uR)du, 

I) Jo j~] 

where a, 6 , and c are three arbitrary conBtantb, and where R = Va 2 + W -fV 

[Poisson.] 

[First observe that the given double integral is equal to a certain surface inte¬ 
gral taken over the surface of the sphere z* + y* + z a = 1 . Then take the plane 
ax + by H cz = 0 as the plaue of xy m a new system of coordinates.] 

9*. Let p = F(#i 4>) be the equation in polar coordinates of a closed surface. 
Show that the volume of the solid bounded by the surface is equal to the double 
integral 

(«> l J J p COS 7 thr 

extended over the whole surface, where da represents the element of area, and 7 
the angle which the radius vector makes with the exterior normal. 


' 10*. Let us consider an ellipsoid whose equation is 

x 2 U l Z 2 

+ -+ r= 1 , 

H* w a - 6 * V* - C* 

and let ub define the positions of any point on its surface by the elliptic coordi¬ 
nates v and />, that is, by the roots which the above equation would have if p 
were regarded as unknown (cf. § 147). The application of the formula) (29) to 
the volume of this ellipsoid leads to the equation 



ViV - p*)(J - 6 2 ) * 


Likewise, the formula ((f) gives 



(v 2 — ip 3 ) dti 

V(6 2 - p 2 )( c/ - p 2 )(r 2 - 6%^^ 


It 

2 " 


[Lame] 


11. Determine the functions P(x, y) and Q(x, y) which, together with their 
partial derivatives, are continuous, and for which the line integral 

fp(x + a, y + fi)dz + Q(x + a, y + 0)dy 

taken along any closed contour whatever is independent of the constants a and 
i 1 and depends only upon the contour itself. 


[Licence, Paris, July, 1900.] 
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' 12 *. Consider the point transformation defined by the equations 

t x = f(x\ y\ z'), 
i V = *<*'. y\ z '), 

( 2 = <p(x\ y’, z') 


A a the point (x', y', z') describes a surface S', (lie point (x, y, z) describes a sur¬ 
face S. Let or, /3, y be the direction angles of the normal to 8; a', /S', y' (In¬ 
direction angles of the corresponding normal to the surface S '; and da and da' 
the corresponding surface elements of tile two surfaces. Prove the formula 


cos y da = ± da' 


V(x, V) 
IHY, z') 


COSrt' + 


IHx.V) 
I Hz', i') 


COS p' + 


D(x, y) 

L(X'. y') 


cos y' 


13*. Derive the formula (1(‘») on page 304 directly 
[The volume V may be expressed by the .surface integral 

V = f 2 cos y d<r , 

d(S) 

and we may then make use of the identity 

*,±\ = aj d(/, i i(. i ?_[. mf. *)_\. 

U(x', y\ z') dx' \ D(y\ z') i by’ \ D(z', x'i ) iz' \ lux', y') i 

which is easily verified.] 



CHAPTER VIII 


INFINITE SERIES 

I. SERIES OF REAL CONSTANT TERMS 
OENERAL PROPERTIES TESTS FOR CONVERGENCE 

156. Definitions and general principles. Sequences. The elementary 
properties of series are discussed in all texts on College Algebra 
and on Elementary Calculus. We shall review rapidly the principal 
points' of these elementary discussions. 

First of all, let us consider an infinite sequence of quantities 

(1) -v,,, s'i, ■»«. • - ... 

in which each quantity has a definite place, the order of precedence 
being fixed. Such a .sequence is said to be convergent if approaches 
a l at til, as the index tt \uu-omes infinite. E very sequence which is 
not convergent is said to be i/briyoil. This may happen in either 
of two ways : .■>•„ may finally become and remain larger than any 
preassigned quantity, or *„ may approach no limit even though it 
iloes not become infinite. 

hi order that a sequence, should he eonverjent, if is neressari/ and 
sufficient that, corresponding to any jiretissigncd positive number t, a 
positive integer 11 s/mii/d e.rist such that the difference s„ + Jj — ,s n is 
less than t in. absolute value for any positive integer p. 

Til the first place, the condition is necessary. For if s„ approaches 
a limit s as n becomes infinite, a number n always exists for which 
each of the differences s — s„, * — ,, ••,.« — *„ f ,,,■■• is less than 

t/2 in absolute value. It follows that the absolute value of — s„ 
"ill be less than 2 e/2 = e for any value of p. 

In order to prove the converse, we shall introduce a very impor¬ 
tant idea due to Caucliy. Suppose that the absolute value of each 
of the terms of the sequence (1) is less than a positive number N. 
Then all the numbers between — N and + N may be separated into 
two classes as follows. We shall say that a number belongs to the 
class A if there exist an infinite number of terms of the sequence (1) 
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■which are greater than the given number. A number belongs t 0 
the class B if there are only a finite number of terms of the 
sequence (1) which are greater than the given number. It i s 
evident that every number between — A T and + N belongs to one 
of the two classes, and that every number of the class A is less 
than any number of the class B. Let A' be the upper limit of the 
numbers of the class J. which is obviously the same as the lowei 
limit of the numbers of the class B. Cauchy called this number the 
greatest limit (la phis grande des limites ) of the terms of the 
sequence (1).* This number S should be carefully distinguished 
from the upper limit of the terms of the sequence (1) (§ 08). For 
instance, for the sequence 

1 i 1 

1( 2’ F ■’ n’ •- 

the upper limit of the terms of the sequence is 1, while the greatest 
limit is 0. 

The name given by Cauchy is readily justified. There always 
exist an infinite number of terms of the sequence (1) which In- 
between S — c and S + t, however small c be chosen. Let us then 
consider a decreasing sequence of positive numbers c,, e», , 

£„, •••, where the general term i„ approaches zero. To each num¬ 
ber £, of the sequence let us assign a number <r, of the sequence (1) 
which lies between S — £, and S -\- c,■ We shall thus obtain a 
suite of numbers u,. <r 2 , ■■■, ■■■ belonging to the sequence (1) 

which approach S as their limit. On the other hand, it is clear 
from the very definition of .S' that no partial sequence of the kind just 
mentioned can be picked out of the sequence (1) which approaches 
a limit greater than .S. Whenever the sequence is convergent its 
limit is evidently the number .s’ itself. 

Let us now suppose that the difference s„ +p — s„ of two terms of 
the sequence (1) can be made smaller than any positive number < 
for any value of p by a proper choice of n. Then all the terms ol 
the sequence past ,s„ lie between s„ — e and s„ + (■ Let .S’ be the 
greatest limit of the terms of the sequence. By the reasoning just 
given it is possible to pick a partial sequence out of the sequence (1) 
which approaches S as its limit. Since each term of the partial 
sequence, after a certain one, lies between s„ — t and s n + t, it is 

’ Resume* analytiques de Turin, 1883 (Collected Works, 2d series, Vol. X, p. 49). 
The definition may be extended to any assemblage of numbers which has an upper 
limit. 
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clear that the absolute value of S — s„ is at most equal to t. Now 
let be any term of the sequence (1 ) whose index in is greater 
than «. Then we may write 

~ $ = («» - »») + (■«„ - $), 

and the value of the right-hand side is surely less than 2t. Since e 
is an arbitrarily pveassigned positive number, it follows that the 
general term s m approaches ,N as its limit as the index m increases 
indefinitely. 

Note. If .S’ is the greatest limit of the terms of the sequence (1), 
every number greater than .S belongs to the class B, and every num¬ 
ber less than belongs to the class A. The number .s' itself may 
belong to either class. 

157. Passage from sequences to series. Given any infinite sequence 
«o, ih, ii 3, ■■■> n„ - 

the series formed from the terms of this sequence, 

(2) no + Hi + 4- • + "„ H-, 

is said to be convergent if the sequence of the successive sums 

= «oi > s ’i = «o+»i. , - s „ = Wu + i/i + ■ • +«„, 

is convergent. Let .S' lie the limit of the latter sequence, i.e. the 
limit which the suui .s', approaches as n increases indefinitely: 

.S' = lim A'„ - lim ^ 

»=, „_ 0 

Then S is called the sum of the jtrereding series, and this relation is 
indicated by writing the symbolic equation 

.S = u 0 + «, + ■■■ + II„ + ■ = V >l -- 

I =-I> 

A series which is not convergent is said to be divergent. 

It is evident that the problem of determining whether the series 
is convergent or divergent is equivalent to the problem of determin¬ 
ing whether the sequence of the successive sums .S 0 , .s'i, S s , . . . is 
convergent or divergent. Conversely, the sequence 

So, S 1, A'l, ' ", s n , * 

* 

will be convergent or divergent according as the series 
*o + 0i - *o) + («j - *i) + • 
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is convergent or divergent For the sum A’„ of the first n + 1. terms 
of this series is precisely equal to the general term s n of the given 
sequence. We shall apply this remark frequently. 

The series (2) converges or diverges with the series 

(3) u j, + "e + i + ‘ • • + u i,+q + ■■ •> 

obtained by omitting the first p terms of (2). For, if (n > /,) 

denote the sum of the first « + l terms of the series (2), and \ 
the sum of the n — p + 1 first terms of the series (3), i.e. 

X-,, = w„ + «,, + ! + ■■• + 

the difference S n — 2„_ p — u„ + «, + + w Jlw _, is independent of n. 

Heuce the sum 2„_,, approaches a limit if .S'„ approaches a limit, 
and conversely. It follows that in determining whether the series 
converges or diverges we may neglect as many of the terms at the 
beginning of a series as we wish. 

Let X lie, the sum of a convergent series, X„ the sum of the first 
n + 1 terms, and /!„ the sum of the series obtained by omitting the 
first >i+l terms, 

h’„ — I'„ i 1 + + s + ‘ + l'„ i ' • 

It is evident that we shall always have 
x- = N„ + Un¬ 
it is not possible, in general, to find the sum X of a convergent 
series. If we take the sum xof the first, n + 1 terms as an approxi¬ 
mate value of X, the enov made is equal to Since X n approaches 
.S' as n becomes infinite, the error Il„ approaches zero, and hence the 
number of terms may always lie taken so large—at least theoret¬ 
ically—-that the. error made in replacing .S’ by .X'„ is less than any 
preassigned munlier. In order to have an idea of the degree of 
approximation obtained, it is sufficient to know an upper limit, 
of Jt„. It is evident that the only series which lend themselves 
readily to numerical calculation in practice are, those for which 
the remainder Ii n approaches zero rather rapidly. 

A number of properties result directly from the definition of con¬ 
vergence. We shall content ourselves with stating a few of them. 

1) If each of the terms of a given series be multiplied by a constant 
k different from zero, the new series obtained will converge or diverge 
with the given series; if the given series converges to a sum it, the sum 
of the second series is kS. 
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2 ) If there he given two convergent series 
u o + tii + U; + • 
v o v i + *f *4- e n -C ■ ■ ■ , 
whose sums are S and S', respectively , the. new series obtained by 
adding the. given series term by term, namely, 

a + , ' l i) + ( ,, i + '*,) + ■” + (»„ + <’„)+ •, 

converges, and its sum is S S'. The analogous them cm liolds for 
tin* tenn-by-term addition of p convergent series. 

.'{) The convergence or divergence of n series is not affected if the 
values of a Jinife. number of the terms he changed. For such a change 
would merely increase or decrease all of the sums S„ after a certain 
one by a constant amount. 

4) The test for convergence of any infinite sequence, applied to 
series, gives Cauchy's general test for convergence: * 

In order that a series be. convergent it is necessary and sufficient 
that , corresponding to any jirenssigned positir i number t, an integer 
n should exist, such that the sum of any number of terms what¬ 
ever, starting with uis less than c in absolute value. For 
■V,, - * s '„ = I 1 + «„-s + • + 

In particular, the general term «„ + 1 — . 4,11 — S n must approach 
zero as n becomes infinite. 

Cauchy’s test is absolutely general, hut it is often difficult to 
apply it in practice. It is essentially a development of the very 
notion of a limit. We shall proceed to recall the practical rules most 
frequently used for testing series for convergence and divergence. 
None of these rules can he applied in all eases, but together they 
suffice for the, treatment of the majority of eases which actually' arise. 

158. Series of positive terms. We shall commence bv investigating 
a very important class of series. — those whose terms are all posi¬ 
tive. In such a series the sum \ increases with n. Hence in 
order that the series converge it is sufficient that the sum ,s'„ should 
remain less than some fixed number for all values of 11 . The most 
general test for the convergence of such a series is based upon com¬ 
parisons of the given series with others previously studied. The 
following propositions are fundamental for this process : 

* Exereuies tie J luthcmatiyues, IS27. (Collected Works, Vot. VII, 2d series, p. 207.) 
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1) If each of the terms of a given series of positive terms is less 
than or at most equal to the corresponding term of a known convergent 
series of positive terms, the given series is convergent. For the hum 
& m of the first n terms of the given series is evidently less than the 
sum S' of the second series. Hence ,N’„ approaches a limit S which 
is less than S'. 

2) If each of the terms of a given series of positive terms is greater 
than or equal to the corresponding term of a known divergent series 
of positive terms, the given series diverges. For the sum of the first 
n terms of the given series is not less than the sum of the first 
n terms of the second series, and hence it increases indefinitely 
with «. 

We may compare two series also by means of the following 
lemma. Let 

(H) W 0 + u l + u i + • ■' + ? 'n + • ) 

( 1') »’o + -F r, + • + (’„ + 

he, two series of pnsitire terms. If the series (C) converges, and if. 
after a certain term, we always hare v„ H /c„ < //,, e , the series ( I ) 

also converges. If the series (II) diverges, and if, after a certain 

term, we always have a n+ ,/n„5 c„ ,,/r„, the. series (!') also diverges. 

In order to prove the first statement, let us suppose that 
u >.+iA'„ M » n/"» whenever n>j>. Since the convergence of a 
series is not affected by multiplying each term by the same con¬ 
stant, and since the ratio of two consecutive terms also remains 
unchanged, we may suppose that r < and it is evident that we 
should have c,, + 1 <^ + 1 , v p + i < „ p ^ y etc. Hei ice the series (I’) 
must converge The proof of the second statement is similar. 

Given a series of positive terms which is known to converge or 
to diverge, we may make use of either set of propositions in order 
to determine in a given case whether a second series of positive 
terms converges or diverges. For we may compare the terms of 
the two series themselves, or we may compare the ratios of two 
consecutive terms. 

/ 159. Cauchy’s test and d’Alembert 'b test. The simplest series which 
can be used for purposes of comparison is a geometrical progression 
whose ratio is r. It converges if r < I, and diverges if r SI. The 
comparison of a given series of positive terms with a geometrical 
progression leads to the following test, which is due to Cauchy: 
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Jf the nth root of the general term n„ of a series of positive 
terms after a eertain term is constantly less than a fixed number less 
than unity, the series converges. If ^/u n after a certain, term is con¬ 
stantly greater than unity, the. series direryes. 

For in the first case _ v^w n <A<l, whence u„ < Hence each 
of the terras of the series after a certain one is less than the corre¬ 
sponding term of a certain geometrical progression whose ratio is 
less than unity, fn the second ease, on the other lie.id, 
whence w„>l. Hence in this case the geneial teun does not 

approach zero. 

This test is applicable whenever Vu„ ap, • roaches a limit. Jn 
fact, the following proposition may lie stated: 

If V u n approaches a limit l as n bet antes infinite, the series trill 
converge, if l is /css than unity, and It trill diverge if l is greater than 
unity. 

A doubt remains if l — 1, except trhen ~s/u„ remains gi inter than 
unity as it apjtroaehes unity, ill which ease the series surely diverges. 

Comparing the ratio of two consecutive terms of a given scries 
of positive terms with the ratio of two consecutive terms of a 
geometrical progression, we obtain d'Alemheit’s test: 

If in a given series of positive terms the ratio of any term to the 
preceding after a certain term remains less than a fixed number 
less than unity, the series converges. If that ratio after a, eertain 
term remains greater than unity, the series diverges. 

From this theorem we may deduce the following corollary: 

If the ratio u n+l /u a approaches a limit l as v heroines infinite, the 
series converges if l < 1 , and diverges if I > 1 . 

The only doubtful case is that in which t — 1 ; even then, if n„^ i /u n 
remains greater than unity as it approaches unity, the series is divergent. 

General rommentury, Cauchy’s test is more general than d’Alembert’s. For 
suppose that the terms of a given series, after a certain one, are eacli less Ilian 
the corresponding terms of a decreasing geometrical progression, i.e. that the 
general term u„ is less than clr fi for all values of n greater than a fixed integer p, 
where A is a certain constant and r is less than unity. Hence vu„ < r.t O’g and 
the second member of this inequality approaches unity as n becomes infinite. 
Hence, demoting by A: a fixed number between r and 1, we shall have after a cer¬ 
tain term y/u^ < k. Hence Cauchy’s lest is applicable in any such case. But it 
may happen that the ratio u n + i/u* assumes values greater than unity, however 
far out in the series we may go. For example, consider the series 

1 + r | sin a | + t 4 1 sin 2a | + • - - + r» j sin na | + ■ ■ •, 
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where r < 1 and where a is an arbitrary constant. In this case Vu„ = rvlslnnaj r, 
whereas the ratio 

sin ( n-t-l)a 
sin rut 

may assume, in general, an infinite number of values greater than unity as n 
increases indefinitely. 

Nevertheless, it is advantageous to retain d’Alembert’s test, for it is more 
convenient m many cast's. For instance, for the series 



1 + 1 + lT2 + 1.2 . S + ' 


■ + r. ■ 


the rat .10 of any term to the preceding is x/(n +1), which approaches zero ab n 
becomes infinite, wheioas some corisuleraiioii is necessary to determine inde¬ 
pendently what happens to y/u n = jj/vd . 2- n as n becomes infinite 

After we have shown by the application of one of the prei*eding tests that each 
of the terms of a given series is less than the corresponding term of a decreasing 
geometrical progression A, dr, dr* 1 , • • , dr' 1 , , it is easy to find an uppei 
limit of the eiror made when the sum of the fiist m terms is taken in place of 
the sum of the series. For this trior is certainly less than the sum of the 
geometrical progression 

A r m 

Ar m + Ar»«+ 1 -f + • • • - -• 

1 - r 

When each of the two expressions v'k, j and u H * \/u IL approaches a limit, the. 
two limits are necessarily the same. For, let us consider the auxiliary series 

(4) uq -f Hi x + ii^x- 4- • H u„ x* 1 -f- • • •, 

where x is positive In this series the ratio of any term to the preceding 
approaches the limit lx, where l is the limit of the ratio i/u*. Hence the 
senes (4) converges when x < 1/1, and diverges when x >1/1 Denoting the 
limit of Vu v by V, the expression y/u n x n also approaches a limit l'x y and 
the Belies (4) converges if x < 1 /l\ and diverges if x > \/L'. In order that the 
two tests should not give contradictory results, it is evidently necessary that l 
and V should be equal. If, for instance, l were greater than V, the series (4) would 
be convergent, by Cauchy’s test, for any number x between 1/1 and 1/1', whereas 
the same series, for the same value of x , would be divergent by d’Alembert’s test. 

Still more generally, if u„ + \/u H approaches a limit \^u„ approaches the same 
limit.* For suppose that, after a certain term, each of the ratios 


4 ] U* n f 2 Wn 4- ft 

, — - , . . ., - 

Ufl 4. 1 U n 4._ 1 

lies between l — f and l -f e , where c is a positive number which may be taken 
as small as we please by taking n sufficiently large. Then we shall have 

<(! + ,),, 
u n 
or 

_L_ p__ _ 1 v 

U n n +I '(l-e)" + P < “-v^; < ^P{l + e)" + P. 


Uuuchy, (.'ours d'Analyse. 
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As the number p increases indefinite!}', while n remains fixed, the two terms on 
the extreme right and left of this double inequality approach l + « and 2 — e, 
respectively. Hence for all values of m greater than a suitably chosen number 
we shall have 

l — 2e < \^u m < l -f 2c, 

and, since e is an arbitrarily assigned number, it follows that approaches 
the number*2 as its limit. 

ft should be noted that the converse is not true Consider, for example, the 
sequence 

1 , u, ab, orb, a 2 ^ 2 , a" /i rt 1 , «»&", . , 

where n and 6 are two different numbers. The ratio of any term to the preced¬ 
ing is alternately a and b , wheieas the expression \/u„ approaches the limit Va b 
as n becomes infinite. 

The pi eroding proposition may be employed to determine the limits of cer¬ 
tain expressions which occur m undetermined forms. Thus it is evident that 
the expression v 1.2* ■ n increases indefinitely with u. slice the ratio a'/(ft — 1)1 
increases indefinitely with n In a similar manner u may he shown that each of 
the expressions \/ft and v log ft approaches tin* limit unity as n becomes infinite. 

160 Application of the greatest limit (’auchv formulated the preceding test 
m a more general manner. Let a„ be the general term of a series of positive 
lei ms Consider the sequence 

i i i 

t’») «i, u.;, , <, 

If the terms of this sequence have no upper limit, the general term a* will not 
appioach zero, and the gi\en senes will be divergent. If all the terms of the 
sequence (5) are less than a fixed number, let w be the greatest limit of the terms 
nf the sequence. 

The aeries 2rz„ is convergent if u is less than unity , and divergent if w is greater 
than unity. 

In order to prove the first part of the theorem, let 1 — a be a number between 
w and 1. Then, by the definition of the greatest limit, there exist but a finite 
number of terms of the sequence (f») which aie greater than 1 — a. It follows 
that a positive integer p may be found such that v'a,, v 1 — <i for all values of n 
greater than p. Hence the scries la n converges. On the other hand, if « > 1, 
let 1 + a be a number between 1 and id. Then there are an infinite number of 
terms of the sequence (5) which are greater than 1 + ir, and hence there are an 
infinite number of values of n tor which a,, is greater than unity. It follows that 
the scries is divergent in this case. The case in which « = 1 remains in doubt. 

f 161. Cauchy's theorem. In case u tl+l /v n and both approach 
unity without remaining constantly greater than unity, neither 
d’Alemberts test nor Cauchy’s test enables us to decide whether 
the series is convergent or divergent. We must then take as a 
comparison series some series which has the same characteristic 
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but which is known to be convergent or divergent. The following 
proposition, which Cauchy discovered-in studying definite integrals, 
often enables us to decide whether a given series is convergent or 
divergent when the preceding rules fail. 

Let <f>(x) be a function which is positive for values of x greater 
than a certain number a, and which constantly decreases as x 
increases past x = a, approaching zero as x increases indefinitely. 
Then the x axis is an asymptote to the curve y = <j>(x), and the 
definite integral 


j' <f>(x) dx 


may or may not approach a finite limit as / increases indefinitely. 


The series 


(6) <£(e) + (a -f- 1) -t- -f ‘hi 0 4- n ) -F '' 

converges if the preceding integral approaches a limit, and diverges if 
it does not. 


For, let us consider the set of rectangles whose bases are, each 
unity and whose altitudes are <fr(a), tf>(a + 1), • 4- n), respec¬ 

tively. Since each of these rectangles extends beyond the curve 
y — d>(x), the sum of their areas is evidently greater than the area 
between the x axis, the curve y = 4>( x ), and the two ordinates x — a, 
x = a + n, that is, 


<t>(a) + <*>(« + 1 ) + ■ ■ ■ + <t>( a + n) > 


f 


4>(x)dx. 


On the other hand, if we consider the rectangles constructed 
inside the curve, with a common base equal to unity and with the 
altitudes <j>(a +1), 4‘( a + 2), • ■, <f>(a + n), respectively, the sum of 
the areas of these rectangles is evidently less than the area under 
the curve, and we may write 

<K®) + <£(“ + !) 4-F <h( a + n) < <£(a) <t>(x)dx. 

Hence, if the integral J a '<j>(x)dx approaches a limit L as l increases 
indefinitely, the sum 4>(a) +■■■-)- cf>(a + n) always remains less than 
4>(a) 4 - 1 .. It follows that the sum in question approaches a limit; 
hence the series (6) is convergent. On the other hand, if the inte¬ 
gral f* +n <j>(x)dx increases beyond all limit as n increases indefinitely, 
the same is trne of the sum 


<K“) + •#>(“ + 1) 4-F 4>(a 4- »), 
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as is seen from the first of the above inequalities. Hence in this 
case the series (6) diverges. 

Let us consider, for example, the function <j>(x) = 1 [x*, where g 
is positive and a = 1. This function satisfies all the requirements 
of the theorem, and the integral y 1 [ 1 /ir' 1 ] i/x approaches a limit as 
I increases indefinitely if and only if g is greater than unity. It 
follows that the series 

J_ 1 1_ ± 

* I* 1 2 M 3* ^‘ ‘ 

converges if g is greater than unity, and diverges if g < 1. 

Again, consider the function <f>(x) = \/[x( log.r)''], where logx 
denotes the natural logarithm, g is a positive number, and a = 2. 
Then, if g --A 1, we. shall have 

I TfiogTf = jrX [(108 -( lo s 2)1 • 

The second member approaches a limit if g>l, and increases 
indefinitely with n if g < 1. In the particular case when g = l it 
is easy to show m a similar manner that the integral increases 
beyond all limit. Hence the series 

2 l.!og IT + 3 ( log \Sf + ‘ + ml(>gn 7 : + '" 

converges if g > 1, and diverges if g < l. 

More generally the series whose gem ral term is 

_1__ 

n log n log 2 n log 8 it ■ ■ log'" 1 n(log" n )'* 

converges if g >T. and diverges if g 1. In this expression log 2 n 
denotes log log n, log 8 n denotes log log log n. etc. It is understood, 
of course, that the integer n is given only values so large that 
logji, log 2 n, log 8 n, log'' n are positive. The missing terms in 
the series considered are then to be supplied by zeros. The 
theorem may lie proved easily in a manner similar to the demon¬ 
strations given above. If, for instance, g =£ 1, the function 

_ 1 _ 

x log x log 2 x ■ ■ ■ (logr x)* 1 

is the derivative of (logc x) l ~ l ‘/(l — g), and this latter function 
approaches a finite limit if and only if g > 1. 
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Cauchy's theorem admits of applications of another sort. Let us suppose 
that the function <t>(x) satisfies the conditions imposed above, and let us con¬ 
sider the sum 

<P(n) -t- <fr(n + 1) + • • - -t- 4>(n -1- p ), 

where n and pare two integers which are to be allowed to become infinite. If (he 
series whose general term is p(n) is convergent, the preceding sum approaches 
zero as a limit, since it is the difference between the two sums f i and 
each of which approaches the sum of the series. But it this series is divergent, 
no conclusion can be drawn. Returning to the gemnetiical interpretation given 
above, we find the double inequality 


j r»R + /i 

<p{£)dx ' 

n 


<p{n) + 4 >(ii + !) + ••• + 4>{ii + p) ■ 


X n-hp 

<p{f)dx-. 


Since <£(n) approaches zero as n becomes infinite, it is evident that the limit of 
the sum in question is tlie same as that of the definite integral f n 
and this depends upon the manner in whkh n ami p become infinite. 

For example, the limit of the sum 


1 1 

- 4- - ■- + 

n a -f 1 


+ -i- 

n + p 


is the same as that of the definite integral J" +11 [l/x]<ix = log(1 + p/n) It is 
clear that this integral approaches a limit if and only if the ratio p/n approaches a 
limit. If a is the limit of this ratio, the preceding sum approaches log(l + n) 
as its limit, as we have alieady seen in $411. 

Finally, the limit of the sum 

1 I 1 

+ —— — + • • -t— -- — 

■vn vn + I vn + p 

is the same as that of the definite integral 


I. 


-* = 2 (Vn + p — Vn). 

vx 


In order that this expression should approach a limit, it is necessary that the 
ratio p/Vn should approach a limit cr. Then the preceding expression may be 
written in the form 

V 

2 - J’_ _= 2 - V " 

v'n + p + V» / _ p 


1 + \ 1 + 


and it is evident that the limit of this expression is cr. 


162. Logarithmic criteria. Taking the series 

1 + 1 + ...+J. + ... 

as a comparison series, Cauchy deduced a new test for convergence 
■which is entirely analogous to that which involves 
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Jf after a certain term, the expression log(l/«„)/logre is always 
(/renter than a fixed number which is yreater than unity, the series 
converges, if after a certain term log (l/u n )/log n is always less 
than unity, the series diverges. 

Jf log(l/«„)/log n approaches a limit / as n increases indefinitely, 
the series converges if l> 1, and dive ryes if l < 1. The case in 
which / = 1 remains in doubt. 

In order to prove the first part of the theorem, we will remark 
that the inequality 

log — > k log n 

is equivalent to the inequality 

1 , 1 

> n or «, < . ; 
a„ >r 


since k > 1, the senes smeiy converges. 
Likewise, if 



log it , 


we shall have > 1 /», whence the sei les surely diverges. 

This test enables us to detennine whether a given senes eon- 
verges or diverges whenever the terms of the series, after a certain 
one, are each less, respectively, than the corresponding terms of 
the series 


4 + 4 + - + 4 + 


where A is a constant factor and y > 1. For, if 

I 



we shall have log ir„ + y log n < log A or 

if log A 

- - > y —■ ;-> 

log n log n 

and the right-hand side approaches the limit y as n increases 
indefinitely. If A' denotes a numlier between unity and y , we 
shall have, after a certain term. 
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ailarly, taking the senes 


I 


//(log »)^ 


I 


n log «(log J n)* 


is comparison senes, we obtain an infinite suite of tests for con 
mergence which may be obtained mechanically from the preceding 
ly replacing the expression log(l/«„')/log n by log[l/(//«„)]/log- 1 n, 

,hen by 

i 

° S »»„ 
log* II 


and so forth, m the statemuit ol the pmeclmg test 1 - * These tests 
apply in more and more general cases Indeed, it is easy to show 
that if the conveigenee or diveigenee of a senes i an be established 
by means of any one of them, the same will be true of any of those 
which follow It may happen that no matter how far we proceed 
with these trial tests, no one of them will enable ns to detennine 
whether the series conveiges or diveiges I)u Kois-Reymond f and 
Pnngsheini t have in fact actually git en examples of both convei gent 
and divergent senes for which none of these logarithm!! tests detei 
mines whether the series converge 01 diveige This lesult is of great 
theoietical impoitaiiee, but conveigent senes of this type evidently 
converge very slowly, and it scarcely appears possible that they 
should ever have any practical application whatever in pioblems 
which involve numerical calculation § 


163 Raabe’s or Duhamel’s test Retaining the same comparison 
□cries, but companng the ratios of two consecutive tenns instead 
of companng the terms themselves, we aie led to new tests which 
are, to be sure, less general than the pieceding, but which aie 
often easier to apply in practice For example, consider the series 
of positive terms 

(J) y„ + «) + -f + «„ + , 


* 6ee Bertrand, Trait? dr (altul differential rt integral, Vol I, p ‘2,1s, Jouti nl 
dr, 1/voumlle, 1st series, Vol V II, p ,16 

t Ueber Convergent von liethen {' relle’s Journal, Vol LXXVI, p HI, 187d) 
t Mgenmne Throne der Divergent (Mathematwche Annalen,V ol, XXXV, 
1890) 

$In an example of a certain convergent series due to du Bots-Reymond it would 
be necessary, according to the author, to take a number of terms equal to the volume 
of the earth expressed in cubic millimeters tn order to obtain merely half the sum of 

the senes. 
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m winch the ratio approaches unity, remaining constantly 

le&s than unity. Then we may witte 

I'. + i _ _ 1_ 

«» 1 + tt.’ 

where a n approaches zero as n becomes infinite. The comparison of 
this ratio with [ n/(n +1)] M leads to the tollowmg rule, discovered 
hist by Kaabe. * and then by Duhanu-11 

If after a certain term, the, jirodnrt va n is always greater than a 
fixed number which is greater than unity , the, series < on verges. If 
after a certain term the same prod net is always Itss than unity, the 
series diverges. 

The second part of the theorem follows immediately. For, sinee 
iax n < 1 altei a <ettd.m tetni, it lollows that 


1 " 
1 4- <!„ 


and the ratio is greatei than the latio of two consecutive 

terms of the bainiomc setic.s Hence the series diverges. 

In ordei to prove the fust paif. let us suppose that after acertain 
term we always have tut, > /,- > 1. Let y be a number which lies 
between 1 and k, 1 < y < h Then the series surely converges if 
after a certain term the latio is less than the ratio 

[ nj(n +1)]'* of two consecutive terms of the series whose general 
term is n~ f ‘. The neeessary condition that tins should be true 
is that 


( 8 ) 


1 

! + <'„ 



or, developing (1 +l/n) v by Taylor’s theorem limited to the terra 
m l/n‘\ 

1 + ^ + x ’: < 1 + «», 

n ir 

where A„ always remains less than a fixed number as n becomes 
infinite. Simplifying this inequality, we may write it in the form 


y+ <na„. 
n 


* ZeitHchrift fur Muthrmatd tind Phijsik, Vol X, 18.V2 
f Journal Liourtile , Vol IV, 18,18 
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The left-hand side of this inequality approaches p. as its limit as « 
becomes infinite Hence, after a sufficiently large value of n, the 
left-hand side will be less than na„, which proves the inequality (8) 
It follows that the series is convei gent 

If the pioduct 7 !«„ appioaches a limit l as n becomes infinite, we 
may apply the pieoeding rule The senes is eonveigent if />1, 
and divergent if I<1. A doubt exists if 1=1, except when na n 
approaches unity remaining constantly less than unity in that case 
the senes diverges 

If the product mx H approaches unity as its limit, we may compare tin latio 
u M + i/u* with the ratio of two consecutne terms of the senes 

_ 1 _ 1 

2(log2) M n(logn) M 

which converges if /i>l, and diverges if p*' 1 The ratio of two consecutive 
terms of the given series may be written m the form 


4-1 1 



71 71 


where approaches zero as n becomes infinite // after a certain term the 
product log7i is always (priaier than ajixid number which is qreatn than unity, 
the series converges If after a (ertain term the same produit is alioai/s Itss than 
unity, the series diverges 

In order to prove the first part of the theorem, It t us suppose that p n logn > K 1 
Let p be a number between 1 and k Then the senes will suiel> comcige if after 
a certain term we have 


u„ +1 ^ 7i r logn 
u n " n + T Llog(n -f 1)J 


which may be written in the form 


n n \ n/ L logn J 

or, applying Taylor’s theorem to the right-hand side, 

,+c a > (.+1) i, + -' * t + a ,». p:f ■» .i )T j. 

n n \ n/' log n L log n J ) 

where X, always remains less than a fixed numbet as n becomes infinite. 
Sunplilying this inequality, it becomes 

, / i\ X„(n +l)flog(l + hi* 

ft,logn ^m(« + 1)log( 1+1+ -1---— 

\ n/ logn 
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•jhc product (n + 1J log(1 + 1/ti) approaches unity as n becomes infinite, for it 
may be written, by Taylor’s theorem, in the for in 

(10) (n + l)log^H }J~ 1+ . 1 „(l + e )' 

wlure e approaches mo The right hind side of the above inequality therefore 
vppioadus p u> its limit ami the tiuth of (hi ini quality is established for ‘-ufli- 
i untly laigt valut s of n since tin lc fl hand sub is gn atei than /, winch is ltscll 
gie lU r i han n 

I In second pait of the theorem may be pi »vtd by corny aring the raao 
u i/w with tin ratio of two (on si outivc terms of the seru whnse gemral 
teim is l/(nhgn) I ji tin inequality 

M f i n log n 
u n n | 1 I Ij 

which is to bt proved, nity be wiitten in tin f rm 


or 


1 f 


t* 

u 



> *(» + l) ~ 

1 )*, n _ 


fi , log n <" (n + l)log 



The right hand side a| jroulns unity tlnough values which aie gieater than 
umt> as i-, sten tioui tin epution (Id) (In truth of the unquilify is there 
fori ♦ sialdished f i sulhiicnUy lu^« \ thus of n f 1 the left hind side cannot 
i xi ei d unity 

frrorn tin above pinpoMtn n it may hi shown as a corollary that if the prod 
uit ft log n appio it In s i limit l is n bu onus mtinilt the semsionvi iges if l ^ 1, 
xml divirgts if / 1 llu < ist in which l ! n minis in doul t unless p M log n 
is ilw ivs lc ss than unit v In 1 h it e isi iIn su i< s sure l> diuigs 

II t i Io_n approirh*s unity tlnough vihus which arc grtatti than unity, we 
miy write m Ilkt manner, 

u \ _l_ 

U J 1 1+7 

71 U 1 U 


where y n approaelus zero as u Intoims infinite It would then be possible to 
I io\c theorems exactly analog us n> the above by coll sideling the product 
/ log^n and so forth 

Corollary If in a series of positive terms the ratio of any teun to the pre 
ceding can be written in the form 

U„ ± , _ r n„ 

u„ n n 1 

where y. is a positive number, r a constant, and //„ a quantity whose absolute 
value remains less than a fixed numb* r as n increases indefinitely, tki series con 
verge* if r t s greater than unity, and diverges in all other case* 
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For il we set 


we shall have 


U.x + l _ 1 

u„ 1 + a„' 




r — 


//» 


1 - 


r //„ ’ 
n n 1 + 


and hence hm n<r n = r It follows that the senes comerges if r > 1, and diveigts 
if r < 1 Ihe only case w Inch remains in doubt is that m which r = 1 In older 
to decide this case, let us set 


From this we find 


i + ’ + ^" 
n n 


ft. log n = 


log n n + 1 . log n 
li n 

n n 

i- x + "• 
n n' + s 


and the light hand aide approaches zeio as n becomes infinite, no matter how 
small the number p may be lienee tin sirics dneiges 

Suppose, for example, that u +i/« a lational function of n which ap 
preaches unity as n incieascs liidchnitely 

u„ + i _ ne + i7| ni 1 f » iii'M 

n„ m’ + biii' 1 t h» co J + 

Then, performing llie division indicated and stopping with the lerm m l/n J , we 
may write 

Una 1 1 -I- a ‘ — 1 + ^l n l, 

u n n n 1 

where <p(n) is a rational function of n which approaches a limit as n becomes 
infinite By the preceding theoreln, the necessary and sufficient condition that 
the senes skuuld converge ts that 

bi > aj + 1 

This theorem is due to Gauss, who proved it directly * It was one of the first 
general tests for conveigeuce 


164 Absolute convergence We shall now proceed to study senes 
whose terms may Vie eitliei positive or negative If aftei a certain 
term all the terms have the same sign, the discussion reduces to 
the previous case Hence we may restrict ourselves to senes 
which contain an infinite number of positive terms and an infinite 


(Collected Works, V ol III, p 138) Disquisitiones generates circa sertern intmitam 
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number of negative terms. We shall prove fust of all the fol¬ 
lowing fundamental theorem 

Jny series whatever is convergent if the, series formed of the abso¬ 
lute values of the terms oj the tjiuen series converges 

Let 

(11) u o + u i 4- 4- u„ 4- 

lie a series of positive and negative tenns, and let 

(12) I r ( i + l i + + t + 

be the series of the absolute values of the terms of the given series, 
wheie l'„ -= | »„ j. It the seueb (12) vonveiges, the suies (11 ) like¬ 
wise conveiges 'fins is a consequent e oi the geneial theorem of 
$ 157 For we have 

I w „ + u „ + i + + «„ | < '+ 1 „+1 + + l'„ +,, 

dud the light-hand side mat he made less than any jueassigned mira- 
liei by choosing n suthcieutly latge, lot any subsequent choice oi i> 
Hence the same is true for the left-hand side, and the senes (11) 
surely converges 

The theorem may also be proved as follows Let us write 

“-=(«»+ l '„)~ ''Hi 

and then consider the auxiliaiy senes whose general term is u„ 

fl3) (m„ + f r „) 4- (»[ + f'i) + + («„ + t r ,) 4- 

bel s;, S'„, and S" denote the sums ol the in st u terms of the senes 
(11), (12), and (13), lespectively Then we shall have 

S — S" — s' 

The series (12) converges by hvpothesis Hence the senes (13) 
also conveiges, since none of its teims is negative and its general 
leiw iannot exceed 26',,. It. billows that each of the sums S' u and 
V, and hence also the sum .s„, appioaches a limit as n mei eases 
indefinitely. Hence the given senes (11) converges It is evident 
that the given senes may be thought of as aiising Horn the subtrac¬ 
tion of two convergent series of positive terms. 

Any senes is said to be absolutely convergent if the series of the 
absolute values of its terms converges. In such a series the order of 
'he terms may be changed in any way whatever without altei iug the 
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suvi of the series. Let us first consider a convergent series of posi¬ 
tive terms, 

(14) + a l + ' ' ' + a n + ' ’ '» 

■whose sum is S, ami let 

(15) ^o + ^i + ■ • ■ + h„ + ■ - • 

be a series whose terms are the same as those of the first series 
arranged in a different order, i.e. each term of the series (14) is to 
be found somewhere m the series (15), and each term of the senes 
(15) occurs in the scries (14). 

Let S' m be the sum of the first m terms of the series (15). Since 
all these terms occur in the series (14), it is evident that n may be 
chosen so large that the first m terms of the series (15) are. to lie 
found among the first n terms of the series (14). Hence we shall have 

< • s \ 

which shows that the series (15) converges and that its sum ,s" does 
not exceed N. In a similar manner il is clear that S'-S'. Hence 
s' — S. The same argument shows that, if one of the above series 
(14) and (15) diverges, the other does also. 

The terms of a run vergent series of /msitiee, terms may also he 
grouped together in any manner, that, is, tee may form a series each 
of whose terms is egtial to the sam of a t errain number of terms of 
the given series without altering the sum of the series* Let us first 
suppose that consecutive terms are grouped together, and let 

(1<») .1,,+ .!,+ !,+ • + -l m + • 

be the new series obtained, where, for example, 

4 o = "it + <'i +••• + «,,, •• i = , + ■ + a q , 

= «, + , + ■ + ",, ■ ■. 

Then the sum of the first m. terms of the series (10) is equal to 
the sum S x of the first A' terms of the given series, where M > m. 
As m becomes infinite, ,V also becomes infinite, and hence S' m also 
approaches the limit S. 

Combining the two preceding operations, it becomes clear that any 
convergent series of positive terms may be replaced by another series 
each of whose terms is the sum of a certain number of terms of the 
given series taken in any order whatever, without altering the sum of 

* It is often said that parentheses may he inserted in it convergent scries of positive 
terms in any manner whatever without altering the sum of the Series. — Trans. 
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tl u . aeries. It is only necessary that each term of the given series 
should occur in one and in only one of the groups which form the 
terms of the second series. 

Any absolutely convergent series may be regarded as the differ¬ 
ence of two convergent series of positive terms; hence the preceding 
operations are permissible in any such sei ies. It is evident that an 
absolutely convergent series may be treated from the point of mew 
of numerical calculation as if it were a sum of a finite numbei t 
terms. 

165. Conditionally convergent series. A series whose terms do not all 

have the same sign may be convergent without being absolutely con¬ 
vergent. This fact is brought out clearly by the iollowing theorem 
on alternating series, which we shall merely state, assuming that it 
is already familiar to the student.* 

A series whose terms are alternately positin’ and negative converges 
if the absolute value of each term is Itss than that of the preceding , 
and if, in addition, the absolute value of the terms of the series 
diminishes indefinitely as the number of terms inn-eases indefinitely. 

For example, the series 

1-J+*- J +• ■ 

converges. We saw in § 49 that its sum is log 2. The series 
of the absolute values of the terms of this series is precisely the 
harmonic series, which diverges. A series which conyej^eg..blit 
which does_imt__cpnverge_al)Solutely is called a conditionally cancer 
gent series._ The investigations of Cauchy, Lejeune-Ifirichlet, and 
Riemann have •shown dearly the necessity of distinguishing between 
absolutely convergent series aud conditionally convergent series. 
For instance, in a conditionally convergent series it is not ajvvays 
allowable to change the order of the terms nor to group the terms 
together in parentheses in an arbitrary manner. These operations 
may alter the sum of such a series, or may change a convergent 
series into a divergent series, or vice, versa. For example, let us 
again consider the convergent series 

1- 2 + 3~4 + '" + 2»TTI ~ 2n + 2 + " ' ’ 


* It ia pointed out in § IOC that this theorem is a special case ol the theorem proved 
there. — Trans 
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whose sum is evidently equal to the limit of the expression 



1 

2n + 2 


as m becomes infinite Let us write the terms of this series in anotliei 
order, putting two negative teims aftei each positive teiin, as follows- 


1-U + 1 . 

2 4 3 


1 1 

6~8 + 


+ 


I 


2 a +1 4?i 4 - 2 4n -f 4 


It is easy to show fiom a eonsideiation of the sums ,s Sl , s 3l ,, and 
S laf that the new series eonveiges Its sum is the limit of the 
expiession 

VY —_i_ 1 ) 

£ 9 \2n+l 4 n + 2 4n + 4/ 

as m becomes infinite Fiom the identity 

_1 _ 1 1 = 1 /_1 _ 1 _ \ 

2n + 1 4 u + 2 An + 4 2 \2n + 1 2n + 2/ 

it is evident that the sum of the second senes is half the sum of 
the given senes 


In general, given a senes which is convergent but not absolutely convergent, 
it is possible to ariange the terms in such a way that the new senes (onurges 
toward any preassigned number A whatever Let S } denote the sum of the 
first p positive terms of the senes, and S 1 ^ the sum of the absolute values of the 
first q negative terms, taken in such a waj that the p positive lenus and tlu y 
negative terms constitute the first p -f q terms of the series M hen the sum of 
the first p + q terms is evidently S p — As the two numbers p and ^ increase 
indefinitely^ eath 5 ^ the sumsjS^ and S <{ must increase indefinitely, for othei wist 
the sen es would dlYCigc, or else converge absolutely On the othei hand, sirne 
the senes is supposed to converge, the general teim must approach zero 

We may now form a new senes whose sum is A in the following manner 
Let us take positive tei ms from the given senes in the order in which they occur 
in it until their sum exceeds A Let us then add to these, m the order in which 
they occur in the given senes, negative terms until the total sum is less than A 
Again, beginning with the positive terms where we left off, let us add positive 
terms until the total sum is greater than A We should then return to the 
negative terms, and so on It is clear that the sum of the first n tei ms of the 
new series thus obtained is alternately greater than and then less than A , and 
that it diffeis from A by a quantity which approaches zero as its limit 


166. Abel's test The following test, due to Abel, enables us to establish the 
convergence of certain series for which the preceding tests fail The proof is 
based upon the lemma stated and proved tn § 76 
Let 


«0 + Ul + ■ • + Un + • • 
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he a senes which converges or which is indeterminate (that is, for which the sum 
of the lirst n teims is always less than a fixed number A m absolute value) 
Again, let 

eo> , <n, 

he a monotomcally decreasing sequence of positive numbers which appioach 
Aro as h becomes infinite Then th( serns 

(17) c()«o + (\ ui 4- H t „u„ -f 

omeeie/ev wider the hypotheses made abovt 

iur by the hypotheses made above it follows tiiai 

+ «» t / 

for any value of a and p Hence, by the lennn i just itfe m d to, we may write 
| U„ * c 'n 1 + + W* t , «n + ; 2 At, \ 

Sine „ i , appio.u hes 7i ro as a bet omi s infinite, >i may be chosen so large that 
the absolute value oi the bum 


€n H It" \ f n * / '<■„ , 

will be less than any pieassigrud positive number foi all values of p The 
series (17) thuefou Mumiges bv tin generd theorem of ^ 177 
When the series u 0 f «i b -+■ /(„ 1- n den ts to the senes 

1 - 1 f1 14 1-1 


whose terms are alternately \ 1 ami 1 the theorem of this aitu le reduces to 
t)« theorem stated in $ Km with /egaixl t<» «il(< rn iting senes 
As an example ujmUj the genual thuucm consider the senes 

sin 0 + am 2 0 f sin .1# -t i Mnufl+ , 


which is conve rgent or niTlclu inmate Foi if sin (f ~ 0 even term of the scries 
is 7eio, while if sin# -/ 0, the sum of the fil'd »t terms, by a formula of Trigo¬ 
nometry, us equal to the expression 



2 

which is less than 11/sm (0/2)} m absolute value It follows that the scries 


shi# am 20 Rinn# , 

— 4 - + +- V 

12 n 

converges for all values of 6 It may be shown in a similar maimer that the 
series 


cos# 

~T~ 


cos 2 0 
+ 2 + 


+ 


COS 71 9 

n 


+ •• 


converges for all values of 9 except 9 = 2k7t. 



INFINITE SERIES 


[VIII, § mi 


m 

Corollary Restricting ourselves to convergent series, we may state a more 
general theorem Let 

u o -p Wi 4- + -p • • • 

be a convergent series, and let 

<o, <1, 

be any monotomcally increasing or decreasing sequence of positive numbers 
which approach a limit k different from zero as n increases indefinitely. Then 
the senes 

(18) «o u o + ei«l "f + + 

also converges 

For definiteness let us suppose that the e’s always increase Then we may 
write 

to = k - no, <i = k — cri, , e„ = k — <r„, , 

where the numbers no, «i, , <*«, form a sequence of decreasing positne 

numbers which approach zero as n becomes infinite It follows that the two 
senes 

ku^ -P k\i\ -P -p ku, t "p , 

ctolto + >riHi + +a„ti„ + 

both converge, and therefore the series (18) also converges 


II SERIES OF COMPLEX TERMS MULTIPLE SERIES 

167 Definitions. In this section we shall deal with certain gen¬ 
eralizations of the idea of an infinite senes. 

Let 

(19) -f- U\ + Mj + + it* -p 

be a series whose teims are imaginary quantities • 

>1 0 = "o + Ki> «1 = a 1 4- hi i, , u n = a n + h n i, 

Such a series is said to be ronvergent if the two series formed of 
the real paits of the successive terms and of the coefficients of the 
imaginary parts, respectively, both converge: 

(20) ®o + a-i + 0-2 + ■ + + ■ ■ = S', 

(21) + &i + ^2 + + + • • • — S". 

Let S' and S” be the sums of the series (20) and (21), respectively. 
Then the quantity S = S' -p is" is called the sum of the series (19) 
It is evident that S is, as before, the limit of the sum S„ of the first 
n terms of the given series as n becomes infinite. It is evident 
that a series of complex terms is essentially only a combination of 
two series of real terms. 
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When the series of absolute va/ins of the turns nf tin series (19) 

(22) V “?i + K + V a i + K + + "« + /',i + 

mm en/es, each of tin serin s (20) and (21) unit nth/ mnveryes abso¬ 
lute! >/, lor |1 < V u » + K ' in, I ili, ' fuf + h 

In this c abe the senes (19J is Scinl to In uhsn/oti hi t mirei tjtinf The 
sum of suth a soil's is not ultnnl In/ n thtiut/t in tin older of t/it 
films, nor hi/ i/rou/um/ the /inns tm/tthn in am/ tain/ 

Connerstly, if mill of the suns (20| rnnl (‘Jl ) loinien/is a/nwlntt fy, 
the senes (22) iiinti it/< s nhsiiluteli/, lor \ " -1 h‘ )> f l6 I. 

(’onesponding to over) tost ioi Iho < on\< lgtme of a souts ol 
positivi teims Ihoio t\ists ,i ti st lot tin ilisoluti lomeiginit of 
.uit series nh item, ii.il oi imagtii iry 'lints, // tin absolute inine 
if the rntm a! tiro < oiisi < ufit < fi i us of a sines a, ,/tt , nftn n lei 
Inin term , is Ass than o pud iimnhn Ass than unity, the sirns eon 
nii/is a/isnfiiti h/ Ioi lit t ii '1 In u, tame n„ r , u , <_/i<1 
aft oi a certain t( mi, wi shall hast also 

1 " 1 / l 

v\lin li shows th.it tlu smi s ol ubsoluU \uluus 
f o "f ? i “I" i ^ t~ 

( onv(*ji, r Ps If n + ,/// ftji/yjotiiIn \ a hunt / "s n htiome s infinite, 
Iht s tuts mvntfft s // / 1, n nit i/nt t ni s // / 1 lh* til st half is 
self evident In tin sciond (,im tin ^iid il U ini n dot's not 
ajipioaxh /out, ami (onserju* nth th< s< n< s ami (J1 ) ( umot 

Itotli lx j (Onvoig€M\t '(he i.ise t 1 leiiiuiib m doubt 

MorejjoneiAlh if w bi tlio „ii iU*4 limit <>f \ ( T is n In tomes mlimte the 

series (Id) converqt't ?/ w 1 tow/ il/ingo tf u \ ? »i m the l»tt<i inst tin 

modulus of tht guioal teim dots not tppmdt h /uo (stc ^1M) Dietasi in 
whirh w - 1 remains m doubt — llu bums miv bt, absolultl> tomerguu, snnplj 
convergent, oi divergent 

168 Multiplication of series L< t 

( 23 ) «„ + «,+ " + + «» + , 

(24) '•, + ,,+ !.+ 4- 4- 

he any two senes whatevei Lot us multiply terms of tlie first 
senes by terms of the beeond in all possible ways, and then group 
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together all the products u, >\ for -which the sum t + j of the sub 
scripts is the same, we obtain m this way a new series 

(2^ l“o'o +('Vl + «i'’o) + (Wb», + "l"! + «2 V I l) + 

+ +M„l’o) + 

/f encA o/ «<r/e 4 (2d) ««</ (24) is nbsnluti.li/ tonvergent, the 
series (25) converge*, and its sum is the product of the sums of the 
two given series This theoiem, which is due to Cauchy, was gener¬ 
alized by Mertens,* who showed that it still holds if only one ol the 
series (23) and (24) is absolutely eonveigent and the other is meiely 
convergent 

Let us suppose loi definiteness that the series (23) oonveigcs 
absolutely, and let «„ be the geneial term of the series (25) 

= «»». + “if, 1+ +«„»’„ 

The proposition will be proved if we can show that eaih of the 
differences 

+ w, 4- + u — (« 0 4- 11 1 + + ("„ + e, 4- + »’„), 

w o 4- ifi 4- 4- Mb»+i — (»0 4- «i 4- 4 |)(C„ 4- c, 4- 4- i)„,,) 

appioaches zeio as » liecomes minute Since the proof is the same 
in each case we shall umsider the hist diftereme only. Arranging 
it aoeoiding to the ids, tt becomes 


8= “ 0 ( 14+1 4- 4 -1 j„)4-«i('4+i 4- 4- i’sn—i) 4- 4-w»-ii4oi 

4-«„+i('n4- 4- ' , „_ 1 )4- + 4- 4-i’„_ ! )4- 4-u 2 „e n 


Since the senes (23) converges absolutely, the sum ff 0 4 - (/, 4 - 4 -1 

is less than a hxed positive nnnibei 4 foi all values of n. Like 
wise, since the series (24) (onveiges, the absolute value of the sum 
l 'o 4- “l 4- 4- ns less than a fixed positive numbei Ji Moreover, 

corresponding to any preassigned positive number e a number m 
exists such that 


"«+. + 

+ Un + p 

< 

l'4+i 4- 

4- «W*| 

< 


e 

A + B' 

£ 

a 4 - n 


for any value of p whatever, provided that n>m. Having so chosen 
u that all these inequalities are satisfied, an uppei limit of the quan¬ 
tity |S| is given by replacing u„, u l: u„ , u Sn by U a , U u U„ , U in , 


* ( relle’s Journal, Vol LXXIX 
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respectively, r„ + , + c„ + > H-h r „ t|l by t/(.( + /l), and finally each 

of the expressions c 0 + r, -h f 0 + i> 0 by 

This gives 


01 


|«i < U» 


€ 

A + B 


+ u 'T+n + ~ + "~ 

+ 5’,,,^+ ■ 


/I + /; 


|8;<(c„ + f/'+ • + f'„ 0 + R(r„, i + +f' s „) 

e/I , c« 

-h-) 

J + 7>' A + B 


whence, finally, |S| < «. Hence the difference a, id i.all\ does approach 
zero as n becomes infinite. 


169. Double series. Consider a rertangulai network which is lim¬ 
ited upward and to the left, 1ml which extends indefinitely down¬ 
ward and to the right. The. network will contain an intinite number 
of vertical columns, which we shall liumbei fiom left to right from 
0 to -f-oc. It will also contain an infinite number of horizontal 
rows, which we shall number from the top downward from 0 to + » . 
Let us now suppose that to each of the rectangles of the network a 
certain quantity is assigned and written in the corresponding rec¬ 
tangle. Let a,, lie the quantity which lies in the ith row and in the 
/:th column. Then we shall have an array of the form 


( 26 ) 


"<m i * e„„ 

"n, 'hr rr rj ' tf i>i 

((„, (ijo 


We shall first suppose that, each of the elements of this array is real 
and positive. 

Now let an infinite sequence of curves f\, ■ ■ ■, c\, ■ ■ ■ be drawn 

across this array as follows : 1) Any one of them forms with the two 
straight lines which bound the array a closed curve which entirely 
surrounds the preceding one; 2) The distance from any fixed point 
to any point of the curve C„, which is otherwise entirely arbitrary, 
becomes infinite with n. Let S, be the sum of the elements of the 
array which lie entirely inside the closed curve composed of C, and 
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the two straight lines which bound the array. If S, approaches a 
limit S as n becomes infinite, we shall say that the double series 

4 or + r 

(2T) 

i-im 

converges, and that its sum is S. In order to justify this definition, 
it is necessary to show that the limit .s' is independent of the form 
of the curves Let f'J, <" u ■ , (■ be another set of curves 
which recede indefinitely, and let bo the sum of the elements 
inside the closed curve formed by C’ and the two boundaries. If > n 
be assigned any fixed value, n can always be so chosen that (In¬ 
curve f lies entirely outside of lienee S' m '~ S n , and there foie 
S' m 5 -S', for any value of m. Since S' m increases steadily with /», it 
must approach a limit S' < ,s as m becomes infinite. In the same 
way it follows that S < S'. Hence S' = .s'. 

For example, the curve (\ may be chosen as the two lines which 
form with the boundaries of the array a sipiare whose side increases 
indefinitely with i, or as a straight line eipially iuelined to the two 
boundaries. The corresponding sums are, respectively, the following. 

a 00+( <, lll + "ll +"l)lM-b(".ill+ i + + + - + <T|i„) . 

a nn + ( a io + (, (ii) + ( a si) + n ti + «->•>)+ ' ' 4-(<'„,>4-«„ l, i + • • • + «„„>■ 

If either of these sums approaches a limit as n becomes infinite, the 
other will also, and the two limits are eijual. 

The array may also he added by rows or by columns. For, sup¬ 
pose that the double series (27) converges, and let its sum be .S'. It 
is evident that the sum of any finite number of elements of the series 
cannot exceed S. It, follows that each of the senes formed of the 
elements in a single row 

(28) «,„ + o,| + • 4- <T|„ 4- ■, i — 0, 1, 2, , 

converges, for the sum of the first n + 1 teims + «,, + ■ ■ + «.„ 

cannot exceed S and increases steadily with n. Let o-, be the sum of 

the series formed of the eleme.nts in the ith row. Then the new series 

(29) <r 0 + <r, +-h <r, + ■ • ■ 

surely converges. For, let us consider the sum of the terms of the 
array 2a, * for which i <p, k % r. This sum cannot exceed S, and 
increases steadily with r for any fixed value of p\ hence it 
approaches a limit as r becomes infinite, and that limit is' equal to 

(30) er„ + o-j 4-+ <r p 
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f or any fixed value of p. It follows that o- 0 4- cr, + ■■■ + <r p cannot 
exceed X and increases steadily wil.h />. Consequently the series (29) 
converges, and its sura 2 is less than or equal to .S'. Conversely, if 
each of the series (28) converges, and the series (29) converges to a 
sum 2. it is evident that the sura of any finite number of elements 
of the array (2G) cannot exceed 2- Hence N '■ 2, and consequently 
5 i .s’. 

The argument just given for the. series formed from the elements 
in individual rows evidently holds equally well for the “cries formed 
from the elements in individual columns. The sum of a convergent 
double, series whose elements are all positive may he evaluated by 
rows, by columns, nr by means of curves of any form which recede, 
indefinitely. In portirular, if the series converges when added by rows, 
it will surely run verge when added by columns, and the sum will be the 
same. A number of theorems proved for simple series of positive 
terms may be extended to double series of positive elements. For 
example: if each of the elements of a double series of positive, elements 
is less, respective!y, than the corresponding elements of a known com 
cergent double, series , the first series is also convergent; and so forth. 

A double series of positive terms which is not, convergent is said 
to he divergent. The sum of I lie elements of the corresponding 
array which lie inside any closed curve increases beyond all limit 
as the curve recedes indefinitely in every direction. 

Let us now consider an array whose elements are not all positive. 
It is evident that it is unnecessary to consider the cases in which 
all the elements are negative, or in which only a finite number of 
elements are either positive or negative, since each of these cases 
reduces immediately to the preceding case. We shall therefore sup¬ 
pose that there are air infinite number of positive elements and an 
infinite number of negative elements m the array. Let a, t be the 
general term of this array T. If the array 7) of positive elements, 
each of which is the absolute value o.^of the corresponding element 
in 7’, converges, the array T is said to be absolutely convergent. Such 
an array has all of the essential properties of a convergent array of 
positive elements. 

In order to prove this, let us consider two auxiliary arrays T' 
and T", defined as follows. The array V is formed from the array T 
hy replacing each negative element by a zero, retaining the positive 
elements as they stand. Likewise, the array T" is obtained from 
the array T hy replacing each positive element by a zero and chang¬ 
ing the sign of each negative element. Each of the arrays 7" and T” 
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converges whenever the array T l cm,verges, for each element of y 
for example, is less than the corresponding element of T,. The sum 
of the terms of the series T which lie inside any closed curve is 
equal to the difference between the sum of the terms of V winch 
lie inside the same curve and the sum of the terms of T" which 
lie inside it. Since the two latter sums each approach limits as 
the curve recedes indefinitely in all directions, the first sum also 
approaches a limit, and that limit is independent of the form of 
the boundary curve. This limit is called the sum of the arrtnj 7 . 
The argument given above for arrays of positive elements shows 
that the same sum will be obtained by evaluating the array T by 
rows or by columns. It is now clear that an array whose elements 
are indiscriminately positive and negative, if it <•<>ueenjes nbsohtfeh/, 
may be treated as if it were a convergent array of positive terms. 
But it is essential that the series 7', of positive terms be shown to 
be convergent. 

If the array 7\ diverges, at least one of the arrays T' end T" diverges )f 
only one of them, T' for example, diverges, tlie other T" being runvcrgent, the 
sum of the elements of the array T which lie inside a closed curve C becomes 
infinite as the curie recedes indefinitely in nil directions, irrespective of <he 
form of the curve. If both arrays T' and T'' diverge, the above reasoning 
shows only one thing, — that the sum of the elements of the array T inside 
a closed curve C is equal to the difiereiice between two stuns, each of which 
increases indefinitely as the curve C recedes indefinitely in all directions It 
may happen that the sum of the elements of T inside C approacli different 
limits according to the form of the curves C and the manner in which they 
recede, that is to say, according to the relative rate at winch the niimbci of 
positive terms and the number of negative terms in the hum are made to increase 
The sum may even become infinite or approacli no limit whatever for certain 
methods of 1 cress ion. As a particular case, the sum obtained oil evaluating by 
rows may he entirely different from that obtained on evaluating by columns if 
the array is not absolutely convergent. 

The following example is due to Arndt.* Let us consider the array 



* Grunert’s Ardiiv , Vol XI, p. 319. 
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which contains an infinite number of positive and an infinite number of negative 
elements. Each of the series formed from the elements in a single row or from 
lliose in a single column converges The sum of the series formed from the 
terms in the nlli row is evidently 



lienee, evaluating the array (31) by rows, the result, obtained is equal to the 
sum of the convergent series 

11 1 

22 2® ^ *_>" t i ' ’ 

which is 1/2. On the other hand, the series homed float the elements in the 
Ui - l)th column, that is. 


T 

(p- t 

)+( p --- 1 

Y + 

■ + (^n\ .1 

PL 

V p 

! \ V 

/ 

V v / J 


' P +'i[(p+l) + (|/r l) + ' + (p - l) + ' ] 

converges, and its sum is 

p - I p _ — 1 _ 1 1 

p V + 1 Pip'll p + I p 


lienee, evaluating the array (31) by columns, tIn* icsult obtained is equal to the 
sum of the convergent series 


/I 1\ /1 l\ /I 1\ 

(«“2/ + V-( 3/ + 4 (p e 1 ' p)' 


which is - 1/2. 

This example shows clearly that a double senes should not be used in a 
calculation unless it is absolutely convergent 


We shall also meet, with double series whose elements are complex 
quantities. 11' the. elements of the array (—f>) are complex, two other 
arrays V and T" may he formed where each element of T' is the 
real part of the corresponding element of 7'and each element of T" 
is the coefficient of i in the corresponding element of T. If the 
array 't\ of absolute values of the elements of T, each of whose 
elements is the absolute value of the corresponding element of T, 
converges, each of the arrays T and T" converges absolutely, and 
the given array T is said to In 1 nOsoliitefi/ convergent. The sum of 
the elements of the array which lie inside a variable closed curve 
approaches a limit as the curve recedes indefinitely in all directions. 
This limit is independent of the form of the variable curve, and it 
is called the sum of the given array. The sum of aDy absolutely 
convergent array may also be evaluated by rows or by columns. 
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170. An absolutely convergent doable series may be replaced by a simple 
series formed from the same elements. If will be sufficient to show that the 
rectangles of the network (26) can be numbered in such a way that each rec¬ 
tangle has a definite number, without exception, different from that of any other 
rectangle. In other words, we need merely Bhow that the sequence of natural 
numbers 

(32) 0 , 1 , 2 , •••, n, •••, 

and the assemblage of all pairs of positive integers (», k), where i > 0 , k > 0 , can 
be paired off in such a way that one and only one number of the sequence (32) 
will correspond to any given pair (i, 1 ), and conversely, no number n corresponds 
to more than one of the pairs (i, k). Let us write the pairs (i, k) in order as 
follows: 

( 0 , 0 ), ( 1 , 0 ), ( 0 , 1 ), ( 2 , 0 ), ( 1 , 1 ), ( 0 , 2 ), 

where, in general, all those pairs for which i + k = n are written down after 
those for which i + k < n have all been written down, the order in which those 
of any one set are written being the same as that of the values of i for the various 
pairs beginning with (n, 0) and going to (0, n). It is evident that any pair (i, k) 
will he preceded by only a. finite number of other pairs. Hence each pair will 
have a distinct number when the sequence just written down is counted off 
according to the natural numbers. ! 

Suppose that the elements of the absolutely convergent double series 22a, ( are 
written down in the order just determined. Then we shall have an ordinary series 

(33) Ooo + aio + <Joi + a so + «n 4- ®02 + • • • + “»o + a»-i,i + • ■ ■ 

whose terms coincide with the elements of the given double series. This simple 
series evidently converges absolutely, and its sum is equal to the sum of the given 
double series. It is clear that the method we have employed is not the only pos- ' 
sible method of transforming the giveu double series into a simple series, since 
the order of the terms of the series (33) can be altered at pleasure. Conversely, 
any absolutely convergent simple series can be transformed into a double series 
in an infinite variety of ways, and that process constitutes a powerful instrument 
in the proof of certain identities.* 

It to evident that the concept of double series is not essentially different from 
that of simple series. In studying absolutely convergent series we found that 
the order Of the terms could be altered at will, and that any finite number of 
terms could be replaced by their sum without altering the sum of the series. 
An attempt to generalize this property leads very naturally to the introduction 
of double series. 

® 171. Multiple series. The notion of double series may be generalized. 
In the first place we may consider a series of elements a mn with two 
subscripts m and n, each of which may vary from — oo to -(-«>• 
The elements of such a series may be arranged in the rectangles of 
a rectangular network which extends indefinitely in all directions; 


Tannery, Introduction a lu thlorie des fonctione d'une variable , p. 67, 
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it is evident that it may be divided into four double series of the 
type we have just studied. 

A more important generalization is the following. Let us consider 
a series of elements of the type where the subscripts 

m,, i>h> may take on any values from 0 to + oo, or from — <x> 

to + oo, but may be restricted by certain inequalities. Although no 
such convenient geometrical form as that used above is available 
when the number of subscripts exceeds three, a slight consideration 
shows that the theorems proved for double series admit of immediate 
generalization to multiple series of any order p. Let ns first sup¬ 
pose that all the elements a,„ t are real and positive. Let S x 

he the sum of a certain number of elements of the given series, A’ 2 
the sum of .S’, and a certain number of terms previously neglected, 
.s', the sum of .S’, and further terms, and so on, the successive sums 
.s’,, ,s’ 2 , •••, S„, ■■■ being formed in such a way that any particular 
element of the given series occurs in all the sums past a certain one. 
If S n approaches a limit .s' as n becomes infinite, the given series 
is said to be convergent, and .S’ is called its sum. As in the case of 
double series, this limit is independent of the way in which the 
successive sums ave formed. 

If the elements of the given multiple series have different signs 
or are complex quantities, the scries will still surely converge if the 
series of absolute values of the terms of the given series converges. 

^ 172. Generalization of Cauchy’s theorem. The following theorem, 

which is a generalization of Cauchy’s theorem (§ 161), enables us to 
determine m many cases whether a given multiple series is conver¬ 
gent or divergent. Let /(>, //) Ire a function of the two variables x 
and y which is positive for all points (./•, y) outside a certain closed 
curve P, and which steadily diminishes in value as the point (*, y) 
recedes from the origin.* Let us consider the value of the double 
integral J-jf(.r, y) dx dy extended over the ring-shaped region between 
r and a variable curve (' outside r, which we shall allow’ to recede 
indefinitely in all directions ; and let us compare it with the double 
series Sf(m, n), where the subscripts m and n may assume any posi¬ 
tive or negative integral values for which the point ( m , n) lies out¬ 
side the fixed curve F. Then the double series converges if the double 
integrat. approaches a limit, and conversely. 


* All that is necessary for the present proof is that /(a*,, y,)>/ 0 r 2 , y 2 ) whenever 
».nd yi>y<i outside ]\ It is easy to adapt the proof to still more general 
hypotheses. —Thanh. 
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The lines a; = 0, x = ± 1, a; = ± 2, •.. and y = 0, y = ±1, y = ±2,.. 
divide the region between r and C into'squares or portions of Squares. 
Selecting from the double series the term which corresponds to that 
corner of each of these squares which is farthest from the origin, it 
is evident that the sum 2 /(to, n) of these terms will be less than the 
value of the double integral Jff(x, y) dx dy extended over the region 
between T and C. If the double integral approaches a limit as C 
recedes indefinitely in all directions, it follows that the sum of any 
number of terms of the series whatever is always less than a fixed 
number; hence the series converges. Similarly, if the double series 
converges, the value of the double integral taken over any finite 
region is always less than a fixed number; hence the integral- 
approaches a limit. The theorem may be extended to multiple 
series of any order p, with suitable hypotheses; in that case the 
integral of comparison is a multiple integral of order p. 

As an example consider the double series whose general term is 
l/(m 8 + to 8 )'*, where the subscripts to and n may assume all integral 
values from — oo to + oc except the values m — n = 0. This series 
converges for /x > 1, and diverges for ^<1. For the double integral 

w Ifw+fa 

extended over the region of the plane outside any circle whose 
center is the origin has a definite value if y. > 1 and becomes 
infinite if /i<l (§ 133). 

More generally the multiple series whose general term is 

_1_ 

( to 8 + to ) + • • • + to ))* 1 ’ 

where the set of values to, = to, = ■■■ = m p = 0 is excluded, con¬ 
verges if 2(x > p.* 


III. SERIES OF VARIABLE TERMS UNIFORM CONVERGENCE 

173. Definition of uniform convergence. A series of the form 

(35) u„ (x) + u, (x) H-h u„ (x) -I-, 

whose terms are continuous functions of a variable a; in an inter¬ 
val (a, i), and which converges for every value of x belonging to 
that interval, does not necessarily represent a continuous function, 

•Mere general theorems are to be found in Jordan’* Court d’Jnalyte, Vol. I, p. 163. 
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w we might be tempted to believe. In order to prove the fact we 
need only consider the series studied in § 4 : 

3*® ,'2 

X s 4_ _ _1_ _ _ 4- . 4_- . . 

X T l+X 1 ^ (1 + * 4 ) 2 + (l+^)” + ’ 

which satisfies the above conditions, but whose sum is discontinuous 
for x = 0. Since a large number of the functions which occur in 
mathematics are defined by series, it lias been found necessary to 
study the properties of functions given in the form of a series. The 
first question which arises is precisely that of determining whether 
or not the sum of a given series is a continuous function of the 
variable. Although no general solution of this problem is known, 
its study has led to the development of the very important notion 
of uniform convergence. 

A series of the type (35), each of whose terms is a function of x 
which is defined in an interval (a, b), is said to be uniformly con~ 
vergent in that interval if it converges for every value of x between 
a and b, and if, corresponding to any arbitrarily preassigned positive 
number c, a positive integer N, independent of x, can be found such 
that the absolute value of the remainder Jt„ of the given series 


is less than e for every value of n > .V and for every value of x 
which lies in the interval (a, b). 

The latter condition is essential in this definition. For any pre¬ 
assigned value of x for which the series converges it is apparent 
from the very definition of convergence that, corresponding to any 
positive number t, a number N can be found which will satisfy 
the condition in question. But, iu order that the series should con- ( 
verge uniformly, it is necessary further that the same number AH 
should satisfy this condition, no matter what value of a - be selected! 
in the interval (a, b). The following examples show that such is not' 
always the case. Thus in the series considered just above we have 


*»(*)=■ 


when x 0. 


(i + 

The series in question is not uniformly convergent in the inter¬ 
val (0, 1^ For, iu order that it should be, it would be necessary 
(though not sufficient) that a number N exist, such that 

1 


(i + xy 


< € 
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for all values of a; in the interval (0, 1), or, what amounts to the 
same thing, that 

1 +x a >e?'*' T . 

Whatever be the values of N and c, there always exiBt, however, 
positive values of x which do not satisfy this inequality, since the 
right-hand side is greater than unity. 

Again, consider the series defined by the equations 

S,(x)=nxe~**, S 0 (x) = 0, u„(a-) = S, - n- 1,2,- . 

The sum of the first n terms of this series is evidently .S'. (x), which 
approaches zero as n increases indefinitely. The series is therefoie 
convergent, and the remaindei R„(x) is equal to — nxe~ n *‘. In order 
that the series should be uniformly convergent in the interval (0, 1 ), 
it would lie necessary and sufficient that, corresponding to any arbi¬ 
trarily preassigned positive number e, a positive integer N exist such 
that for all values of « > N 

nxe'"** < r, 0 < x < 1 . 

But, if a: be replaced by 1/w, the left-hand side of this inequality is 
equal to e~' /n , which is greater than 1/e whenever ?i > 1. Since t 
may be chosen less than 1 /e, it follows that the given series is not 
uniformly convergent. 

The importance of uniformly convergent series rests upon the 
following property: 

The sum of a series whose terms are continuous functions of o 
Variable x in an interval (a, V) and which converges uniformly in that 
! interval, is itself a continuous function of jr in the same interval. 

Let a;, be a value of x between a and b, and let a-„ + h be a value 
in the neighborhood of x 0 which also lies between a and b. Let n 
be chosen so large that the remainder 

(*)=«-+!(*)+«*+*<*■)+ • 

is less than «/3 in absolute value for all values of x in the interval 
(a, ft), where i is an arbitrarily preassigned positive number. Let f(x) 
be the sum of the giveu convergent series. Then we may write 

f(x)= <f>(x)+ H n (x), 

where $(x) denotes the sum of the first n + 1 terms, 

<t>(*) = «„(*) + Ui(«)d-I- u„{x). 
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Subtracting the two equalities 

/(*„)= #r 0 ) + «„(*„), 

/(*<> + A ) — <#>(*0 + A ) + E ,, (*(| + /<■)} 

we find 

/(*„ + h)-f(x„) = [<f>(x 0 + h) — <f>(x iJ )]+ lt,fz„ + h) — njx tt ). 

The number n was so chosen that we have 

On the other hand, since each of the terms of the series is a continu¬ 
ous function of x, f(x) is itself a continuous function of x. Hence 
a positive number rj may be found such that 

I <K*» + h )- <^>(' r o)|< | 

whenever | h\ is less than ij. It follows that we shall have, a fortiori, 

whenever |A| is less than r/. This shows that f(x) is continuous 
for x — x 0 . 

Note. It would seem at first very difficult to determine whether 
or not a given scries is uniformly convergent in a given interval. 
The following theorem enables us to show in many cases that a 
given series converges uniformly. 

Let 

(36) u„ (x) + «,(*)+• + «, (x) H- 

be <t series each of whose terms is a continuous function of x in an 
interval (a, b ), and let 

(3T) M 0 + M, -f- ■■■ + M„ + ■■■ 

be a convergent series whose terms are positive constants. Them, 
V I | < M n for all values of x in the internal (a, b) and for all 
values of n, the first series (36) converges uniformly in the interval 
considered, 

For it is evident that we shall have 

|“»+i + u. + a + • ■ • | £ i + Jtf.+s + • • • 
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Tor all values of * between a- and b. If A r be chosen so large that 
the remainder R„ of the second, series is less than « for all values 
Of n greater than N, we shall also have 

|«. + ,+ | 

whenever n is greater than A r , for all values of x in the interval (a, /,). 
For example, the series 

M q + Mi sin x + sin 2aH-1- M n sin n.r H-, 

where M 0 , M x , M ., have the same meaning as above, converges 
uniformly in any interval whatever. 

* 174. Integration and differentiation of series. 

Any series of continuous functions which converges uniformly m an 
interval (a, h) may be integrated term by term, provided the hunts of 
integration are finite and lie in the interval (a, b). 

Let .r 0 and x x be any two values of r which lie between a and b, 
and let N be a positive integer sue'n t'nat'|>i„(a")i < e lor u ' 1 ' 1 ^ lure 
of * in the interval (a, b ) whenever n > X. Let f(x) be t lie sum of 
the series 

f{x) — u 0 (z) + «! (x) + •■■ + «„ (x) H- > 

and let us set 

D n =j' f{x)dx — u 0 dx — ufix - a,fix = ^ R n dx. 

The absolute value of />„ is less than t \ x, — x 0 \ whene ver 71 - ■' ■ 
Hence D n approaches zero as « increases indefinitely, and we have 
the equation 

f f(x)dx— f u Q (x)dx + I* u, (x) dx +■■ ■ + f u H (x)d x + 

Jx t Ax. J 

Considering x 0 as fixed and x x as variable, we obtain a ser ies 


+- f u m (x)dx 

T Q 


which converges uniformly in the interval (a, b) and represents a 
continuous function whose derivative is /{*)• 
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Conversely, any convergent series may be differentiated term by term 
if the resulting series converges uniform!y* 

For, let 

f(x) = u a (x) + u,(x) -(-+ u n {x) 4- 

be a series which converges in the interval (a, h). Let ns suppose 
that the series whose terms are the derivatives of the terms of the 
given series, respectively, converges uniformly in the same interval, 
and let <f>( x ) denote the sum of the new series 




Integrating this series term hy term between two limits x 0 and x, 
each of which lies between a and b, we find 

4>(x)dx = [«o(r) — «o0y)] + [“) (a - ) - «1 K)] ■+— 
or 

f 4>(r)<ix = /(x) -f(x„). 

This shows that <£(.<•) is the derivative of /(x). 

Examples. 1) The integral 

— tlr 

,r 

cannot be expressed by means of a finite number of elementary 
functions. Let us write it as follows : 




/ T dx =/ ? + f ^1T 1dr = logi 7 + f -x-■ 

The last integral may he developed in a series which holds for all 
values of x. For we have 


‘- 1 - i , * , g ! 

x 1.2 T 1.2.3 


+ • • + 


1.2 ■ • • m 


+ 


and this series converges uniformly in the interval from — R to + i?, 
no mailer how large R be taken, since the absolute value of any 


* It is assumed in the proof also that each term of the new series is a oontinuoas 
function. The theorem is true, however, in general. — Trass. 
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term of the series is less than the corresponding term of the con¬ 
vergent series 


1+ o + 


+ rx ~r^+ 


It follows that the series obtained by term-by-term integration 

*»- 1 + ! + lr2 + - + irfr- n +- 

converges for any value of x and represents a function whose deriva¬ 
tive is (f —l)/x. 

2) The perimeter of an ellipse whose major axis is 2a and whose eccentricity 
is e is equal, by § 112, to the definite integral 


S -ia f 2 Vl - e^sinV'ty- 

Jo 


The product t^sin 2 0 lies between 0 and e 2 {< 1). Hence the radical iB equal to the 
sum of the series given by the binomial theorem 

Vl — e 2 sin 2 0 = 1 — ^ e 3 sin J 0 — e 4 sin* ^ 

_1.8.6.-(2n-3) e ,. _ 

2.4.0- - 2n 

The series on the right converges uniformly, for the absolute value of each of 
its terms is less'than the corresponding term of the convergent series obtained 
by setting sin 0 = 1. Hence the series may be integrated term by term; and 
since, by § 110, - 

r\ . , . 1.8.5• • • (2n — 1) ir 

I sm 2 *0d0 ---- 

Jo 2.4.0- -2n 2 

we shall have 

f*Vl- e s sin*0d0 = — Si — ? e 2 — — e 4 —— e 6 - • • • 

Jo 2 ( 4 64 266 

»---I- 

If the eoeentricity e is small, a very good approximation to the exact value of the 
integral is obtained by computing a few terms. 

Similarly, we may develop the integral 


f*Vl- e , sin , 0d0 

Jo 


In a series for any value of the upper limit 0. 

Finally, the development of Legendre’B complete integral of the first kind 
lsads to the formula " 


I 


Ckp 


'© Vl — eP Mn B ^ 


= *{l + le, ++ ... . 
2 4 84 ^ L 2.4.6 •• 2n J 
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The definition of uniform convergence may be extended to senes 
whose terms are functions of several independent variables. For 
example, let 

“o( z . V) + y) + + "..(a-, y) + ■■ 

be a series whose terms are functions of two independent variables X 
and y, and let us suppose that this senes converges whenever the 
point ( x, y) lies in a region R bounded by a closed contour C 
The series is said to be uniformly mniergent in the region R if, 
corresponding to every positive number t, an integer X can be found 
such that the absolute value of the remainder H n is less than e 
whenever n is equal to or greater than A’, for every point (x, y) 
inside the contour C. It can be shown as above that the sum of 
such a series is a continuous function of the two variables or and 
ij in this region, piovided the twins of the senes are all continu¬ 
ous in R. 

The theorem on teim-by-term integration also may be generalized. 
If each of the terms of the series is continuous 111 R and if fix, y) 
denotes the sum of the senes, we shall have 


JJf{x, y)dx dy - jJ (a,y)tLrdy+ JJ u,(r., y)dxdy -f 
+ Jj «„ (x, y)dxdy + , 


where each of the double integrals is extended over the whole inte¬ 
rior of any contour inside of the region R. 

Again, let us consider a double series whose elements are functions 
of one or more variables and which converges absolutely for all sets 
of values of those variables inside ot a certain domain D. Let the 
elements of the series be arranged in the ordinary rectangular array, 
and let 11 c denote the sum of the double series outside any closed 
curve C drawn in the plane of the array. Then the given double 
series is said to converge uniformly in the domain T> if correspond¬ 
ing to any preassigned number i, a closed curve K, not dependent 
on the values of the variables, can be drawn such that |7f P |<» for 
any curve C whatever lying outside of K and for any set of values 
of the'Variables inside the domain D. 

It is evident that the preceding definitions and theorems may be 
extended without difficulty to a multiple series of any order whose 
elements are functions of any number of variables. 
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Fate. If a series does not converge uniformly, It is not always allowable to 
'integrate it term by term. For example,-let us set 

S„(x) = nxe-'*‘, S 0 (x) = 0, u n (x) = S„ - S„_i. n = 1, 2, .. 

The series whose general term is u, (x) converges, and its sum is zero, since S n (x) 
approaches zero as n becomes infinite. Hence we may write 

f(x) = 0 = ui (i) + u a (x) + - •; + u. (x) + ■ - ■, 

whence fjf(x)dx = 0. On the other hand, if we integrate the series term by 
term between the limits zero and unity, we obtain a new series for which the 
sum of the first n terms is 

j\s. (*>.!*=—hrlr 2 < l 

which approaches 1/2 as its limit as n becomes Infinite. 

175. Application to differentiation under the integral sign. The proof 
of the formula for differentiation under the integral sign given in 
§ 97 is based essentially upon the supposition that the limits .<•„ 
and X are finite. If .Y is infinite, the formula does not always hold. 
Let us consider, for example, the integral 

/» + X 

\ / sin ax , ^ n 

/<(<i) — j -- dx, a > 0. 

Jo x 

This integral does not depend on cr, for if we make the substitu¬ 
tion >j = ax it becomes 

. / sin y , 

?(")=} u dy - 

Jo 'J 

If we tried to apply the ordinary formula for differentiation to F(a), 
we should find 

F’(a) = jT 008 ax 

This is surely incorrect, for the left-hand side is zero, while the 
right-hand side has no definite value. 

Sufficient conditions may be found for the application of the 
ordinary formula for differentiation, even when one of the limits 
is infinite, by connecting the subject with the study of series. Let 
us first consider the integral 

which we shall suppose to have a determinate value (§ 90). Let 
<R> oj, be an infinite increasing sequence of numbers, all 
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greater than a 0 , where a„ becomes infinite with n. If we set 

ih-J A x ) dx > u l =£ 'f(x)dx, t/„=jT \f(x)dx, 

the series 

Ua + Vi +> t/j 4- ■ ■ + l/„ 4- ■ • 

converges and its sum is f n + * f(:r) d.r, for the sum .s'„ of the first n terms 
is equal to j"'f{x)dx. 

It should be noticed that the converse is uot always true. 
If, for example, we set 


f(x) = cos a:, 


a„ = 0, a, = 7r, 


a„ = nrr , 


we shall have 



o* 

<'0R a- dx = 0. 


Hence the series converges, whereas the integral JJ cos x dx ap¬ 
proaches no limit whatever as / becomes infinite. 

Now let f(.r, cr) be a function of the two variables r and a which 
is continuous whenever x is equal to or greater than a„ and a lies 
in an interval (n 0 ,«i). If the integral f/(r. a)dx approaches a 
limit as / becomes infinite, for any value” of a, that limit is a 
function of a, 



f(x, a)dx, 


which may be replaced, as we have just shown, by the sum of a 
convergent series whose terms are continuous functions of a \ 


F(a) = f/ 0 (a) + (/, (a) + • • • + *'„<«») + ■ ■ •, 

Vo («) = /(a-, «) dx, V i (<r) = 

This function F(a) is continuous whenever the series converges uni¬ 
formly. By analogy we shall say that the integral a) dx 

converges uiiiform.lt/ in the interval (o 0 ,«,) if, corresponding to any 
preassigned positive quantity t, a number N independent of a can 
be found such that j ^ + */(z, a)dx\< t whenever 1>N, for any value 
of a which lies in the interval (a 0 . «,).* If the integral converges 



» See W. F. Osgood, Annals Of Mathematics, 2d series, Vol. Ill (1902), p. 128. — 
Thaws. 
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uniformly, the series will alsoj. For if as. be taken greater than If, 
we shall have 


J /' + w 


■) dx 


<«; 


hence the function F(o) is continuous in this case throughout the 
interval ( a a , oi). 

Let us now suppose that the derivative df/da is a continuous 
function of x and a when x > o„ and a ^ a u that the integral 




has a finite value for every value of a in the interval ( a 0 , or), ami 
that the integral converges uniformly in that interval. The integral 
in question may be replaced by the sum of the series 


where 


f = F<i(«) + \\ (o) + • +1 .(«) + •■-i 


The new series converges uniformly, and its terms are equal to the 
corresponding terms of the preceding series. Hence, by the theorem 
proved above for the differentiation of senes, we may write 



In other words, the formula for differentiation under the integral sign 
still holds, provided that the integral on the right converges uniformly. 

The formula for integration under the integral sign (§ 123) also 
may be extended to the case in which one of the limits becomes 
infinite. Let f(x, a) be a continuous function of the two variables 
x and a, for x > a 0 , a„ < a < a t . If the integral f a + “f(x, or) dx is uni¬ 
formly convergent in the interval (a 0 , o,), we shall have 


(A) 



«■ 

f(x, o) da = 



fix, a)dx. 


To prove this, let us- first select a number l > a 0 ; then we shall 
hare 
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Xs l increases indefinitely the right-hand side of this equation 
approaches the double integral 

/ da I f( x > a)dx, 

J a o J a o 

for the difference between these two double integrals is equal to 

/•+- 

J daj f(x, a)dx. 

Suppose N chosen so large that the absolute value of the integral 
J ~ */(x, a)dx is less than e whenever l is greater than JV, for any 
value of a in the interval (<r 0 , «,). Then the absolute value of the 
difference in question will be less than fj.t, — «„), and therefore it 
will approach zero as l increases indefinitely. Hence the left-hand 
side of the equation (B) also approaches a limit as l becomes infi¬ 
nite, and this limit is represented by the symbol 


" r a i 

dx j f(x, a 


)drr. 


This gives the formula (A) which was to be proved.* 
Hum to 

-r 


176. Examples. 1) Let us return to the integral of § 91; 

sin r 


F(«) 

where a is positive. The integral 


dz , 


er ar sinx dz. 


* The formula for differentiation may he deduced easily from the formula (A). For, 
suppose that the two functions f{x, ci) and/^x, «) are continuous for a 0 <a<ai, 
x =? a o> that the two integrals F(a) — f n + ^/(x, a) dz and 4>(«) = (z, a) dz have 

finite valuea, and that the latter converges uniformly in the interval (a 0 , a x ). From 
the formula (A), if rt lies in the interval (« 0 > <*j)* we have 

J r* a «+■» n X /* a 

du I f u (z t u)dx- I dx I /«(x, u)du, 

% Ja o Jtt o 

where for distinctness a has been replaced by u under the integral sign. But this 
formula may be written in the form 

f $(u) du = f * /(x, a)dz~ f /(*, a 0 ) dx - F(a) ~ F{a 0 ), 

Ja o 

whence, taking the derivative of each side with respect to a, we find 

J*<a) = *(a). 
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Obtained by differentiating under the integral sign with respect to a, converges 
uniformly for all values of a greater than an arbitrary positive number k. For 
we have 


e-“*Binxdx < | 


e~ ax dx = e ~ al , 


and hence the absolute value of the integral on the left will be less than t for all 
values of a greater than k, if / > N, where N is chosen so large that kc tx > l/ ( 
It follows that 

J f» + cc 

e - Bin ads. 
o 


The indefinite integral was calculated in § 110 and gives 


whence we find 


re-^fcosi + it sin x)l —1 

F( " )= L-f-Wr*- = f+Tr^’ 


/’’((!) = C — arc tan <t , 


and the constant C may be determined by noting that the definite integral F’(<i) 
approaches zero as a becomes infinite. Hence C = ar/2, and we finally find the 
formula 

X + * 1 

e~ “ — X dx = arc tan -. 

This formula is established only for positive values of nr. hut we Raw m § 91 that 
the left-hand side is the sum of an alternating senes whose remainder U„ is always 
less than 1/n. Hence the series converges uniformly, and the integral is a con¬ 
tinuous function of a, even for nr = 0. As a approaches zero we shall have in 
the limit 

«»» 

2) If in the formula 


of 1134 we set x = y V«, where a is positive, we find 

>. (40) r + V«*<iF = ^2a'i, 

Jo 2 

and it is easy to show that all the integrals derived from this one by successive 
differentiations with respect to the parameter a converge uniformlyi provided 
that a is always greater than a certain positive constant k. From the precoding 
formula we may deduce the values of a whole series of integrals: 

f o + #2 e-^dy = 

( 41 ) . J^V •-*"<* = y Viari, 

V«/o £**fi 
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By combining these an infinite number of other integrals may be evaluated. 
We have, for example, 

=J' _ ^~ +- h(-l )”+ • ■ J 

_ r + f + 

1 1 ■ 2 

+ (- 1 )“ f e~ “ y '‘ ( 2 f y)2 "- dv + ■ 

1 - a - -•2n 

All the integrals on the right have been evaluated above, and we huil 

/»*» _ , 1 \n ( 20) 2 y/n 

Jf (■-«»■ COS = a --+••• 

_ <W" V,r 1 3 6. • .(2»-l) »-+t 

' +< ' 1 . 8 . 3 . -. 2 » 2 2 - + ' '* 


or, simplifying, 


e-cos 2fly <iy 




EXERCISES 


1. Derive the formula 


1 d" ,S„ S. 

— - ' - - U"(iog/)”] = 1 + Si logx f (log 1)2 + . • ■ + -—- (log i)-, 
1.2- n ax w 1 2 1 2 • • * n 

where S fJ denotes the sum of the products of the first n natural numbers taken p 

alati,ue - [MuRrin.] 

[Start with the formula 

[ , <j 2 (1o:;x) 2 tWlogz)" ~] 

1 + it log x 4- - - + •■• + — +• ■ 

1.2 1.2 n J 

and differentiate n times with reaped to x.] 

2. Calculate the value of the definite integral 


r + * i 


by means of the formula for differentiation under the integral sign. 


3. Derive the formula 




[Firat show that di/da = — 21.] 
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4. Derive the formula 

f + V — = v'£e-‘* 

c/o »a 

by making use of the preceding exercise. 

/ 

V 6. From the relation 

i i /* + • 

a» = 2 X 

derive the formula 

S',"' Uo *•-!* 



CHAPTER IX 


POWER SERIES TRIGONOMETRIC SERIES 

In this chapter we shall study two particularly important classes 
of series—power series and trigonometric series. Although we shall 
speak of real variables only, the arguments used in the study of 
power series are applicable without, change to the case where the 
variables are complex quantities, by simply substituting the expres¬ 
sion modulus or absolute value (of a complex variable) for the expres¬ 
sion absolute value (of a real variable).* 


I. POWER SERIES OF A SINGLE VARIABLE 


177. Interval of convergence. Let us first consider a series of the form 


(1) A 0 -+- A t X + .-l 2 A’* + • • + A „ A" + • • 

where the coefficients .1,, 1 2 , • are all positive, and wluye 
the independent variable A’ is assigned only positive values. It is 
evident that each of the terms increases with X. Hence, if the 
series converges for any particular value of X, say A’,, it converges 
a fortiori for any value of A' less than A',. Conversely, if the series 
diverges for the value A'», it surely diverges for any value of X 
greater than .V 2 . We shall distinguish the following cases. 

1) The series (1) may converge for any value of X whatever. 
Such is the case, for example, for the series 


„ X , .V 2 , XT 

1+ l + 1.2 + "' + 1.2 - 


+ -• 


, 2) The series (1) may diverge for any value of X except X = 0 
The following series, for example, has this property: 

1 + X +1.2A J + - • - +1.2.3 • nX" + ■■ ■. 

3) Finally, let us suppose that the series converges for certain 
values of X and diverges for other values. Let A, be a value of X 
for which it converges, and let A„ be a value for which it diverges. 


•See Vol, II, §§ *<>-275. — Tuans. 
875 
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From the remark made above, it follows that X t is less than X 3 . The 
series converges if A' < A'j, and it diverges if A > A a . The only 
uncertainty is about the values of A' between A', and X t . But all 
the values of X for which the series converges are less than A s , and 
hence they have an upper limit, which we shall call R. Since all the 
values of A' for which the series diverges* are greater than any value 
of X for which it converges, the number R is also the lower limit of 
the values of X for which the series diverges. Hence the aeries (1) 
diverges for all values of X greater than R, and converges for all values 
of X less than R. It may either converge or diverge when X = It. 

For example, the series 

1 + -V + A r, + •■ + *" + ••• 


converges if X < 1, and diverges if X A 1. In this case R = 1. 

This third case may be said to include the other two by suppos¬ 
ing that R may be zero or may become infinite. 

Let us now consider a power senes, i.e. a series of the form 

(2) a 0 + a t x + a,x* + ■ + a,r m H-, 

where the coefficients a, and the variable x may have any real values 
whatever. From now on we shall set A, = |«,|, A' = |x|. Then the 
series (1) is the series of absolute values of the terms of the senes (2) 
Let R be the number defined above for the series (1). Then the 
series (2) evidently converges absolutely tor any value of x between 
— R and + R, by the very definition of the number R. It remains 
to be shown that the series (2) diverges for any value oi x whose 
absolute value exceeds R. This follows immediately from a funda¬ 
mental theorem due to Abel: * 


If the series (2) converges for any particular value r 0 , it converges 
absolutely for any values of x whose absolute valve is less than | ar 0 j. 

In order to prove this theorem, let us suppose that the series (2) 
converges for x = x„, and let M be a positive number greater than 
the absolute value of any term of the series for that value of x. 
Then we shall have, for any value of n, 


and we may write 

A n X” 


Mi &)'<«(&)• 


* Recherche sur la eCrie 1 -f — x -§■ 


m(m — 1 ) 


*»+-■. 


1.2 
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It follows that the series (1) converges whenever A <) Xo), whieh 
proves the theorem. 

In other words, if the series (2) converges for x — x„, the series (1) 
of absolute values converges whenever X is less than |x 0 (. Hence 
|x 0 | cannot exceed If, for R was supposed to be the upper limit of 
the values of X for which the series (1) converges. 

To sum up, given a power series (2) whose coefficients may have 
either sign, there exists a positive number If which has the follow¬ 
ing properties : The series (2) converges absolutely for any value of x 
between — R and + If, and diverges for any value of x whose absolute 
value exceeds R. The interval (— R, -(- If) is called the interval of 
convergence. This interval extends from — ao to + oo in the case in 
which R is conceived to have become infinite, and reduces to the 
origin if if = 0. The latter case will be neglected in what follows. 

The preceding demonstration gives us no information about what 
happens when x = R or x = — R. The series (2) may be absolutely 
convergent, simply convergent, or divergent. For example, If = 1 
for each of the three series 


1-f x 



+ x s + ■ 

+X" 


X* 

X" 


+ 2 + ■ 

. +-- 

n 



x" 

+ ■ 

+ 2 i+ ’ 

■ • + 

71“ 


for the ratio of any term to the preceding approaches x as its limit 
m each case. The first series diverges for x = ±1. The second 
series diverges for x = 1, and converges for x = — 1. The third con¬ 
verges absolutely for x = ±1. 


Note. The statement of Abel’s theorem may be made more general, 
for it is sufficient for the argument that the absolute value of any 
term of the series 

®o + a i x 0 H-1- ®X H- 


be less than a fixed number. Whenever this condition is satisfied, 
the series (2) converges absolutely for any value of x whose absolute 
value is less than |x 0 |. 


The number B 1b connected in a very simple way with the number w defined 
iu § 160, which is the greatest limit of the Bequence 

a u .... vs:, .... 

For if we consider the analogous sequence 


Aj X, v'A.X", •••, 
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:tt is evident that the greatest limit of the terms of the new sequence is wX. The 
sequence (1) therefore converges if X < l/u, and diverges if X > 1/u; hence 
«=!/».* 

178. Continuity of s power series. Let f(x) be the sum of a power 
series which converges in the interval from — R to + R, 

(3) /(*) = Oo + a x x 4-f- a H x" 4-, 

and let R' be a positive number less than R. We shall first show 
that the series (3) converges uniformly in the interval from — R> 
to 4- R'. For, if the absolute value of x is less than R\ the 
remainder R n 

R, = a„ + 1 *” + 1 + ••■ + a, +p x" + » + • • • 
of the series (3) is less in absolute value than the remainder 

of the corresponding series (1). But the series (1) converges for 
X = R\ since R' < R. Consequently a number N may be found 
such that the latter remainder will be less than any preassigned 
positive number t whenever n S N. Hence | R„ \ < i whenever ni N 
provided that | x \ < R\ 

It follows that the sum. f(x) of the given series is a continuous 
function of x for all values of x between — R and -f R. For, let x 0 
be any number whose absolute value is less than R. It is evident 
that a number R 1 may be found which is less than R and greater 
than |x 0 [. Then the series converges uniformly in the interval 
(— R\ 4- R'), as we have just seen, and lienee the sum/^x) of the 
series is continuous for the value x 0 , since x„ belongs to the interval 
in question. 

This proof does not apply to the end points 4- R and — R of the 
interval of convergence. The function f(x) remains continuous, 
however, provided that the series converges for those values. 
Indeed, Abel showed that if the series (3) converges for x = R, its 
sum for x — R is the limit which the sum f(x) of the series approaches 
as x approaches R through values less than Jf.t 

Let S be the sum of the convergent series 

S = a g q- Oj R 4- a, R a 4" * ■ 4" ti n R n 4~ * * •, 


•This theorem was proved by Cauchy in his Ooursd'Analyse. It was rediscovered 
by Hadamard is his thesis. 

t As stated above, these theorems can be immediately generalized to the case of 
series of imaginary terms. In this case, however, care is necessary in formulating 
the generalization. See Vol. □, $ 366. — Titans. 
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and let n be arpositive integer such that any one of the sums 

a„ +1 *" +1 , *n + iX'+' + *, + *R' +1 , 

a m+l S n+l + -- + a, +p lP‘+p, ••• 

is less than a preassigned positive number £ . If we set x = R8, and 
then let 6 increase from 0 to 1, x will increase from 0 to R, and we 
shall have 

J\x) = f(6R ) = % + a,8R + a 2 8*R* + • ■ • + a n 6"R" + ■ ■. 

If n be chosen as above, we may write 

p -/(*) = ft(l - 8) + a, R\1 - 0 2 ) + • • + o,«" (1 - 6") 

(4) J + a„ + 1 /f“ + 1 + ■■■ + a n+1> R'->» + ■■■ 

( + + l - • ■ -a n , p 6''+rR'+r -, 

and the absolute value of the sum of the series in the second line can¬ 
not exceed «. On the other hand, the numbers 0 niI , 0" + 2 , . • ■, 6 n+p 
form a decreasing sequence. Hence, by Abel’s lemma proved in § 75, 
we shall have 

K + l 0" + ,/f " + 1 + + rt„ + ; ,0” +J '/l”-'"|< 6»" + , c< c. 

It follows that the absolute value of the sum of the series in the 
third line cannot exceed c. Finally, the first line of the right-hand 
side of the equation (4) is a polynomial of degree n in 6 which 
vanishes when 8 — 1. Therefore another positive number ij may be 
found such that the absolute value of this polynomial is less than e 
whenever 6 lies between 1 — tj and unity. Hence for ail such values 
of 8 we shall have 

l-s -/(*)I <3e. 

But t is an arbitrarily preassigned positive number. Hence f(x) 
approaches A’ as its limit as x approaches 7f. 

In a similar manner it may be shown that if the series (3) con¬ 
verges for x = — Jt, the sum of the series for x = — R is equal to 
the limit which/(x) approaches as ,r approaches — R tiirough values 
greater than — R. Indeed, if we replace x by — x, this case reduces 
to the preceding. 

An application. This theorem enables us to complete the results of § 168 
regarding the multiplication of series. Let 

(6) * ’ S = Uo -h ni -h Ua + • • • -1- -f - • *, 

(6) 8 r = So + ®i 4- Va 4- • ■ ■ 4 4 • -. 

he two convergent series, neither of which converges absolutely. The series 

(7) 4 (uoVt 4 WiVq) -f - • • 4 4 ■ • • 4 w»,no) 4 • ■ ■ 
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may converge or diverge. II H oonvergee, its eum £ U equal to the product of 
the sums of toe two given aeries, i.e. Z - 88', For, let ua consider toe three 
power series 

f(x) =Uo + U\X + ■ • • + «.»> + •••, 

<p\x) = ®o + tux + • • • + v„x» + • • •, 

i(x) = uoVo + (ito»i + Ui 0 o)x + ••■ + (ue«» + •• • + u,i>o)se" + ■ • •• 

Each of these series converges, by hypothesis, when * = 1. Hence each of them 
converges absolutely for any value of x between — 1 and + I. For any such 
value of x Cauchy’s theorem regarding the multiplication of series applies and 
gives us the equation 

(8) /(x)*(z) = #r). 

By Abel’s theorem, as x approaches unity the three functions f(x), 4 >{z), f (x) 
approach S, S', and Z, respectively. Since the two sides of the equation (8) 
meanwhile remain equal, we shall have, in the limit, Z = SS'. 

The theorem remains true for series whose terms are imaginary, and the proof 
follows precisely the same lines. 

179. Successive derivatives of a power series. If a power series 

f(x) = a 0 + a x x +■ a^x 1 H-h a„x" + ■ • 

which converges in the interval (— R, -f if) be differentiated term 
by term, the resulting power series 

(9) <tj, + 2a^x + • • • + na„xt“-‘ l + • • • 

converges in the same interval. In order to prove this, it will be 
sufficient to show that the series of absolute values of the terms of 
the new series, 

A x + 2A t X + ■■■ +nA n X"-' + ■■■, 

where A, = |a.,| and X = |x|, converges for X<li and diverges for 
X>R. 

For the first part let us suppose that X<.R, and let R 1 be a num¬ 
ber between X and R, X < R’ < R. Then the auxiliary series 



converges, for the ratio of any term to the preceding approaches 
X/R', which is less than unity. Multiplying the successive terms 
of this Series, respectively, by the factors 


AiR', A t R'*, - 
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each of which La less than a certain fixed number, since R'< R, we 
obtain a new series 

Ai 4" 2lA 3 X 4" ■ * ■ 4” ?i.4„ A'" -1 4- • • • 
which also evidently converges. 

The proof of the second part is similar to the above. If the series 
Ai 4~ 2-4*2-Yj 4 ■ ■ ■ 4 i^A n A" 1 4- ■ ■■, 
where Aq is greater than R, were convergent, the series 
4-1^1 4* 2A t X] 4 ■ • • 4- n4 n A” 4 • ■ • 

+ -c 

would converge also, and consequently the series S4„ A'" would con¬ 
verge, since each of its terms is less than the corresponding term of 
the preceding series. Then II would not be the upper limit of the 
values of X for which the scries (1) converges. 

The sum/,(;r) of the series (0) is therefore a continuous function 
of the variable x inside the same interval. Since this series con¬ 
verges uniformly in any interval (— IV, 4 I!'), where TV < It, / (x) 
is the derivative of f(x) throughout such an interval, by § 174. 
Since II' may be chosen as near It as we please, we may assert that 
the function/(a) possesses a derivative for any value of * between 
— It and 4 R, and that that derivative is represented by the series 
obtained by differentiating the given series term by term :* 

(10) f(x) = u-i 4 2 <i 2 x 4-4 na„x n 4 ■ 

Repeating the above reasoning for the series (10), we see that/(sc) 
has a second derivative, 

f"{r) = 2 a 2 4- 4 ■ ■ 4 «(« — 1) “ 2 4-> 

and so forth. The function f(x) possesses an unlimited sequence of 
derivatives for any value of x inside the interval (— R, 4 It), and 
these derivatives are represented by the series obtained by differen¬ 
tiating the given series successively term by term : 


(11) ft'Xx) = 1.2- • 4 2.3 ■••«(» 4 l)«„+iac H-■ 

If we set sc = 0 in these formula;, we find 

f"( 0) 

=^0), a, =/'(0), a a = -—^, 


or, in general, 

* 1 




1.2 ■ - •» 


* Although the corresponding theorem is true for series of imaginary terms, the 
proof follows somewhat different lines. See Vol. II, § 266. — Trans. 
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The development of f(x) thus obtained is identical with the develop¬ 
ment given by Maclaurin’s formula: 

fix) =/( 0) + j/'( 0) + ^/"(O) + • • ■ + ~~ n f^) + • - 


The coefficients a„, a lt •••, a„, are equal, except for certain 
numerical factors, to the values of the function f(x) and its succes¬ 
sive derivatives for x = 0. It follows that no function can have two 
distinct developments in power series. 

Similarly, if a power senfes be integrated term by term, a new 
power series is obtained which has an arbitrary constant term and 
which converges in the same interval as the given series, the given 
series being the derivative of the new series. If we integrate again, 
we obtain a third series whose first two terms are arbitrary; and so 
forth. 


Examples. 1) The geometrical progression 

1- x -f- - x« + - • • + (-l)"x” + ■ 

whose ratio is — x, converges for every value of x between —1 and 
+ 1, and its sum is 1/(1+ x). Integrating it term by term between 
the limits 0 and x, where |x| < 1, we obtain again the development 
of log(l + x) found in § 49 : 


log(l + x) = I - 2 -+3-... + (-!)» — + 


This formula holds also for x = 1, for the series on the right con¬ 
verges when x = 1. 

2) For any value of x between — 1 and +1 we may write 
j-i^=l-x 4 + x 4 -x 9 + + (-l)"x 2 ’ ) + - 


Integrating this series term by term between the limits 0 and x, 
where | x| < 1, we find 


arctanx = | ^ + — -t-(-l)” 


2/i+l 


+ • 


Since the new series converges for x = 1, it follows that 


v 

4 


= 1 - 


- + - — - d-+ (— 1)" —-— 

3 + 5 7 + - <• L > 2»+l 
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3 ) Let F{x) be the sum of the convergent series 

, tn . 7>i(m— 1) a , , mtm — 1)- ■ •(m — p + 1) 

F(*) = 1+ T * + U * + "' + - 1 2 .. P xP+ •••> 

where m is any number whatever and |arj < 1. Then we shall have 

(m — 1) ■■■(?// — p 4-1) 

(/>-!) 

Let us multiply each side by (l+i) and then collect the term.', in 
like powers of r. Using the identity 

(m— !)■ ■ (m— p-\-V) (m.—!)■ (m — p ) _ m{m —!)■■ (m — p+1) 

1.2- • (/> —1) + 1.2 ■■ p ~ 1.2 - p 

which is easily verified, we find the formula 

. . ,, . I . m m(w —1) 

(1 + x)F\x) = w I 1 + y -r + »•+•■• 


. m — 1 . im — l) • • • (m - 

f'(t) =“ L 1 +~~ * + ••• + -— 


]• 


+ 


m(m -1 ~ p + 1 ) v 


x 1 ' 4- • 


] 


1.2 ■ ■ ■p 

or 

(1 + x ) F'(x) = mF(.r). 

From this result we find, successively, 

F'(x) _ m 

F(x) 1 + x ’ 

log [F(a)] = mlog(1 + x) + log r, 
or 

F(x) = T(1 + s)". 

To determine the constant C we need merely notice that F(0) = 1. 
Hence C = 1. This gives the development of (1 4- x) m found in § 50 : 

-- - J + + + 

4) Replacing x by — x ' 1 and m by — 1 /2 in the last formula above, 
we find 

_J_ 1+ ± x , + hl x < + .. 

VTTP 1+ 2 X+ 2.4 X + 2.4.6. -2 n + 

This formula holds for any value of x between — 1 and 4-1. Inte¬ 
grating both sides between the limits 0 and x, where |s|<l, we 
obtain the following development for the arcsine: 

- . a . Is* 1.3x 5 , , 1 .3 ■ 5 • • ■ ( 2n — 1 ) x*»+> , 
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ISO. Extension of Taylor’s aeries. Let/(z) be the sum of a power 
series which converges in the interval (— R, + R), *„ a point inside 
that interval, and x 0 + h another point of the same interval such 
that jiBoj + (*•[< ^. The series whose sum is f(x„ + h), 

a o 4- 4" A) 4 o 4 A) 8 H-4- ®«(*o 4- A)* 4 -, 

may be replaced by the double series obtained by developing each 
of the powers of (x 0 -f- A) and writing the terms in the same power 
of A upon the same line : 

a 0 4 ®1 *0 + 4 

4" A 4" 2 d] Xq A 4 

4 <H A a 4 

4 

This double series converges absolutely. For if each of its terms 
be replaced by its absolute value, a new double series of positive 
terms is obtained: 

•do4/l]|® 0 14 dj|*oi 1 4 
4 dj|A | 4 24 a |ir 0 | | A| 4 

4 A | 8 4 

4 

If we add the elements in any one column, we obtain a series 

d 0 4 d,[|a: 0 | 4 |A|] H-4 A„[|a: 0 | 4 |A|]“ d- 

which converges, since we have supposed that | a^, 14 1 A | < R. Hence 
the array (12) may be summed by row's or by columns. Taking 
' the Bums of the columns, we obtain /(x„ 4 A). Taking the sums 
of the rows, the resulting series is arranged according to powers of 
A, and the coefficients of A, A 8 , ■ ■ • are f'(x „), f"(a : 0 )/2 l, ■■■, respec¬ 
tively. Hence we may write 

(14) f(x 0 4 A) =/(x 0 ) 4 \f'(x ,) 4 • - 4 4 ■ ' 

if we assume that |A| < R - |* 0 |. 

This formula surely holds inside the interval from x„ — R 4 jx 0 | 
to a^,4JJ—1«8|, but it may happen that the series on the right 
converges in a larger interval. As an example consider the function 





• 4 a„x; 4 

■ 4 n tt„xJ-‘A 4 

n(n —11 ... 

A — -- n.xl “A* 4 
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(1+®)“ wilere m is not a positive integer. The development 
according to powers of x holds for all values of x between — 1 and 
Let * 0 be a value of * which lies in that interval. Then we 
may write 

(1 + x) m = (1 + * 0 + ® - ®o) m = (1 + *<,)’”(! + *)”, 

where 



We may now develop (1 + z) m according to powers of z, and this 
new development will hold whenever |s|< 1, i.e. for all values of x 
between —1 and 1 + 2x () . If x„ is positive, the new interval will be 
larger than the former interval (— 1, +1). Hence the new formula 
enables us to calculate the values of the function for values of the 
variable which lie outside the original interval. Further investiga¬ 
tion of this remark leads to an extremely important notion, — that 
of analytic extension. We shall consider this subject in the second 
volume. 

Note. It is evident that the theorems proved for series arranged 
iujcording to positive powers of a variable x may be extended immedi¬ 
ately to series arranged according to positive powers of x — a, or, 
more generally still, to series arranged according to positive powers 
of any continuous function <f>(x) whatever. We need only consider 
them as composite functions, 4>(x) being the auxiliary function. 
Thus a series arranged according to positive powers of 1/x con¬ 
verges for all values of x which exceed a certain positive constant in 
absolute value, and it represents a continuous function of x for all 
such values of the variable. The function Vx 2 — a, for example, may 
be written in the form ±x(l — a /x 2 ) 4 . The expression (1— a/x 3 )* 
may be developed according to powers of 1/x 3 for all values of x 
which exceed Va. in absolute value. This gives the formula 

/-j- la la 3 1.2.3 •(2p - 3) 

Vx a ~ X 2 x 2.4 x* 2.4.6-2j» Jr-*'”* 

which constitutes a valid development of Vx 3 — a whenever x > V». 
Wheft x < — Va, the same series converges and represents the func¬ 
tion — Vx* — a. This formula may be used advantageously to obtain 
a development for the square root of an integer whenever the first 
perfect square which exceeds that integer is known. 
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181. Dominant fonctions. The theorems proved above establish a 
close analogy between polynomials and power series. Let (— r, -f 
be the least of the intervals of convergence of several given power 
series /i(x),/ s (x), •••,/„(*)• When \x\ < r, each of these senes 
converges absolutely, and they may be added or multiplied together 
by the ordinary rules for polynomials. In general, any integral poly¬ 
nomial in /i(x),/ 2 (x), • ••,/„(x) may be developed in a convergent 
power series in the same interval. 

For purposes of generalization we shall now define certain expres¬ 
sions which will be useful in what follows. Let f(x) be a power 
series 

f{x) — a 0 + a t x + a 2 x 2 + ■ ■ ■ + ct„x" H-, 

and let <f>(x) be another power series with positive coefficients 
<t>(x) = rr 0 -f aiX + ir. 2 x 2 + ■ • ■ + <r„x“ + ■ ■ 

which converges in a suitable interval. Then the function is 
said to dominate* the function f(x) if each of the coefficients <>„ is 
greater than the absolute value of the corresponding coefficient of 

A*)- 

Kl<«o. jail< «i, •"> • •• 

Poincare has proposed the notation 

/(*)<*(*) 

to express the relation which exists between the two functions f(r) 
and <ft(x). 

The utility of these dominant functions is based upon the fol 
lowing fact, which is an immediate consequence of the definition 
Let P(a 0 , Oj, a n ) be a polynomial in the first a +1 coefficients 
of /(x) whose coefficients are all real and positive. If the quanti¬ 
ties a 0 , «!, a n be replaced by the corresponding coefficients of 
<f>(x), it is clear that we shall have 

in*., *1> •••) On) I 5 P(“01 «1> «„)• 

For instance, if the function <t>(-r) dominates the function /(x), 
the series which represents [<£(x)] 2 will dominate [/(x)] a , and so 
on. In general, [<f>(x)]* will dominate [/(x)]“. Similarly, if <f> and 
<Ai are dominant functions for f and /,, respectively, the product 
will dominate the product fft j and so forth. 


, *TMs expression will be used as a translation of ths phrase “ £(x) est majorante 
pour laionction/(*)." Likewise, “dominant functions ” will be used for “ fonctions 
majoraates.” — Tuans. 
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Given a power series/(*) which converges in an interval (—A, + R), 
the problem of determining a dominant function is of course indeter¬ 
minate. But it is convenient in what follows to make the domi¬ 
nant function as simple as possible. Let r be any number less than 
j{ an d arbitrarily near It. Since the given series converges for x = r, 
the absolute value of its terms will have an upper limit, which we 
shall call M. Then we may write, for any value of n, 


A„r" i M or |a„| = 

r* 

Hence the series 


w ,.x , , \lx n , 

M 

M + M — f- • • • 4 - f- • 


r. r* 



T 


whose general term is dominates the given function/(a-). 

This is the dominant function most frequently used. If the series 
f(x) contains no constant term, the function 



>■ 


may be taken as a dominant function. 

It is evident that r may be assigned any value less than R, and 
that M decreases, in general, with r. But M can never be less than 
A 0 . If A„ is not zero, a number p less than A* can always be found 
such that the function A„/(l — s/p) dominates the function /(*). 
For, let the series 

M + M- + -- + 

r r r 

where M > A„, be a first dominant function. If p be a number less 
than rA 0 JM and n > 1, we shall have 

whence |a B p"| < A 0 . On the other hand, |a # | = A 0 . Hence the series 
A 0 + A 0 jj + A 0 j A -+ A 0 — -(- 

ti 

dominates the function f(x). We shall make use of this fact pres¬ 
ently. More generally still, any number whatever which is greater 
than or equal to A 0 may he used in place of M. 
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It may be shown in a similar manner that if oq = 0, the function 



is a dominant function, where y. is any positive number whatever. 


Note. The knowledge of a geometrical progression which dominates the func¬ 
tion f(x) also enables us to estimate the error made in replacing the function 
f(x) by the sum of the first n + 1 terms of the series. If the series M/(\ — x/r) 
dominates f(z), it is evident that the remainder 

Ua + 1*" + 1 + Ot. + 2S:" + 8 + ■ ■ ■ 


of the given series is less in absol ute value than the corresponding remainder 

+ l I ,, + 2 \ 

\ r . + l T r «+i T ) 

of the dominant series. It follows that the error in question will bo less than 

,(r 


M- 




182. Substitution of one series in another. Let 

(15) * =/(!/) = “o + <*i!/ H-- 

be a series arranged according to powerB of a variable y which con¬ 
verges whenever \y \ < R. Again let 

(16) y = = b 0 + b t x H-b *,*” H- 

be another series, which converges in the interval (— r, + r). If 
y, y J , y*, ■in the series (15) be replaced by their developments in 
series arranged according to powers of x from (16), a double series 

"ho a 4~ ' ■ • "b “b * 

(17) ■ + a \b l x ■+• 2a, 4-h na^-'b^x 4- 

V ’ 4-aA* , 4- 0,(6? -(- 2606,)** 4-. 

+ . . 

is obtained. We shall now investigate the conditions under which 

this double series converges absolutely. In the first place, it is 

necessary that the series written in the first row, 

# 

a o 4- «i \ 4 - 4* • ■ •, 
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should, converge absolutely, i.e. that | b 0 1 should be less than R.* This 
m idition is also sufficient. For if it is satisfied, the function 4>(x) 
will be dominated by an expression of the form m/{ 1 — x/p), where 
m is any positive number greater than |5 0 ( and where p < r. We 
may therefore suppose that m is less than R. Let R' he another 
positive number which lies between m and R. Then the function 
f{xi) is dominated by an expression of the form 


M 



M + M^ + M 


R' 1 


+ ■■■. 


If y be replaced by m /(I — x/p ) in this last series, and the powers 
of y be developed according to increasing powers of x by the binomial 
theorem, a new double series 

('«> +lt ~i 

4-. 

is obtained, each of whose coefficients is positive and greater than 
the absolute value of the corresponding coefficients in the array (17), 
since each of the coefficients in (17) is formed from the coefficients 
a m a i> 'hi ■ ■ ■, b„ hi, !>j. by means of additions and multiplications 
only. The double series (17) therefore converges absolutely pro¬ 
vided the double series (18) converges absolutely. If x be replaced 
by its absolute value in the series (18), a necessary condition for abso¬ 
lute convergence is that each of the series formed of the terms in any 
one column should converge, i.e. that | sr ] < p. If this condition be 
satisfied, the sum of the terms in the (n + l)th column is equal to 


M 




Then a further necessary condition is that we should have 


m < R'(l- 

(»)’ i*l </>(!-if,)' 


* The case in which the series (15) conferees for y ~ R (see § 177) wiH be neglected 
to ’wkat follows. — Trans. 
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Since this latter condition includes the former, \x\< p, it follows 
that it is a necessary and sufficient" condition for the absolute con¬ 
vergence of the double series (18). The double series (17) will 
therefore converge absolutely for values of x which satisfy the 
inequality (19). It is to be noticed that the series 4>(x) converges 
foT all these values of x, and that the corresponding value of y is 
less than R' in absolute value. For the inequalities 




_ 1*1 

p 


l£l 

p 


< 1 - 


m 


necessitate the inequality ]«#>(•*)] < R'- Taking the sum of the series 
(17) by columns, we find 

a u + «i<K x ) + «j|X x )]‘ H-h ®» [$(*)]* 4-, 


that js, /[^(x)]. On the other hand, adding by rows, we obtain a 
series arranged according to powers of x. Hence we may write 


(20) /|>( x )] = e„ -f CiX + c. i x i H -f- c„x" H -, 

where the coefficients c 0) e ,, c s , • • • are given by the formulas 


( 21 ) 


I c 0 = + a tK -\ -i- -t—> 

c, = a. A, + 2as«,io +- V na„b“-'b, + • 

*:■! = a,6 3 + a 2 (A? -f 2A 0 A a ) + ■■ , 


which are easily verified. 

The formula (20) has been established only for values of x which 
satisfy the inequality (19), but the latter merely gives an under 
limit of the size of the interval in which the formula holds. It may 
be valid in a much larger interval. ThiB raises a question whose 
solution requires a knowledge of functions of a complex variable. 
We Bhall return to it later. 


Special cases. 1) Since the number R' which occurs in (19) may 
be taken as near R as we please, the formula (20) holds whenever x 
satisfies the inequality \x\ < p(l— m/R). Hence, if the series (15) 
converges for any value of y whatever, R may be thought of as infinite, 
p may be taken as near r as we please, and the formula (20) applies 
whenever jx) < r, that is, in the same interval in which the series 
(16) converges. In particular, if the series (16) converges for all 
values of x, and (15) converges for all values of y, the formula (20) 
is valid for all values of x. 
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2 ) When the constant term b u of the series (16) is zero, the func¬ 
tion is dominated by an expression of the form 


m 


1- 


x 

P 


— m, 


where p < r and where to is any positive number whatever. An 
argument similar to that used in the general ease shows that the 
formula (20) holds in this case whenever x satisfies the inequality 


( 22 ) 


M<P 


R' + ni’ 


where R' is as near to R as we please. The corresponding interval 
of validity is larger than that given by the inequality (19). 

This special case often arises in piaetice The inequality 
|A (1 | < R is evidently satisfied, and the coefficients c„ depend upon 
«n * 1 y * ‘'> ^»i tmly . 

i' u = n 0 , c, = a, b,, r.. = a, b, 4- ajl], , c n -+ a u />]'. 


Example ». 1) Cauchy gave a method for obtaining the binomial theorem from 
the development of log (1 + x) Setting 

1 1 . x'~ X'* x 4 \ 

»=Miog(i+*>=,.(, ~~ + ;i - 4 y 

wt may write 

(1 + x)" = eei««o i r =r l f y + — + 

1 1-2 

whence, substituting the first expansion in the second. 


0 + 


x)e=l + p^ 




If the right-hand side be arranged according to powers of x, it is evident that 
the coefficient of x" will be a polynomial of degree n in p, which we shall call 
P„(p). This polynomial must vanish when p = 0, 1. 2, •• n — 1, and must 
reduce to unity when p = n. These facts completely determine P„ in the form 


(23) 


P„ = 


p(p- l)-(p —n+2) 
1.2 - n 


2) Setting z = (1 + z)V*, where x lies between — 1 and + 1, we may write 


l 


x = e* = 1 + j + 



V = - log (1 + x) = 1 
Z 


2 + ? + + 


where 
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The first expulsion is valid for all values of y, and die second is valid whenever 
|*| < 1. Hence the formula obtained by substituting the second expansion m 
tile first holds for any value of x between — 1 and + 1. The first two terms of 
this formula are 

(24) (1 + ^ = e-?(l + l + ^ + ... + 0 ^ + ...) + -.. = e-|x + . . 

It follows that (1 + x) Vx approaches e through values less than east approaches 
zero through positive values. 


183. Division of power series. Let us first consider the reciprocal 
X ^ 1+ b x x + b,x u + ■ • • 


of a power series which begins with unity and which converges in 
the interval (— r, 4- r). Setting 

y = b x x + b^x 1 -, 

wS may write 

/(*) = j-~ =1 -y + y*-y* + ---, 

whence, substituting the first development in the second, we obtain 
an expansion for f(x) in power series, 


(25) /(*) =1 - b x x + {b\ -b 2 ) 

which holds inside a certain interval. In a similar manner a devel¬ 
opment may be obtained for the reciprocal of any power senes 
whose constant term is different from zero. 

Let us now try to develop the quotient of two convergent power 
series 

<t>(x) _ a 0 + a t x + a ,* 3 -|- 

<K X ) ~ *«+ #i* + b * x2 +- 


If 4, is not zero, this quotient may be written in the form 


m 

*(*) 


= 0„ + a x x + a,* 2 4 -) x 


_1_ 

4„ + b x x + b t x‘ > 4- 


Then by the case just treated the left-hand side of this equation is the 
product of two convergent power series. Hence it may be written 
in the form of a power series which converges near the origin: 


(26) 


Op-f ttjX 4- a,,* 8 -j- 

b„ + b x x + 4,* 1 -)- 


Co -f- e x x c,*® 4- •••• 


Clearing of fractions and equating the coefficients of like powers 
of x r we find the formulae 
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(27) K = hc« + *i e„-i H-+ *„e», n = 0,4’>2, • • •, 

from which the coefficients c„, e t , ••*, c n may be^ealculated succes¬ 
sively* It will be noticed that these coefficients are the same as 
those we should obtain by performing the division indicated by the 
ordinary rule for the division of polynomials arranged according to 
increasing powers of x. 

If b„ = 0, the result is different. Let us suppose for generality 
that \p(x) == jr l if'i(x), where k is a positive integer and </,, (.r) is a 
power series whose constant term is not zero. Then we may write 

±(*) _ 1 (-r<j> ) ; 

and by the above we shall have also 

MO = C ” + C,I ' + , " + ' + ' Vr< + + ‘ + '- 

It follows that the given quotient is expressible in the form 


( 28 ) 


$(*) _ r „ , jh _ 

</((»•) j :' j -*' 1 


+ ' 1 + r ( -h o „ , x -f- • • 

JC 


where the right-hand side is the sum of a rational fraction which 
becomes infinite for x = 0 and a power series which converges near 
the origin. 


Note. In order to calculate the successive powers of a power series, it is con¬ 
venient to proceed as follows. Assuming the identity 

(o 0 + a t x + -t- a„£* + ■ ~ c 0 + e t x + - 1 - c,z" + ■ ■ *, 

let us take the logarithmic derivative of each side and then clear of fractions. 
This leads to the new identity 

(•29) \ m ( a \ + 2 <hx + -f na,,x’-' + • ■ ■)((•„ + c t x + • •-f «,«■ + *• •) 

t = (a<i + + ••■ +a»x'‘+ ■■■)(<■, +2c 2 x + • + 7tc„;t"-i + • .). 

The coefficients of the various powers of x are easily calculated. Equat¬ 
ing coefficients of like powers, we find a sequence of formula from which 
c u> ci, • ■ *, c„, • ■ • may be found successively if c 0 he known. It is evident that 
‘a = C 


184. Development of l/Vl — 2xz +■ «*. Let us develop l/Vl—2 zz - 
according to powers of z. Setting y = 2 zz — z s , we shall have, when |]/| ■ 


or 


-i^ = (I- y)'i = l + 

VI- v 


ly+h? v * + , 

2 2 A V 


Vl - txz + z- 


= l + -^~ + 5 (2**-*<•)»+-.. 


(30) 
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Cdllficting the terms which are divisible by the same power of z, we obtaiu an 
expansion oi the form 


(81) 

where 


- = P 0 + Pi* + P»* a + • • • + P«z* + • • 

Vl — 9x2 + z a 


Po—1, Pi — *1 


P S = 


3z 2 — 1 
2 


and where, in general, P„ is a polynomial of the nth degree in x. These poly, 
nomials may he determined successively by means of a recurrent formula. 111 !, 
ferentiating the equation (81) with respect to z. we find 


- 5 = Pi + 2 P 2 Z + - • • + nP n z’' 1 + ■ • ■ , 

(1 - 2 XI + z a ) J 

or, by the equation (31), 

(x - z)(P„ + PiZ + • • • + P„z» + • • •) = (1 - 2xz + z 2 )(P, + 2 l\z + • ) 
Equating the coefficients of z", we obtain the desired recurrent formula 
(n + 1) P„+ 1 = (2n + l)xP„ - nP„.,. 

This equation is identical with the relation between three consecutive Legendre 
polynomials (§ 88 ), and moreover Po = A' 0 , Pi = A'i, P s = ,Y». HenPe P„ — ,Y„ 
tor all values ataud the formula (?\\ may be written 

(32) —1-4" A \ z -j- Xi z 2 4- • ■ • + A „ + - ■ •, 

Vl — 2XZ + Z 2 


where X n is the Legendre polynomial of the nth order 


X„ = 


1 


2.4.0- 2n dx n 


L(x* -1)»]. 


We Bhall find later the interval in which this formula holds. 


II. POWER SERIES IN SEVERAL VARIABLES 

185. General principles. The properties of power series of a single 
variable may be extended easily to power series in several independ¬ 
ent variables. Let us first consider a double series 2a,, Jll x”\ , A where 
the integers m and n vary from zero to + ao and where the coeffi¬ 
cients -a mn may have either sign. If no element of this series exceeds 
a certain positive constant in absolute value for a set of values 
* = x ss V — Vot bhe series converges absolutely for all values of x and 
y which satisfy the inequalities |x| < ]x 0 |, \y \< | >/„|. 

For, suppose that the inequality 

M 

K.asy.1 <M or l g «»l< 
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is satisfied for all sets of values of to and n. Then the absolute value 
of the general element of the double series 2is less than the 
corresponding element of the double series 'S.M\x/x <s \ m \y/y„\‘. But 
the latter series converges -whenever |sc|<|a: 0 |, \y\<\y 0 \, and its 


h:’)(>- i:i) 


as we see by taking the sums of the elements by columns and then 
adding these sums, 

Let r and p be two positive numbers for which the double series 
converges, and let R denote the rectangle formed by the 
four straight lines x = r, x =5 — r, y — p, y = — p. For every point 
inside this rectangle or upon one of its sides no element of the 
double series 

(33) F{r. 

exceeds the corresponding element of the series 2|u,„„|r”'p” in abso¬ 
lute value. Hence the series (3,'!) converges absolutely and uni¬ 
formly inside of R, and it therefore defines a continuous function 
of the two variables x and ;/ inside that region. 

It may be shown, as for series in a single variable, that the 
double series obtained by any number of term-by-term differen¬ 
tiations converges absolutely and uniformly inside the rectangle 
bounded by the lines x = r — e, x = — r -)- c, y = p — e', y = — p + f', 
where c and <' are any positive numbers less than r and p, respec¬ 
tively. These series represent tin* various partial derivatives of 
F(x,y). For example, the sum of the series 2 ina mn x m ~' i/" is equal 
to cF/dx. For if the. elements of the two series he arranged aceord- 
ing to increasing powers of x, each element of the second series is 
equal to the derivative of the corresponding element of the first. 
Likewise, the partial derivative d m+, ‘ F/dx' n dy" is equal to the sum 
of a double series whose constant factor is n„„l. 2 - • • in . 1 - 2 • • • n. 
Hence the coefficients a,„„ are equal to the values of the correspond¬ 
ing derivatives of the function F(x, y) at the point x = y = 0, except 
for certain numerical factors, and the formula (33) may be written 
in tha form 
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|t follows, incidentally, that no function of two variables can have 
two distinct developments in power series. 

If the elements of the double series be collected according t . 0 
their degrees m x and y, a simple series is obtained: 


(35) F(x, y) = <#>„ + + <t>z + • • -4- <f>„ + • • •, 

where </>„ is a homogeneous polynomial of the nth degree in r and 
y which may be written, symbolically, 


d>„ = 



dF 


+ y 


g^Y"’ 
oy ) 


The preceding development therefore coincides with that given by 
Taylor’s series (§ 51). 

Let (x 0 , i/o) be a point inside the rectangle ft, and (r„ + h, y 0 4 . k) 
be a neighboring point such that |a:„| 4 - \ h\ < r, j;/„| + |&| < p. Then 
for any point inside the rectangle formed by the lines 


x = x„ ± [r - |3- 0 |], y = y„ ± [p - |.%| ]. 

the function F(x, y) may lie developed in a power series arranged 
according to positive powers of x — x 0 and </ — y „: 


(36) 


F( x » + h j Vo + 



-Irk". 

n 


For if each element of the double series 


ta m ix n + h) n (y„ + k) n 

be replaced by its development in powers of It and Ic, the new multi¬ 
ple series will converge absolutely under the hypotheses. Arrang¬ 
ing the elements of this new senes according to powers of h and fe, 
we obtain the formula (36). 

The reader will be able to show without difficulty that all the 
preceding arguments and theorems hold without essential altera¬ 
tion for power series in any number of variables whatever. 


18®. Dominant functions. Given a power series fix., y, z, ■ ■ •) in n 
variables, we shall say that another series in n variables <j>(x, y,z, - •) 
dominates the first series if each coefficient of 4>{x, y, «,•••) is positive 
and greater than the absolute value of the corresponding coefficient 
°f /(#, y, *, • • -). The argument in § 185 depends essentially upon 
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the use of ^ dominant function. For if the series 2 |a mn £’"«/"[ con¬ 
verges for x = r, y = p, the function 


4>(x, y) = 


M 


H)M) 



where M is greater than any coefficient, in the series 2|a m „r“p''|, 
dominates the series 2 a,The function 


</'(•'•> ff)=~ 

1 


1/ 



is another dominant function. For the coefficient of x m y* in <p(x. y) 
is equal to the coefficient of the corresponding term in the expan¬ 
sion of M(x/r + y/p )" t ", and therefore it is at least equal to the 
coefficient of x"‘y" in f(x. </). 

Similarly, a triple series 

f(x, >/, ~)= 2 r"'y»z>\ 


which converges absolutely for x -- >■, y — r\ = r", where r, r" 
are, three positive numbers, is dominated by an expression of the 
form 


<K r > V, -) = ■ 


MO-!)('-2) 


and also by any one of the expressions 

M M 




lf/(x, y ,«) contains no constant term, any one of the preceding expres¬ 
sions diminished by It/ may he selected as a dominant function. 

The theorem regarding the substitution of one power series.in 
another (§ 182) may bo extended to power series in several variables. 


If each of the variables in a convergent power series in p variables 
Hi' V%! !/,, be replaced by a convergent power series in q variables 

*l> which has no constant term, the result of the substitu¬ 

tion, may be written in the form of a power series arranged according 
to powers of x ly x t> ■ ■■, x q , provided that the absolute value of each 
°f these variables is less than a certain constant. 
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■Since the proof of the theorem is essentially the same for any 
number of variables, we shall restrict ourselves for definiteness to 
the following particular case. Let 

(37) F(y, z) = ia n „y m z" 

be a power series which converges -whenever \ y\ <r and \ z\<r', and let 

^ ( Z = C^X + CjX 5 * d-+ c„a 5“ d- 

be two series without constant terms both of which converge if the 
absolute value of x does not exceed p. If y and z in the series (37) 
be replaced by their developments from (38), the term in y m z" becomes 
a new power series in ,r, and the double series (37) becomes a tuple 
series, each of whose coefficients may be calculated from the coeffi¬ 
cients a m „, A„, and r n by means of additions and multiplications 
only. It remains to lie shown that this triple series converges abso¬ 
lutely when the absolute value of .r does not exceed a certain con¬ 
stant, from which it would then follow that the series could ho 
arranged according to increasing powers of x. In the first place, 
the function /(//, z) is dominated by the function 



and both of the series (38) are dominated by an expression of the form 



where M and N are two positive numbers. If y and z in the double 
series (39) be replaced by the function (40) and each of the products 
y m z n be developed in powers of x, each of the coefficients of the result¬ 
ing triple series will be positive and greater than the absolute value 
of the corresponding coefficient in the triple series found above. It 
will therefore be sufficient to show that this new triple series con¬ 
verges for sufficiently small positive values of x. Now the sum of 
the terms which arise from the expansion of any term if'z n of the 
series (39) is 
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which is the general term of the series obtained by multiplying the 
two series 



tenn by term, except for the constant factor 1 1 Both of the latter 

series converge if x satisfies both of the inequalities 


x < p 


r + N 


x < p 


r' 4 - JV 


It follows that all the series considered will converge absolutely, 
and therefore that the original tuple senes may be arranged accord¬ 
ing to positive powers of x, whenever the absolute value of x is less 
than the smaller of the two r.uiubeis pr/(r + .V) and pr'/(r’ -f JV). 

Note The theorem remains valid when Ihe series (38) contain 
constant terms h„ and r„, provided that, )/<„!< r and | „| < r'. For 
the expansion (37) may he leplaeed b\ a scries arranged according 
to powers of y — h„ and z - r 0 , by § 1H5, which reduces the discus¬ 
sion to the case j ust treated. 


III. IMPLICIT FI NOTIONS 
ANALYTIC CORVES AND SCRFACES 

187. Implicit functions of a single variable. The existence of implicit 
functions has already been established (Chapter II, § 20 et ff.) under 
certain conditions lcgaidmg continuity. When the left-hand sides 
of the given equations are power senes, more thorough investigation 
is possible, as we shall proceed to show. 

Let F(X, y) = 0 he an filiation whose left-hand side ran he developed 
in a convergent power series arranged arrorr/ing to increasing powers 
of x — x 0 and y — y 0 , where the constant term is zero and the coeffi¬ 
cient of y — i/ a is different from zero. Then the eyuation has one and 
only one root which approaches y„ as x approaches x a , and that root 
can be developed in a power series arranged according to powers of 
r~x 0 . 

For simplicity let us suppose that x„ = y 0 — 0, which amounts to 
moving the origin of coordinates. Transposing the term of the first 
degree in y, we may write the given equation in the form 

(41) y ~f(x, y) = a l0 * + a„x a + xy + a m if -f-, 
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where the terns not written down are of degrees greater than the 
second. We shall first show that this equation can be formally sat¬ 
isfied by replacing y by a series of the form 

(42) y — c x x -p e,x a -t-+ c n x * H- 

if the rules for operation on convergent series be applied to the senes 
on the right. For, making the substitution and comparing the coeffi¬ 
cients of x, we find the equations 

c, — &io, Cj = a t0 -f- a,, e, -p a (l 2 cj, * ■ ■ i 

and, in general, c , can be expressed in terms of the preceding c’s 
and the coefficients a ik , where i + k < n, by means of additions and 
multiplications only. Thus we may write. 

(43) = C„(a !0 , a io> a u>'' > a u*)> 

where P m is a polynomial each of whose coefficients is a positive 
integer. The validity of the operations performed will be estab¬ 
lished if we can show that the seneB (42) determined in this way 
converges for all sufficiently small values of x. We shall do this by 
means of a device which is frequently used. Its conception is d ue 
to Cauchy, and it is based essentially upon the idea of dominant 
functions. Let 

+(*, F)= S6„*-y 

be a function which dominates the function f(x,y), where b m = b, n = 0 
and where b m „ is positive and at least equal to |a mll J. Let us then 
consider the auxiliary equation 

(41*) Y=^(x,Y)=S,b mn x-Y" 

and try to find a solution of this equation of the form 

(42 1 ) F = f'lX 4- C 2 a: s -1-P O.x" + • •. 

The values of the coefficients C x , C % , ■ ■ ■ can be determmed as above, 

and are 

Ci = ^io) t' a = 6 a0 -p frijCj + f> 02 Ci, •••, 

and in general 

<«>' C. = P.(* w ,6 2 „ .. ,b„.). 

It is evident from a comparison of the formulas (43) and (43') 
that |c.| < since each of the coefficients of the polynomial P„ is 
positive and t®*„l i Henee the series (42) surely converges 
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whenever the series (42') converges. Now we may select for the 
dominant function Y) the function 


*(*, Y) = 


M 





where 31, and p are three positive numbers. Then the auxiliary 
equation (41') becomes, after clearing ot fractions, 


Y 1 - 


~ 2 Y . 3/p 2 


,+ 


p + 3/ p + V -J 


= 0 . 


Tins equation has a root which vanishes for x = 0, namely: 


2(p -f- 3/) 




4 l /( p 4 W) 



The quantity under the radical may ho written m the form 


(•-DO-;)"' 



Hence .the root }’ may be written 


Y = 


2 (P + 3/) 




It follows that this root Y may lie developed in a series which con¬ 
verges m the interval (— it, + «), and this development must coin¬ 
cide with that which we should obtain l>v direct substitution, that 
is, with (42'). Accordingly the series (42) converges, a fortiori, in 
the interval (— a, -(- <r). This is. however, merely a lower limit of 
the true interval of convergence of the series (42), which may be 
very much larger. 

It is evident from the manner in which the coefficients c n were 
determined that the sum of the series (42) satisfies the equation (41). 
Let us write the equation F(x, y) in the form y — /(a-, y) = 0, and 
let y = P(x) be the root just found. Then if P(x) 4- z be substi¬ 
tuted* for y in F(x, y), and the result be arranged according to 
powerB of x and z, each term must be divisible by z, since the whole 
expression vanishes when * = 0 for any value of x. We shall have 
then F\x, p(x) + e] = zQ(x, z) , where <2(*, z) is a power series in x 
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tad z. Finally, if * be replaced by y — P{x) in Q(x, «), we obtain 
;he identity 

F(x, y) = [y- P(a;)] (f ( x, y ), 

where the constant term of Q, must be unity, since the coefficient 
of y on the left-hand side is unity. Hence we may write 

(44) F(x, y) = [y- P(*)](l + ax + fiy 4-)- 

This decomposition of F(x, y) into a product of two factors is due 
to Weierstrass. It exhibits the loot y = P(r), and also shows that 
there is no other root of the equation F(r, y) = 0 which vanishes 
with rr, since the second factor docs not approach zero with x and y 

Note. The preceding method for determining the coefficients e u is 
essentially the same as that given in § 46. But it is now evident 
that the series obtained by carrying on the process indefinitely is 
convergent. 


188. The general theorem. Let us now consider a system of p equa¬ 
tions in p 4- q variables. 


(45) 



x u 

■ ■ * x <\ \ y t 

y*. • 

. y„) = 



* ’ ? ***</ i V\ 

Vs, ■ 

■ - Up) = 

Fp<* u 

x 2 , 

>ji 

y=. 

> !/p) = 


where each of the functions F t , F,, • •, F v vanishes when ,r, = y* = 0, 
and is developable in power series near that point. We shall further 
suppose that the Jacobian 1)(F X , F 2 , F p )/I)(y u y .,, , y r ) docs 

not vanish for the set of values considered. Under these conditions 
there exists one and only one system of solutions of the equations (45) 
of the form 


V\ — (*1 !*»>'■•»*«)> ' ■ •» Vp — (*1 »*!»••' » x q) ’ 


where $1 , (j >2 . - ■ ■, 4> r are power scries in , :r 2 , ■ x q which vanish 
when Xi = x, = • • • = x q = 0. 

In order to simplify the notation, we shall restrict ourselves to 
the case of two equations between two dependent variables u and v 
and three independent variables x, y, and z : 


(46) 


F 1 = au 4 - bv 4 - cx 4 - dy ex -f ■ • • = 0, 
F , = a'u 4 - Vv 4- e'x 4- d'y + e'z + ■ ■ ■ = 0. 


Since the determinant ah’ — ba' is not zero, by hypothesis, the two 
equations (46) may be replaced by two equations of the form 
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(47) 


(« = ta^7ry"z"u'>v r , 
\v = 


where the left-hand sides contain no constant terms and no terms 
of the first degree in u and v. It is easy to show, as above, that 
these equations may be satisfied formally by replacing it and v by 
power series in x, y, and «: 

(48) u = S c, kl x'rf^, v = 


where the coefficients c, u and r' lt may be calculated from a mnpqr and 
l v by means of additions and multiplications only, lu order to 
show that these series converge, we need merely compare them with 
the analogous expansions obtained by solving the two auxiliary 
equations * 


U= V = 


M 






where M, r, and p are positive numbers whose meaning has been 
explained above. These two auxiliary equations reduce to a single 
equation of the second degree 


U 1 - 


o*tr 


.r + y + s 


2p + 4,1/ 2 p + 4.1/ j _ r + y + 


- = 0 , 


which has a single root whicli vanishes for x = y = z = 0, namely: 


V — 


4( P + 2,1/) 


4( P + 2.1/) 



> + y + * 

OL 

3 L±JL± 

r 


where a — r [p/(p + 4.1/)J 2 . 

This root may be developed in a convergent power series when¬ 
ever the absolute values of x, //, and z are all less than or equal to 
«/3. Hence the series (48) converges under the same conditions. 

Let u l and tq be the solutions of (47) which are developable in 
series. If we set u = it, 4- u’, v = e, -f- »’ in (47) and arrange the 
result according to powers of x, y, z, v 1 , each of the terms must 
be divisible by it’ or by v’. Hence, returning to the original varia¬ 
bles x, y, z, u, v, the given equations may be written in the form 


(47-) 


((« - ui)f + (» - i'i)4> = 0, 

((u - «i)/i +('« - t>i) 4*i = 0»‘ 



SPECIAL SERIES 


{IX, §]&!) 


where /, 4>, f lt 4> t are power series in x, y, z, u, and v. In t)u s 
form the solutions u = u lt v = v t are exhibited. It is evident also 
that no other solutions of (47') exist which vanish for x = y = z = o 
For any other set of solutions must cause f<f> l — $f x to vanish, 
and a comparison of (47) with (47') shows that the constant term 
is unity in both / and <£,, whereas the constant term is zeio m 
both fi and <f>; hence the condition /<£, — <£/, = 0 cannot be met by 
replacmg u and v by functions which vanish when a; = y = x = (J 


189 Lagrange’s formula Let us consider the equation 
(49) y = a + x#(y ), 

where is a function which is developable in a power series in y ~ a, 

<t>(y) = <#>(«) (y - a) <p'{a) + ^ <p (a) + 


which converges whenever y — a does not exceed a certain number By Uk 
general theorem of § 187, this equation has 0110 and only one loot ninth 
approaches a as a; approaches zero, and tins root is represented for sufficiently 
small values of a; by a convergent power senes 

y = a + ctiX + a 2 x ! + 

In general, if f(y) is a function which is developable according to positive 
powers of y — a, an expansion of f(y) according to powers of x may be obtained 
by replacing y by the development just found, 

(60) /(!/) =/(a) + A!X + A a x ! + + A„z>‘+ , 


and thlB expansion holds for all values of x between certain limits 
The purpose of Lagrange’s formula is to determine the coefficients 

A\ , A 2 , , An , 

in terms of a It will be noticed that this problem does not differ essentially 
from the general problem The coefficient A„ is equal to the nth derivative of 
f(y) fory = 0, except for a constant factor n 1 , where y is defined by (411), and 
this derivative can be calculated by the usual rules The calculation appears to 
be very complicated, but it may be substantially shortened by applying the fol¬ 
lowing remarks of Laplace (cf Ex 8, Chapter II) The partial derivatives of 
the function y defined by (49), with respect to the variables x and a, axe giveD 
by the formula! 

[l - a*'(y)) = *(j ,) , [1 - x4> r m ~ =- 1 , 

ox da 

whence we find immediately 


(61) 


Su 


where u = f(y) On the other hand, it is easy to show that the formula 


(511 


sKI-iKI 
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is identically satisfied, where F(y) is an arbitrary function of y. 


side become* 


+ d ° u 
ca ox ca ox 


For either 


on performing the indicated differentiations. We shall now prove the formula 


d^u 

dx n 


d n ~ 1 
da 1 


- [^"M 


for any value of n. It holds, by ( 51 ), for n — 1 In order to prove it in r eu- 
eral, let us assume that it holds for a certain liumhei n Then we shall nave 


?"+!?/ 
c x n 11 



Li¬ 


eut we also have, from (f>l) and ( 51 '), 


- [ 
ox L 


t ul d r i u~t < r 

<t>W =7 <t>(u)“ - I 

r<tJ ca L ^ <xj m L 



whence the preceding formula 1 educes to the form 


r» + 1 u 

tx n f 1 



V'l- 

e rtJ 


which shows that the formula in question holds foi all values of n. 

Mow if we set, x = 0 , y reduces to a, u lo /pi), and the nth derivative of u 
with respect to x is given by the formula 



f l , [<-(«)"/'(«)] • 


Hence the development of f(y) by Tailor's senes becomes 


f(y)~ f(a) + x<p(a)/'(a) + X 'j [</■(«)'/'(«)] + ••' 

<®> l 

This is the Doted formula due to Lagrange It gives an expression for the 
root y which approaches zero as x appioaehes zeio. We shall find later the 
limits between which this formula ih applicable. 


Note It follows from the general theorem that the root y, considered as a 
function of# and a, may be represented n9 a double series arranged according 
to powers of x and a . This series can be obtained by replacing each of tfie 
coefficients A n by its development in powers of a. Hence the aeries ( 62 ) may 
be differentiated term by term with respect to a. 

Examples. 1) The equation 

<& 8 ) y = a + X -(v*- 1 ) 
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few one loot which is equal to o when x = 0. Lagrange’B formula gives the 
following development for that root: . 


(64) 


* i /*y d<a*-iy 

| y = « + -(a»-l) + — (-) —= +' 


_I- (*) 

1 . 2 -■ n\ 2 / 


da 
1 d«-M 


- 1 )* 


da n ~ 


On the other hand, the equation (58) may be solved directly, and its roots arc 


« = i ± 1 Vl - ‘tax + i 2 . 

" x x 

The root which is equal to a when x = 0 is that given by taking the sign 
Differentiating both sides of (54) with respect to a, we obtain a formula which 
differs from the formula (32) of § 184 only in notation. 

'2) Kepler’s equation for the eccentric anomaly u* 

( 66 ) it = u + e sin «, 

which occurs in Astronomy, has a root it which is equal to a for e = 0. Lagrange’s 
formula gives the development of this root near e = 0 in the form 


e x d e" 

( 66 ) u = a + e sin a + — — (sm*a) + • ■ • + j - 


tf"^ 1 ( 8 in“a) 
da" - 1 


Laplace was the first to show, by a profound process of reasoning, that this 
series converges whenever e is less than the limit 0.062743 ■ ■ 

190. Inversion. Let us consider a series of the form 

(67) y = aia: + aji s +-1- a„x" H-, 

where a, is different from zero and where the interval of convergence is (- r, + r) 
If y be taken as the independent variable and * be thought of as a function of y, 
by the general theorem of § 187 the equation (57) has one and only one root which 
approaches zero with y, and this root can be developed in a power series in y 

(68) x = b l y + b 2 y 1 + b^y 3 + ■■■ + b,y" + 

The coefficients hi, b 3 , ■■■ may be determined successively by replacing x in 
( 57 ) by this expansion and then equating the coefficients of like powers of y 
The values thus found are 


, 1 v _ Os 

°i = —* hs - — 31 

ffli fli 


b» = 


2 o» - a t a> 


The value of the coefficient b„ of the general term may be obtained from 
Lagrange's formula. For, setting 

^(x) = «! + Ojx + • ■ • + a ,,!"- 1 + • • 
the equation (57) may be written in the form 

1 


x = V 


m 


*See p. 248, Ez. 19; and Ziwst, j fitments of Theoretical Mechanic*, 2d ed.. 
n. 366— Tuans. 
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and tlx 1 development of tbe root of this eqnation which approaches zero with y 
* glven by Lagrange's formula m the form 

1 . V" d n ~ 1 / 1 V 

x = V -H + —-I-I 4- 

V(0) 12 n dx n 1 \4-ft)/<i 

w here the subscript 0 Indicates that we are to set x = 0 after performing the 
nulicated differentiations 

Ihe problem jnst treated has sometimes been called the reversion of series 

191 Analytic functions In the future we shall say that a func¬ 

tion of any number of variables r, >/, z, is analytic if it can be 
<kieloped, for values of the variables near the point a,, y„, , 

in a power senes airaxiged at voiding to iuci easing powers of 
x - r ai y — y~ — ~<u Which converges for sufficiently small 
values of the differences x — x„, 1 he values winch x„, y 0 , z a , 

may take on may be restmted by eeitam (onditions, but we shall 
not go into tbe mattei fuitlier heie I he developiut nts of the pres¬ 
ent chapter make cleat that such f uni turns aie, so to speak, inter¬ 
related Given one or more analytic functions, the operations of 
integration and differentiation, the algelnaic operations of multiph 
cation, division, substitution, eti , lead to new analytic functions 

1 ikcwise, tbe solution of equations whosr left band member is ana- 
lvtic leads to analy tie functions Since the very simplest functions, 
such as polynomials, the exponential function, the tilgonometnc 
functions, ete , aie analytic, it is tasy to su why the first functions 
studied by mathematicians wen. analytic These functions are still 
piedommaut in the tlieoiy of fun< tionsof a lomplex variable and in 
tlu study of differential equations Nevertheless, despite the funda 
mental importance of analytic functions, it must not be forgotten 
that they actually constitute meicly a very paititular group among 
the whole assemblage of continuous functions * 

192 Plane curves Let us consider an are IB of a plane curve 
We shall say that tin curve is anah/tu alontj the arc AB if the 
(ooidinates of any point M winch Ins m the neighborhood of any 
fixed point M„ of that are can be developed in power senes arranged 
according to powers of a parametei t — t e . 

(5 m (* = 4>(t) = *•„ + »i(<- * u ) + t„Y + +a n (t- t 0 )*+ , 

' Jv = m = + h(t- f„) + b,(t - t 0 ) a + +K(t~to)'+ , 

which converge for sufficiently small values of t — t„ 


* In the second volume an example of a non analytic function will be given, all ot 
whose derivatives exist throughout an interval (a, b) 
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A point will be called an ordinary point if in the neighbor, 
hood of that point one of the differences y — y„, x — jc 0 can ^ 
represented as a convergent power series in powers of the other 
If, for example, y — y a can be developed in a power series », 

X 

(60) y — y„ = c l (x - x B ) + c,(x - x„y q-(- c„(i — x„)" + 

for all values of x between -r„ — h and x„ + h, the point (x„, i /n j ls 
an ordinary point. It is easy to replace the equation (60) by two 
equations of the form (59), for we need only set 

( x = x„ -+- t — t a , 

(61) ) 

(y = y,, + <•»(' -<,) + ■ +C„(t 

If c i is different from zero, which is the case in general, the equa¬ 
tion (60) may be solved for x — r„ in a power series in y — ?/„ winch 
is valid whenever y - y„ is sufficiently small. In this case each of 
the differences ,r — x a , y — y a can be represented as a convergent 
power series in powers of the other. This ceases to be true if r, is 
zero, that is to say, if the tangent to the curve is parallel to the 
x axis. In that case, as we shall set; presently, x — x 0 may be devel¬ 
oped in a series arranged according to fractional powers of y — i/„ 
It is evident also that at a point where the tangent is parallel to 
the y axis x — ,r„ can be developed in power series in y — y„, hut 
y //„ cannot be developed in power series in x — x 0 . 

If tlie coordinates (x, y) of a point on the curve are given by the 
equations (59) near a point M„, that point is an ordinary point if 
at least one of the coefficients « lt h t is different from zero.* If «i 
is not zero, for example, the first equation can lie solved for t — f„ 
in powers of x — j-,,, and the second equation becomes an expansion 
of y — y tl in powers of x — x„ when this solution is substituted for 
t-t„. 

The appearance of a curve at an ordinary point is either tlie cus¬ 
tomary appearance or else that of a point of inflection. .Any point 
which is not an ordinary point is called a sinyular point- If all 
the points of an arc of an analytic curve are ordinary points, the 
arc is said to lie reyular. 


* This condition is sufficient, but not necessary. However, the equations of any 
curve, near an ordinary point M n , may always be written in such a way that Oi aud 
ti do not both vanish, by a tmitablti ohoioc of the parameter, For this is actually 
accomplished ia equations (01). See also second footnote, p. 409. —Trans. 



BEAL ANALYTIC FUNCTIONS 


409 


IXJI«0 

If each of the coefficients a, and 6, is zero, but a 5 , for example, 
ia differ® 11 * from zero, the first of equations (59) may be written in 

the form (* — *o)* = (< — 4) [a, + a, (t — t„) -)-] 4 , where the right- 

hand member is developable according to powers of t — t„. Hence 
t _ t„ is developable in powers of (x ~ xrf, and if t — t„ in the 
second equation of (59) be replaced by that development, we obtain 
a development for y — y 0 in powers of (x — as,,) 4 : 

y~yt = e i(* — x tt) + e i ( x - ar n )' + C,(.r ~x 0 ) 2 + • 

In this case the point (x 0 , y 0 ) is usually a ensp of the first kind.* 
The argument just given is general. If the development of 
x — in powers of t — t 0 begins with a term of degree n, y — y 0 
can be developed according to powers of (x — -r„). The appearance 
of a curve given by the equation (59) near a point (x u , y„) is of 
one of four types: a point with none of these peculiarities, a point 
of inflection, a cusp of the first kind, or a cusp of the second kind.* 


193. Skew'curves. A skew curve is said to be analytic along an arc 
A IS if the coordinates x, y, z of a variable point M can be developed 
in power series arranged according to powers of a parameter t — <„ 


i x = x 0 + a,(t - <„) + -h a„(/ - <„)" H , 

(62) -{ y = Vo + *i (i — O + —h K ( f ~ Q n + ■ • •, 

U = z 0 + c t (t — 4) H-1- f„ (t — to)" + ■■■, 


in the neighborhood of any fixed point A f„ of the arc. A point 
M g is said to be an ordinary point if two of the three differences 
x — x„, y — y„, z — z u can be developed in power series arranged 
according to powers of the third. 

It can be shown, as in the preceding paragraph, that the point 
Mg will surely be an ordinary point if not all three, of the coefficients 
a,, b lt c, vanish. Hence the value of the parameter / for a singular 
point must satisfy the equations t 




dz 

dt 


= 0 . 


# For a cusp of the first kind the tangent lies between the two branches. Fora 
cusp of the second kind both branches Ue on the same side of the tangent. The 
point is an ordinary point, of course, if the coefficients of the fractional powers 
happen^to be ail zeroB. —Trans. 

t These conditions are not sufficient to make the point Mq , which corresponds to 
a value c Q of the parameter, a singular point when a point M of the carve near 
corresponds to several values of t which approach f 0 a* M approaches Mq . Such is 
the case, for example, at the origin on the carve defined by the equations ars= f 8 , 
v~t*, x =t*. 
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Let x„, i/„, e„ be the oofirdinates of a point M 0 on a skew curve r 
whose equations are given in the'form 

(63) F(x, y,z) = 0, F x (x, y, z) = 0, 

where the functions Fand F L are power series in x — x 0 , y — y 0) z — x . 
The point M„ will surely be an ordinary point if not all three u[ 
the functional determinants 

L>(F, F,) I)(F, F x ) D(F, F\) 

D ( x > y ) ’ J) (y> ~) ’ D ( z > x ) 

vanish simultaneously at the point x = r 0 , y = //„, z — z„. For if 
the determinant D(F, l'\)/J)(x, //), for example, does not vanish at 
M„, the equations (63) can be solved, by § 188, for x — x, 0 and y — y v 
as power series in z — s 0 . 

194. Surfaces. A surface S will be said to be analytic throughout 
a certain region if the coordinates x, //, z of any variable point 1/ 
can be expressed as double power series in terms of .two variable 
parameters t — t„ and w — i/„ 

r x — x 0 = a, 0 (t - t„) + a 01 (u - u„) H-, 

(64) | y - 2 /» = V(< - Q + hi (“ -«») + ■••> 

U - ~o = «io(< - <u) + Cm (“ - Wo) + ■ •> 

in the neiglihorhood of any fixed point M„ of that region, where 
the throe series converge for sufficiently small values of f —1 0 anil 
u — u n . A point M 0 of the surface will be said to lie au ordinary 
point if one of the three differences x — .r u , y — c — ",v 0 can be 
expressed as a power series in terms of the other two. Every point 
for which not all three of the determinants 

F)(y, D(~, X) T>(x, y) 

D(t, u) ’ D(t, 'u)’ 0(t, u) 

vanish simultaneously is surely an ordinary point. If, for exam¬ 
ple, the first of these determinants does not vanish, the last two of 
the equations (64) can be solved for t — t 0 and u — u 0 , and the first 
equation becomes an expansion of x — x 0 in terms of y — y u and 
2 — upon replacing t — <„ and u — u 0 by these values. 

Let the surface S be given by means of an unsolved equation 
F(x, y, *) = 0, and let x 0 , y„, z„ be the coordinates of a point M 0 
of the surface. If the function F(x, y, s) is a power series in 
* — x%, y — y g , a — s 0 , and if not all three of the partial derivatives 
dF/d :* 0) dF/dy a , dF/dz 0 vanish simultaneously, the point M tt is surely 
an ordinary point, by § 188. - 
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Note. The definition of an ordinary point on a curve or on a sur¬ 
face is independent of the choice of axes. For, let M„ (x 0 , y 0> « 0 ) be an 
ordinary point on a surface 5. Then the coordinates of any neigh¬ 
boring point can * be written in the form (64), where not all three of 
the determinants D(tj y z)/D(t , it), D{z, x)/D(t, u), 1 >(jc, y')/D(t, u) 
vanish simultaneously for t = t u , u = u 0 . Let us now select any new 
axes whatever and let 

.Y = a,x + + y,s + S,, 

Y = trjX + {3,y + yj,~ 4 - Sj, 

Z = a % x -f (3 a y + 4- S 5 

be the transformation which carries x, //, z into the new coordinates 
X, Y, Z, where the determinant A = J)(X. Z)/J\x, y, a) is differ¬ 

ent from zero. Replacing x, y, - by their developments in series 
(t>4), we obtain three analogous developments for X, Y, Z ; and we 
cannot have 

»(*, n = />( r, z) = mz.X) = 

I)(t, v) J\t, ll) f}(t, u) 

for t = t 0 , u — since the transformation can be written in the form 

® = 4 1 .V 4- l‘\ J + (\ Z -f D \, 

y — dj.\ I!., I' 4- t \Z 4- l). t , 

% — djA’ 4- Y 4- 4 /■*», 

and the three functional detenninauts involving A’, Y, Z cannot 
vanish simultaneously unless the three involving x, y, z also vanish 
simultaneously. 

IV. TRIGONOMETRIC SERIES MISCELLANEOUS SERIES 

195. Calculation of the coefficients. The series which we shall study 
in this section are entirely different from those studied above. 
Trigonometric series appear to have been first studied by I). Ber¬ 
noulli, in connection with the problem of the stretched string. The 
process for determining the coefficients, which we are about to give, 
is due‘to Euler. 

Let f(x) be a function defined in the interval {a, V). We shall 
first suppose that a and h have the values — ir and 4- w, respec¬ 
tively, which is always allowable, since the substitution 

, _ 2tte — (a 4- b)ir 
X b — a 


* See footnote, p. 408. —Trans. 
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reduces any case to the preceding. Then if the equation 

(65) f{x) = ^ + (»i cos x + hi sin x) H-h (a„eos «x 4- i m sin mx) -j-. . 

holds for all values of x between — v and + tt, where the coefficients 
Oo, a,, 6j, ■ • •, a ml b m , • • - are unknown constants, the following device 
enables us to determine those constants. W e shall first write down 
for reference the following formula-, which were established above, 
for positive integral values of m and n : 


( 66 ) 


sin mx dx = 0; 


cos mx dx = 0, 


cos mx cos nx dx 


cos’* mx dx : 

sin mx sin nx dx 

+ v 

cos 


if *t(l, 


£ 

£ 

X + TT 

X + ,r cos (m — n)x + cos (m + n)x , .. .„ 

-»- ' - ' dx — 0, if m n; 

r + ’ „ , f + * 1 4- cos 2mx 

f cos mx dx = I — 

U-v J—it 

£' 

-X 

X 

X 


dx = tt, if m =£ 0; 


jo s (m — n) x — cos (m + n)a 


dx — 0 , if to =£ n; 


sin 2 mx dx 


- £' L 


— cos 2 mx 


dx = 7 r, if m =f- 0, 


sin Jia cos nx dx 
* + w 


_ J' sin (m + n)x + sin (m — n)x ^ ^ 

Integrating both sides of (65) between- the limits — ir and + tt, 
the right-hand side being integrated term by term, we find 

J f* /(*) dx = jjf * 'dx = 


which gives the value of <v Performing the same operations upon 
the equation (65) after having multiplied both sides either by cog mx 
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or by sin mx, the only term on the right whose integral between — w 
and 4- «r is different from zero is the one in cos 2 mx or in sin 2 mx. 
Hence we find the formulas 


fix') cos mx dx = 7 ra m , I /(x) sin iw da = 7r6 m , 

respectively. The values of the coefficients may be assembled as 
follows: 

1 r + " 1 r + " 

(7, fl = — / f(a)da, a m = — I f(a) cos ma da, 

IT J - it ^/_Tr 


(67) 


,-ir 

■ KJ -r 


/(tr) sin mada. 


The preceding calculation is merely formal, and therefore tenta¬ 
tive. For we have assumed that the function /(x) can be developed 
in the form (6f5), and that that development converges uniformly 
between the limits — 7r and + r r. Since there is nothing to prove, 
a priori, that these assumptions are justifiable, it is essential that 
we investigate whether the series thus obtained converges or not. 
Replacing the coefficients a, and b , by their values from (67) and 
simplifying, the sum of the first (m + 1) terms is seen to be 


fS. 


1 f +w fl 1 

/(«) ^-d-cos(<r—a-)-f-c°s2(cj'—a;)H- |-C08TO(<r— x)J da. 


But by a well-known trigonometric formula we have 
1 


. 2m +1 
sm —-— a 


4- cos a + cos 2a + ■ ■ ■ + cos ma = 


whence 


o ■ a 

2sm- 


= I f 

Hi _ I 

TT J- it 


/(<>)■ 


■ 2m +1 , 
sm -—-— (a - x ) 


• da. 


2 sin - 


or, setting a = x + 2y, 

2 


Thi whole question is reduced to that of finding the limit of this 
sum as the integer m increases indefinitely. In order to study tbiB 
question, we shall assume that the function /(x) satisfies the fol¬ 
lowing conditions: 
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1) The function f(x) shall be in general continuous between — ir 
aud 4- ir, except for a finite number of values of a:, for which its value 
may change suddenly in the following manner. Let c be a numbei 
between — ir and + ir. For any value ~of e a number h can be found 
such that f(x ) is continuous between e — h and c and also between 
e and c + h. As t approaches zero, f(c + e) approaches a limit which 
we shall call f(c + 0). Likewise, /(c — t) approaches a limit which 
we shall call f(c — 0) as t approaches zero. If the function f(x) 
is continuous for x — c, we shall have f(c) = f(c + 0) = f(c — 0). If 
f(c -f 0) =£• f(c — 0), f(x) is discontinuous for x = c, and we shall agree 
to take the arithmetic mean of these values \_f(c + 0) + /(c — 0)]/2 
for /(e). It is evident that this definition of /(c) holds also at points 
where f(x) is continuous. We shall further suppose that /(— ir + £ ) 
and f(tr — e) approach limits, which we shall call f(— ir + 0) and 
/(ir — 0), respectively, as t approaches zero through positive values. 
The curve whose equation is ?/ = f(x) must be similar to that of 
Fig. 11 on page 160, if there are any discontinuities. We have 
already seen that the function f(x) is integrable in the interval from 
— ir to + ir, and it is evident that the same is true for the product 
of f(x) by any function which is continuous in the same interval. 

2) It shall be possible to divide the interval (— 7r, + 7r) into a 
finite number of subintervals in such a way that f(x) is a monoton- 
ically increasing or a monotonically decreasing function in each of 
the subintervals. 

For brevity we shall say that the function/(r) satisfies Dirichlet’s 
conditions in the interval (— ir, -j- ir). It is clear that a function 
Which is continuous in the interval (— ir, ir) and which has a 
finite number of maxima and minima in that interval, satisfies 
Dirichlet’s conditions. 


196. The integral J^ h f(x) [sin nx/sin x]dx. The expression obtained 
for S m + , leads us to seek the limit of the definite integral 



sin nx , 

- ax 

sin* 


as n becomes infinite. The first rigorous discussion of this ques¬ 
tion was given by Lejeune-Diriehlet.* The method which we shall 
employ is essentially the same as that given by Bonnet.f 


* CreUe’s Journal, Vol. IV, 1829. 

t MSmaires des savants strangers publMs par l’Acad^mie de Belgique, Vol. XXIIL 
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Let us first consider the integral 


(69) 



where h is a positive number less than v, and <f>(.r) is a function 
which satisfies Dirichlet’s conditions in the interval (0, ]l). If <f>(x) 
is a constant C, it is easy to find the limit of J. For, setting y -■ nx, 
we may write 


J r* nh 

C smy 
0 .'/ 


< l !h 


and the limit of ./ as n becomes infinite is Ctt/ 2, by </'*>>, S 170. 

Next suppose that <f>(x) is a positive iiionotonieally decreasing 
function in the interval (0, h). The integrand changes sign for 
all values of x of the form hir/n. Hence ./ may be written 

./ = 14 - in -F i/j - u s -i -b (—!/«* + •• + (—1 ) m 0u„, o<e<i, 


where 


f 


,, . sin nr , 
4>(x) —-- dx 


and where the upper limit h is supposed to lie between mv/n and 
(m + 1)7r/n. Kach of the integrals ?<, is less than the preceding. 
For, if we set nx = ktr -f y in we find 


"■lelr: 


sin y 


y + kw 


dy, 


and it is evident, by the hypotheses regarding that this inte¬ 

gral decreases as the subscript k increases. Hence we shall have 
the equations 

J = 1*0 — (»1 — M»).— ( II 3 — 1‘i) -, 

,/ = H fi — ttj + (ll 2 — «„) + (lli — U 6 ) + • •, 

which show that J lies between «„ and n„ — It follows that J is 
a positive number less than n„, that is to say, less than the integral 



sm nx , 

- ax. 

x 


But this integral is itself less than the integral 


" *(+ 0 ) r^dy = A+ (+ 0 ), 

%/0 * a/0 if 

where A denotes the value of the definite integral/ o "[(smy)/j/]ify. 
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The same argument shows tkat the definite integral 

r, r" , / s sin nx , 

= I <jt(x) - dx, 

Jc x 

where c is any positive number less than h, approaches zero as n 
becomes infinite. If c lies between (i — \)irjn and iir/n, it can be 
shown as above that the absolute value of J' is less than 



and hence, a fortiori, less than 



n 


< ?!. ^(£) 
n c 


Hence the integral approaches zero as n becomes infinite.* 

This method gives us no information if e — 0. In order to dis¬ 
cover the limit of the integral let c be a number between 0 
and h, such that <f>(x) is continuous from 0 to c, and let us set 
+ ip(x’). Then if/(x) is positive and decreases in the 
interval (0, c) from the value <f>(+ 0) — 4>(c) when z = 0 to the 
value zero when x — c. If we write ./ in the form 


, ,, , r c sin nx , f c , „ sin nx , f h ,, . sin nx , 

J = <£(c) I - dx 4- I 'l'(x) - dx + f <i>(x) - dx 

J » * Jo x Jc x 

and then subtract (-tt/S) 0), we find 

J - J <K+«)= <#>(«) [ f SJI ^ **- 1] 4- f [*<o) - *(+0)] 

^ ) AC ■ 

I , , sm nx . / ,, . am me , 

+J o <K X ) — — d *+J <H X ) —— dx. 

In order to prove that./ approaches the limit (7r/2)<£(+ 0), it will 
be sufficient to show that a number m exists such that the absolute 


* This result may be obtained even more simply by the use of the second theorem 
of the mean for integrals (§75). Since the function <P(r) 1b a decreasing function, 
that formula gives 

‘.sinwe *<c)/■* , i«e), 

•Jo —~ “* ~e~J e shm* 11 ** ^ (cosne - eosnf)> 

and the right-hand member evidently approaches sere. 




TRIGONOMETRIC series 




417 


value of eacii of the terms on the right is less than a preassigned 
positive number t/4 when n is greater than m. By the remark 
made above, the absolute value of the integral 

X ' sin nx 

<K*) —~ dx 

is less than Ai/f(+ 0) = A [<£(+ 0) — <£(«)]. Since 4>(x) approaches 
0) as x approaches zero, c may be taken so near to zero that 
.1 [</>(+ 0) — d>( <! )] and (vr/2)(>(+ 0) — 4’( r )l are both less thanv/4. 
The number c having been chosen in this way, the other two terms 
on the right-hand side of equation (70) both approach zero as n 
becomes infinite. Hence n may be chosen so large that the abso¬ 
lute value of either of them is less than t/4. It follows that 

(71) lhn./ = £ *(+<>). 


We shall now proceed to remove the various restrictions which 
have been placed upon <(,(>) m the preceding aigmnent. If <f>(x) is 
a monotonically decreasing function, but is not always positive, the 
function i f/(x) ----- «£(.r) -f C is a positive monotonically decreasing func¬ 
tion from 0 to h if the constant <' be suitably chosen. Then the 
formula (71) applies to i^(.r). Moreover we may write 



and the right-hand side approaches the limit (zr/2) i//(4- 0) — (7r/2 )C, 
that is, (7t/2) <f>( + 0). 

If 4>(x) is a monotonically increasing function from 0 to li, — <t>(x) 
is a monotonically decreasing function, and we shall have 


J f * . sm nx C sin nx 

t ^(j;)- dx = - I - —— dx. 

o x Jo * 

Hence the integral approaches (7r/2)<f>(4- 0) in this case also. 

Finally, suppose that is any function which satisfies Dirich- 
let’s conditions in the interval (0, h). Then the interval (0, h) 
may be divided into a finite number of subintervals (0, a), (a, b ), 
(b, c), • • •, (l, h), in each of which <p(x) is a monotonically increasing 
or decreasing function. The integral from 0 to a approaches the limit 
(7r/2)%(+ 0). Each of the other integrals, which are of the type 



sin nx 


dx, 


x 
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approaches zero. For if <t>(x) is a monotonically increasing function, 
for instance, from a to b, an auxiliary function tp(x) can be formed 
in an infinite variety of ways, which increases monotonically from 
0 to b, is continuous from 0 to a, and coincides with <£(x) from a to 6. 
Then each of the integrals 



approaches >//(+ 0) as n becomes infinite. Hence their difference, 
which is precisely H, approaches zero. It follows that the formula 

(71) holds for any function <j>(x) which satisfies Dirichlet’s condi¬ 
tions in the interval (0, h). 

Let us now consider the integral 

(72) 1 =/ ^ ^slnT dX ’ ° < h < lr ’ 


where f(x) is a positive monotonically increasing function from 
0 to h. This integral may be written 



sin nx , 
ax 
x 


and the function = f(x) x/sinr is a positive monotonically 

increasing function from 0 to h. Since/(+ 0) = d>(+ 0), it follows 
that 

(73) lim/ = £/(+()). 

n= x " 


This formula therefore, holds if f(x) is a positive monotonically 
increasing function from 0 to h. It can be shown by successive 
steps, as above, that the restrictions upon f(x) can all be removed, 
and that the formula holds for any function f(x) which satisfies 
Dirichlet’s conditions in the interval (0, h). 


197. Fourier Beries. A trigonometric series whose coefficients arp 
given by the formulae (67) is usually called a Fourier series. Indeed 
it was Fourier who first stated the theorem that any function arbi¬ 
trarily defined in an interval of length 2ir may be represented by a 
series of that type. By an arbitrary function Fourier understood 
a function which could be represented graphically by several cur¬ 
vilinear arcs of curves whieh are usually regarded as distinct curves. 
We shall render this rather vague notion precise by restricting our 
discussion to functions which satisfy Diriehlet’s conditions. 
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In order to show that a function of this kind can be represented 
by a Fourier series in the interval (— 7r, + 7 r), we must find the 
limit of the integral (68) as m becomes infinite. Let us divide 
this integral into two integrals whose limits of integration are 
0 and (it — x) /2, and — (tt 4 - x) /2 and 0, respectively, and let us 
make the substitution y = — z in the second of these integrals. 
Then the formula (68) becomes 


„ 1 c 2 s sin (2m 4-1)'/ , 

*•*» = nj n f(X + 2y) -sin 7 d * 

1 f V * „ sin(2m 4- l)a 

+ - I /(* ~ 2s)--- - - - dz. 

tt Jo Bin c 


When x lies between — 7 r and 4 - 7r, (7 t — x)/2 and ( 7 r 4- x)/2 both 
lie between 0 and 7 r. Hence by the last article the right-hand 
side of the preceding formula approaches 


1 
7r 





f(x + 0) -) -f(r ~ 0) 
2 


as w becomes infinite. It follows that the series (65) converges and 
that its sum is/(x) for every value of x between — tt and 4- tt. 

bet us now suppose that x is equal to one of the limits of the 
interval, — 7r for example. Then »S’,„ + 1 may be written in the form 


- if[ 


/(— 7T + 2 >/) 


o ain(2m 4 - 1 ) 1 / 


+ 




TT + 2//) 


Q sin (2 m +1 )y 


smj 


The first integral on the right approaches the, limit/(— 7 r 4- 0)/2. 
Setting y = 7r — z iu the second integral, it takes the form 


IT 



^J2ru±l)z dz 

’ Bin v 


which approaches /(tt — 0)/2. Hence the sum of the trigonometric 
seriefcis [./(tt — 0) +/(— 7r 4- 0)]/2 when x = — 7r. It is evident 
that the sum of the series is the same when x = 4- 7 r. 

If, instead of laying off x as a length along a straight line, we 
lay it off as the length of an arc of a unit circle, counting in the 
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positive direction from the point of intersection of the circle with 
the positive direction of some initial diameter, the sum of the senes 
at any point whatever will be the arithmetic mean of the two limits 
approached by the sum of the series as each of the variable points 
m' and m", taken on the circumference on opposite sides of w 
approaches m. If the two limits /(— m -f 0) and f(ir — 0) ar e 
different, the point of the circumference on the negative direction 
of the initial line will be a point of discontinuity. 

In conclusion, every function which is defined in the interval 
(— m, + 7r) and which satisfies Dirichlet’s conditions in that inter¬ 
val may be represented by a Fourier series in the same interval. 

More generally, let f(x) be a function which is defined in an 
interval (a, a + 2m) of length 2m, and which satisfies Dirichlet’s 
conditions in that interval. It is evident that there exists one and 
only one function F(x) which has the period 2m and coincides with 
f(x) in the interval (a, a + 2m). This function is represented, for 
all values of x, by the sum of a tAgonomctric series whose coeffi¬ 
cients a m and b„ are given by the formula; (67): 


i r +w i r + " 

a„ — — I F(r) cos mx dx, b m = — I F(x) sin mx dx. 

7r J-* 


The coefficient a m , for example, may be written in the form 


1 r* i r a 

a„ = — I Fix) cos mx dx H— 1 


F(x) cos mx dx, 


where a is supposed to lie between 2Am — m and 2Am + m. Since 
F(x) has the period 2m and coincides with fix ) in the interval 
(a, a + 2 m), this value may be rewritten in the form 


(74) 


j + m s»a + 2n 

a m = — I f(x) cos mx dx + I f(x) cos mx dx 

^ a tJzhn + ir 

^ /*» a + 2 ir 

= — J f(x) cos mx dx. 


Similarly, we should find 

4 />«+!» 

(76) b m = — I fix) sin mx dx. 

7r J. 

Whenever a function fix) is defined in any interval of length 2m, 
the preceding formulae enable us to calculate the coefficients of its 
development in a Fourier series without reducing the given interval 
to the interval (— m, + w). 
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199 . Examples. 1) Let os And a Fourier series whose sum is — 1 lor 
„ < x < 0, and +1 for 0 < x < + ir. The formulae (67) give the values 


“•"i J 

r o 1 r n 

f -dx + ± f 

= 0, 

1 

1 


““ = 5 J 

— cos mx dx H— 
'-ir ft 

| cos mx dx 
Jo 

1 

r* , l 

r* 

b M = - j 

— sin mxdz H— 

I Bin mxdz 

it J 

L* 7T 

Jo 


0, 

2 — cosmir — cos(— mi r) 
mn 


If m is even, b m is zero. If m is odd, b m is i/mit. Multiplying all the coeffi¬ 
cients by n/4 , we see that the sum of the series 


(76) 


sin x sin 3x 

V =-h- + ■ 

13 


sin (2m + l)x 
2m -f 1 


is ~ v/4 for — ic < x < 0, and + it /4 for 0 < x < it. The point x = 0 is a point 
of discontinuity, and the sum of the series is zero when t =• 0, as it should be. 
More generally the sum of the series (76) is */4 when sin* is positive, — jt/4 
when sin x is negative, and zero when sin x — 0. 

The curve represented by the equation (76) is composed of an infinite number 
of segments of length it of the straight lines y = ± it/\ and an infinite num¬ 
ber of isolated points (y = 0, x — kit) on the x axis. 


2) The coefficients of the Fourier development of x in the interval from 0 to 
2* are 


1 r tw 

do = - I xdx = 2 it, 
ft Jo 

a m = ~ I x cos mxdz = 

ft Jo 

1 /» 

b m = — | x sin rnx dz — 
ft Jo 



1 r* n . 

+ —- / sin rnx dx = 0. 
mn Jo 

1 r iir . 2 

+ — I cos mx dx = — — 

7/i n Jo m 


Hence the formula 


(77) 


x it sinx sin2x sin3x 
2 ~ 2 1 2 3~ 


is valid for all values of x between 0 and 2 it. If we set y equal to the series on 
the right, the resulting equation represents a curve composed of an infinite num¬ 
ber of segments of straight lines parallel to y = x/2 and an infinite number of 
isolated points. 


Note. If the function /(z) defined in the interval (— *, + v) is even, that is 
to say, if /(— x) =/(x), each of the coefficients h, is zero, since it is evident that 


a. 


j" /(xjainmzdz = — £ f(x)»iamxdx. 


Similarly, if f(z) is an odd function, that is, if /(— x) = —/(*), each of the 
coefficients a* is zero, including a 0 . A function /(*) which is defined only In 
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the interval from 0 to jr may be defined in the interval from — w to 0 by either 
■ of the equations 

/(-- x) = /(x) or /(-!) = -/(!) 

if we choose to do so. Hence tire given function f(x) may be represented either 
by a series of cosines or by a series of sines, in tlie interval from 0 to it. 

199. Expansion of a continuous function. Weierstrass’ theorem. Let f(x) be a 
function which is defined and continuous in the interval (a, 6). The following 
remarkable theorem was discovered by Weierstrass : Given any preassigned . 
tine number e, a polynomial P(x) can always be found such that the differ nice 
f(x) — P(x) is less than e in absolute value for all values of x in the interval (a, b), 

Among the many proofs of this theorem, that due to Lubesgue is one of the 
simplest* Let us first consider a special function f(x) which is continuous in 
the interval (— 1, + 1) and which is defined as follows : f(x) = 0 for - 1 < 
f{x) = 2 kx for 0 < x < 1, where k is a given constant. Then f (x) = (x + |u{)it. 
Moreover for — i. <x < + l we shall have 

|x| = Vi - (1 - x*), 

and for the same values of x the radical can be developed in a uniformly con¬ 
vergent series arranged according to powers of (1 — x' 1 ). It follows that |x[, and 
lienee also f (x), may be represented to any desired degree of approximation m 
the interval (—1, + 1) by a polynomial. 

Let us now consider any function whatever, /(x), which is continuous in 
the interval (a. 6), and let us divide that interval into a suite of subintervals 
(ao, a t ), (ai, 02 ), • ■ ■, (a„. i, «„), where a = a 0 < «i < a. < • ■ • < a„_i < a,, = b, 
in such a way that the oscillation of f(x ) in any one of the subintervals is less 
than e/2. Let L be the broken line formed by connecting the points of the 
curve y =f(x) whose abscissa; are a,,, a,, a 2 , • •, i>. The ordinate of any point 
on L is evidently a continuous function <£(z), and the difference f(x) — <p(x) is 
less than t/2 in absolute value. For in the interval (u u _ 1 . a u ), for example, 
we shall have , 

/(*) - <t(x) = [/(x) —/(<V-i)] (1 - 6) + [/(x) -/(a u )]d, 

where x — a K _i = 9(0^ — <V_i). Since the factor 9 is positive and less than 
unity, the absolute value of the difference / — <p is less than e(l — 6 + @)/2 = c/2. 
The function <f>(x) can be split up into a sum of n functions of the Bame type as 
(f’(x). For, let A 0 , A \, A 2 , - • •, A'„ be the successive vertices of L. Then <p{x) 
is equal to the continuous function \p 1 ( 1 ) which is represented throughout the 
interval (a, 6) by the straight line AqA 1 extended, plus a function $i(x) which 
i* represented by a broken line Ah A \ ■ ■ ■ A'„ whose first side A'oA'i lies on the 
x axis and whose other sides are readily constructed from the sides of L. Again, 
- the function 4n(x) is equal to the sum of two functions and , where is 
zero between 00 and ai, and is represented by the straight line A [As extended 
between ai andii, while is represented by a broken line At! At'A'f ■ ■ ■ Ai'whose 
first three vertices lie on the x axis. Finally, we' shall obtain the equation 
<t> — *h + fs + • • • + ’P* > where 4>i is a continuous function which vanishes 
between ao and a>_i and which is represented by a segment of a straight line 

-r-— -————■- 1 - — - 

* Bulletin ties sciences mathematigues, p. 27B, 18‘JB. 
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between <ii-i and 6. If we then make the substitution X = mi + n, where m 
and « are suitably chosen numbers, the function g-.(z) may be defined in the 
interval (- 1, + 1) by the equation 

Mx) = k{X + [X i), 

and hence it can be represented by a polynomial with any desired degree of 
approximation. Since each of the functions (as) can be represented in the 
interval (a, b) by a polynomial with an error less than e/2n, it is evident that the 
sum of these polynomials will differ from f(x) by less than t. 

It follows from the preceding theorem that any /unction f(x) which it contin¬ 
uous in an interval (a, b) may be represented by an infinite series of polynomials 
which converges uniformly in that interval. Kor, let ct , , ■ , e„, ■ be a sequence 

of positive numbers, each of which is less than the preceding, where t H approaches 
zero as n becomes infinite. By the preceding theorem, corresponding to each of 
the e's a polynomial P, (i) can be found such that the difference /(at) - P, (z) is 
less than c, in absolute value throughout the interval (a, b). Then the series 

Ti(x) + [Tj(z) - Pi (z)] + • ■ • + [P. (x) - P„_i(z)] + ■■■ 

converges, and its sum is/(a:) for any value of x inside the interval (a, 6). For 
the sum of the first n terms is equal to P„ (x), and the difference f(x) — S H , which 
is leas than e„, approaches zero as n becomes infinite. Moreover the series con¬ 
verges uniformly, since the absolute value of the difference/(x) — »S„ will be less 
than any preassigned positive number for all values of n which exceed a certain 
fixed integer N, when x lias any value whatever between a and b. 

200. A continuous function without a derivative. We shall conclude this chapter 
by giving an example due to Weierstrass of a continuous function which does 
not possess a derivative for any value of the variable whatever. Let b be a posi¬ 
tive constant less than unity and let a be an odd integer. Then the function 
F(x) defined by the convergent infinite series 


F(x) — ^ b u cos (a n 7tx) 


is continuous for all values of x , since the series converges uniformly in any 
interval whatever. If the product oh is less than unity, the same statements 
hold for the senes obtained by tenu-by-term differentiation. Hence the func¬ 
tion F(x) possesses a derivative which is itself a continuous function. We shall 
now show that the state of affairs is essentially different if the product a6 exceeds 
a certain limit. 

In the first place, setting 

m~ i 

S m = ^ b”; cos [a* ir(x 4- A)] - cos (a n irx )}, 

nsrO 

*** B m = - b* {cos [a w 7r(x + h)] — cos (a" itx )}, 

h 


we may write 


F(x + h) - F(x) 

-- = . 

/l 
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On.the other hand, it is easy to show, by applying the law of the ®«an to the 
function cob( a m xz), that the difference cos-(a“ ir(i + A)] — cos (a* jrz) f» leas than 
*W*| A | in absolute value. Hence the absolute value of S m is less than 


m—l 

it ^ arb* — 
»»0 


QTn fyn _ 1 

r ab- T' 


and consequently also less than Ji(ab) m /(ab -1), if a)> > 1. Let us tfy to find a 
lower limit of the absolute value of R„ when k is assigned a particular value 
We shall always have 

a m x = a m + ( m , 


where a„ is an integer and f„ lies between - 1/2 and + 1/2. If we set 



where is equal to ± 1, it is evident that the sign of h is the same 03 that of 
e m , and that the absolute value of h is less than 3/2a”. Having choa£ n A in this 

way, we shall have 

a*it(x + A) = a*- m a m x(x + A) = a n - n x(a m + e m ). 

Since a is odd and e„ = ±1, the produot a"~ m (a„, + e„) is even of °dd with 
a m +1, and hence 

cos[a"jr(x + A)] = (- l) a « + > 

Moreover we shall have 


cos (a n rex) = cos(a"-’"a m itx) — cos[a“- m jr(ar„ -f {„)) 
= cos (a” - m a m 7r) cos (a", 

or, since is even or odd with a m . 


cos («”wx) = (— l)«»coB(a" -m f»,w). 

It follows that we may write 

4- <* 

R m = ' _1 J i "— 2) A” [1 + cos(o"-"{„.*)] • 

Nwm 

Since every term of the series is positive, its sum is greater than the first term, and 
consequently it is greater than 6™ since ( m lies between — 1/2 and + l/ 2 - Hence 


I > 


or, since |A|<3/2a m , 


b" 

i*T 


If a and b satisfy the inequality 
(80) 

we shall have 


|K~I>3 W- 


, , 3* 

ab > 1 + —, 


whence; by (79), 


2 . .. 7S(ab) m 




06 — 1 


§* 

2 


oh -1 
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As m becomes infinite the expression on the extreme right increases indefinitely, 
while the absolute value of h approaches zero. Consequently, no matter how 
small i he chosen, an increment h can be found which is less than « in abso¬ 
lve value, and for which the absolute value of [F{x + A) — F(x)]/h exceeds any 
preassigned number whatever. It follows that if a and b satisfy the relation (80), 
the function F(x) possesses no derivative for any value of x whatever. 


EXERCISES 


1. Apply Lagrange’s formula to derive a development in powers of x of that 
root of the equation y 1 = ay + x which ia equal to a when x = 0 

2. Solve the similar problem for the equation y - a + xy"’ + 1 =. 0. Apply the 
result to the quadratic equation a — bx + ex 2 = 0. Develop in powers of c that 
root of the quadratic which approaches a/b as c approaches zero. 

3. Derive the formula 

4. Show that the formula 

= _£_ + > /_*_Y+ LJ» /_ *_ V+ ... 

vT+x 1 + 3 2 \1 + x/ 2.IV1 + X/ 

holds whenever x is greater than - 1/2. 

5. Show that the equation 

_1 2x 1 / 2x \* 1.3 / 2x V 

X_ 2 I + x* + 2'4 \l + X*/ + 2.4 . (I \l + X s / + " 
holds for values of x less than 1 in absolute value. What is the sum of the series 
when |x| >1 ? 

6. Derive the formula 
(u + x)-» 


r nx »(« — !) 

( 

r Mn- l)(n-2)/ * V 

L « + x + ”l.2 1 

U + xv 

' 1.2.3 \a + x/ + J 


7. Show that the branches of the function sinmx and cos mi which reduce 
to 0 and 1, respectively, when sinx = 0 are developable in series according to 
powers of sin x: 


r . m 2 — 1 . , (m 2 -l)(wi a - 

L 1.2.3 1.23.4. 


6 


m 2 . m 2 (m 2 — 4) . 

cos mx — 1-sm 2 x + — 5 - - ein 4 x — 

1.2 1.2.3.4 

(Make use of the differential equation 

(1 - V s ) ~ - V y 4 + = °i 

W d « 

which Is satisfied by u = cosmx and by u = sin mx, where y = sirix.] 

8. Prom the preceding formal® deduce developments for the functions 
cos (n arc cos x) , sin (n arc cos z). 



CHAPTER X 


PLANE CURVES 

The curves and surfaces treated in Analytic Geometry, properl} 
speaking, are analytic curves and surfaces. However, the geomet¬ 
rical concepts which we are about to consider involve only the exist 
ence of a eertaiu number of successive derivatives. Thus the curvi 
whose equation is y = f(x) possesses a tangent if the function fi.i j 
has a derivative /'(x) ; it has a radius of curvature if f'(x) has a 
derivative f"(x) ; and so forth. 

I. ENVELOPES 

201. Determination of envelopes. Given a plane curve C whose 
equation 

(1) f(x. y, a) = 0 

involves an arbitrary parameter a, the form and the position of the 
curve will vary with <r. If each of the positions of the curve <' is 
tangent to a fixed curve E, the curve E is called the envelope of the 
curves C, and the curves V are said to lie enveloped by E. The 
problem before us is to establish the existence (or non-existence) of 
an envelope for a given family of curves C, and to determine that 
envelope when it does exist. 

Assuming that an envelope E exists, let (x , y) be the point of tan- 
gency of E with that one of the curves C which corresponds to a cer¬ 
tain value a of the parameter. The quantities x, and y are unknown 
functions bf the parameter a which satisfy the equation (1). In 
order to determine these functions, let us express the fact that the 
tangents to the two curves E and C coincide for all values of a. 
Let Sjc and 8 y be two quantities proportional to the direction cosines 
of the tangent to the curve C, and let dx/da and dy/da be the 
derivatives of the unknown functions x — y = Then a 

necessary condition for tangency is 

dx dy 
da da 
S x Sy 

m 


(2) 
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On the other hand, since a in equation (1) has a constant value for 
the particular curve C considered, we shall have 

( 3 ) 8 £&x + lf&y = 0, 

which determines the tangent to C. Again, the two unknown func¬ 
tions x = y = «) satisfy the equation 

/(X, y, u) = 0, 

also, where a is now the independent variable. Hence 


(+) 


ifdx + ”f + if 

8x da < {j da oa 


or, combining the equations (2), (3), and (4), 


( 5 ) 



The unknown functions x — 4>("), // — i p(n) are solutions of this equa¬ 
tion arid the equation (1). Hence the equation of the, envelope, In¬ 
case an envelope exists, is to he found by eliminating the parameter a 
between the equations f — 0, cfjea = 0. 

Let /{(,»•, y) = 0 be the equation obtained by eliminating a between 
(1) and (5), and let us try to determine whether or not this equation 
represents an envelope of the given curves. Let be the particu¬ 
lar curve which corresponds to a value n a of the parameter, and let 
(/„, y„) be the coordinates of the point .1/,, of intersection of the 
two curves 

(6) f(r, y, a 0 ) = 0. J^ = 0. 

The equations (1) and (5) have, in general, solutions of the form 
y = which reduce to x„ and y 0 , respectively, for 

a = u„. Hence for a = u u we shall have 


if !dx\ + Sf 

ex a \da) a 'dy 0 



This equation taken in connection with the equation (3) shows 
that the tangent to the curve coincides with the tangent to the 
curve described by the point (x, y), at least unless of fax and df/dy 
are both zero, that is, unless the point ilf 0 is a singular point for the 
curve C 0 . It follows that the equation R(x, y) = 0 represents either 
the envelope of the curves C or else the locus of singular points on 
these curves. ' 
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This result may be supplemented. If each of the curves c has 
one or more singular points, the locus of such points is surely a part 
of the curve H(x, y) = 0. Suppose, for example, that the point (x, ?/) 
is such a singular point. Then x. and y are functions of a winch 
satisfy the three equations 

f(z,y,a) = Q, ~f x ~ 

and hence also the equation df/da = 0. It follows that x and y 
satisfy the equation li(x, y) = 0 obtained by eliminating a between 
the two equations f—0 and df/da = 0. In the general case the 
curve R{x, y) = 0 is composed of two analytically distinct parts, 
one of which is the true envelope, while the other is the locus of 
the singular points. 

Example. Let us consider the family of curves 
f{x, y, a) = y* - y 1 + (r - a) 2 = 0. 

The elimination of a between this equation and the derived equation 
ff = -2(x-«) = 0 

gives y* — y* = 0, which represents the three straight lines y = 0, 
y= + l, y = — 1. The given family of curves may be generated 
by a translation of the curve y 4 — y 2 + x 2 = 0 along the x axis. 
This curve has a double point at the origin, and it is tangent to 
each of the straight lines y — ± 1 at the points where it cuts the 
y axis. Hence the straight line y = 0 is the locus of double points, 
whereas the two straight lines y = ± 1 constitute the real envelope. 

202. If the curves C have an envelope E, any point of the envelope 
is the limiting position of the point of intersection of two curves of 
the family for which the values of the parameter differ by an infini¬ 
tesimal. For, let 

(7) /(*> V, «) = 0, fix, y, a + h) = 0 

be the equations of two neighboring curves of the family. The 
equations (7), which determine the points of intersection of the two 
curves, may evidently be replaced by the equivalent system 

f{x, y, a + h) — j\x, y, q) 

h * ’ 


/(*, y, a) = 0, 
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the second of which reduces to df/ca = 0 as h approaches zero, that 
jj ^ the second of the two curves approaches the first. This prop- 
er ty is fairly evident geometrically. In Fig. 37, a, for instance, the 
point of intersection N of the two neighboring curves C and C 
approaches the point of tangency M as C' approaches the curve C 




Fig. ST, b 


as its limiting position. Likewise, in Fig. 37, b, where the given 
curves (1) are supposed to have double points, the point of intersec¬ 
tion of two neighboring curves C and (" approaches the point where 
(' cuts the envelope as C approaches C. 

The remark just made explains why the locus of singular points 
is found along with the envelope. For, suppose that f(x, y, a) is a 
polynomial of degree to in a. For any point Af 0 (x„, y 0 ) chosen at 
random in the plane the equation 

( 8 ) /(-To. y«, o ) = 9 

will have, in general, to distinct roots. Through such a point there 
pass, in general, m different curves of the given family. But if the 
point M„ lies on the curve It(x, >j) = 0, the equations 


/(*0. Vo, Ci) = 0, 



are satisfied simultaneously, and the equation (8) has a double root. 
The equation R(x, y) = 0 may therefore be said to represent the 
locus of those points in the plane for which two of the curves of 
the given family which pass through it have merged into a single 
one. S'he figures 37, a, and 37, 4, show clearly the manner in which 
two of the curves through a given point merge into a single due as 
that point approaches a point of the curve R{x, y) = 0, whether on 
the true envelope or on a locus of double points. 
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Note. It often becomes necessary to find the envelope of a family 
of curves 

(9) F(x, y, a, b ) = 0 

whose equation involves two variable parameters a and b, which 
themselves satisfy a relation of the form b ) = 0. This case 
does not differ essentially from the preceding general case, however, 
for b may be thought of as a function of a defined by the equation 
</> = (). By the rule obtained above, we should join with the given 
equation the equation obtained by equating to zero the derivative 
of its left-hand member with respect to a : 

dF dF db = 

ca db da 

But from the relation <p(a, b) = 0 we have also • 

Z<j> + Z<t> d J> _ 0 

dn cl) da 


whence, eliminating db/da, we obtain the equation 


‘(10) 


£F £$> _ ££ 

da db db da 


which, together with the equations F = 0 and <f> = 0, determine the 
required envelope. The parameters a and b may be eliminated 
*between these three equations if desired. 


203. Envelope of a straight line. As an example let us consider tl>e equation 
of a straight line D in normal form 

(XI) x cos<r + y sin rr — f(d) = 0, 

where the variable parameter is the angle a. Differentiating the left-hand side 
with respect to this parameter, we find as the second equation 

(12) — x sin a + y cos a — /'(nr) = 0. 

These two equations (11) and (12) determine the point of intersection of any 
one of the family (11) with the envelope E in the form 

( x = f(a) cos a - f'(ct) sin a , 

* ’ { y =f(a) sin <r +/'(«) cos a. 

It is easy to show that the tangent to the envelope E which U described by this 
point (x, y) is precisely the line D. For from the equations (13) we And 

(U y ( d* = - [/(a) + /"(«)] sin a da , 

| dy - [/(«) + cos a da, 

whence dy/dx = - cot a, which is precisely the slope of the line D. 
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Moreover, if s denote the length of the arc of the envelope from any fixed 
point upon it, we have, from (14), 

ds = Vd* 2 +~riy* = i fyp,) +/"(,,)]<?,,, 

whence 

8 = ^ ^ff(n)da i- {'(a) J 


Hence the envelope will be a curve which is easily rectifiable if we merely choose 
Inr/lir) the derivative of a known function.* 

As an example let us sel /(<r) - l sin a cos <r Taking y - (■ and x - 0 suc¬ 


cessively in the equation (11), we find (h'ig 38) O A 
respectively; hence Ali — l. The required 
curve is therefore the envelope of a straight 
line of constant length l, whose extremities 
always lie on the two axes. The formula! 

(IS) give in this case 

x = l sin 11 (i, y ~ l cos’ a , 
and the equation of the envelope is 


OH — l costr, 


CK)'-' 



which represents a hypocycloid with four 
cusps, of the form indicated in the figure. 

As ct varies from 0 to tr/2, the point of con¬ 
tact describes the arc DC. Hence the length of tlip ate, counted from 7), is 


* = 


sin<r cos ft aa = - sin~<r. 


Let. T be the fourth vertex of the rectangle determined by OA and 07?, and M 
the foot of the perpendicular let fall from" / upon AB Then, from the tri¬ 
angles AMI and A PM , we find, successively, 

A M — AI cos <r — l cos 2 a , A P — A M sin a = l cos 2 a sin a . 


Hence OP ~ OA — AP = l sin g tr, and the point M is the point of taugency of 
the line AB with the envelope. Moreover 

BM=l - AM — l sin 2 a ; 

henoe the length of the arc DM = 3 BM/% 


* Each of the quantities which occur m the formula for a, s — f'(a) 4- f/( (i) da, 
has a geometrical meaning: a is the angle between the * axis and the perpendicular 
ON let 4 fall upon the variable line from the origin, f(a) is the distance ON from the 
origin to the variable line; aud /'(<*) is, except for sign, the distance MN from 
the point M where the variable line touches its envelope to the foot N of the perpen¬ 
dicular let fall upon the line from the origin. The formula for s is often called 
Legendre’# formula. 
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804. Envelope of a circle. Let ns consider the family of circles 

(16) (x - a) 2 + (y - b) s - p s = 0, 

where a, 6, and p are functions of a variable parameter t. The points where a 
circle of this family touches the envelope" are the points of intersection of the 
circle and the straight line 

(16) • (x - a)a'+ (y - b)b' + pp'= 0. 

This straight line is perpendicular to the tangent MT to the curve C described 
by the center (a, i>) of the variable circle (15), and its distance from the center is 

pdp/ds, where s denotes the length of 
the arc of the curve C measured from 
some fixed point. Consequently, if the 
line (16) meets the circle in the two 
points N and S ’. the chord NS' is 
bisected by the tangent MT at right 
angles. It follows that the envelope 
consists of two parts, which are, in 
general, branches of the same analytic 
curve. Let us now consider several 
special cascB. 

1) If p is constant, the chord of con¬ 
tact NN' reduces to the normal PI" to 
the curve C, and the envelope is com¬ 
posed of the two parallel curves Cj and 
C{ which are obtained by laying off the constant distance p along the normal, 
on cither side of the curve C. 

2) If p = s + K, we have pdp/ds = p, and the chord NN' reduces to the tan¬ 
gent to the circle at the point Q. The two portions of the envelope arc merged 
into a single curve I’, whose normals are tangents to the curve C. The curve C 
is called the evolute of T, and, conversely, 1' is called an involute of C (see § 206). 

If dp>ds, the straight line (16) no longer cuts the circle, and the envelope is 
imaginary. 

Secondary caustics. Let us suppose that 
the radius of the variable circle is propor¬ 
tional to the distance from the center to a 
fixed point O. Taking the fixed point O as 
the origin of coordinates, the equation of the 
circle becomes 

(* - o) a + (v - bf = + fts), 

where k is a constant factor, and the equation 
of the chord of contact is 

(x - a)a' + (y - b)b' + ic*(aa' + bb') = 0. 

If i and S' denote the distances from the 
center of the circle to the chord of contact and to the parallel to it through the 
origin, respectively, the preceding equation shows that S = IPS'. Let P be a 
point on the radius MO (Fig. 40), such that MP = fesjfO, and let C be the 
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locus of the center. Then the equation just found shows that the chord of con¬ 
tact is the perpendicular let fall from P upon the tangent to C at the center il. 
Let us suppose that k is less than unity, and let E denote that branch of the 
envelope which lies on the same side of the tangent MT as does the point 0. 
Let i and r, respectively, denote the two angles which the two lines MO and 
yf.V make with the normal MI to the curvo C. Then we shall have 

. . Mq Mp sini Mq MO 1 

MQ MN sin r Mp MP k 

Now let us imagine that the point O is a source of light, and that the curve C 
separates a certain homogeneous medium in which O lies from another medium 
whose index of refraction with respect to the first is \/k. After refraction the 
incident ray OM will be turned into a refracted ray MR, which, by the law of 
reflection, is the extension of the line V M . Hence all the refracted rays MR 
are normal to the envelope, which is called the secondary caustic of refraction. 
The true caustic, that is, the envelope of the refracted rays, is the evolute of the 
secondary caustic. 

The second branch E' of the envelope evidently has no physical meaning; • 
it would correspond to a negative index of refraction. If we set k = 1, the 
envelope E reduces to the single point O, while the portion E' becomes the locus 
of the points situated symmetrically with O with respect to the tangents to C. 
This portion of the envelope is also the secondary caustic of reflection for inci¬ 
dent rays reflected from C which issue from tile fixed point 0. It may be shown 
in a manner similar to the above that if a circle be described about each point of 
C with a radius proportional to the distance from its center to a fixed straight 
line, the envelope of the family will be a secondary caustic with respect to a 
system of parallel rays. 


IT. CURVATURE 

305. Radius of curvature. The first idea of curvature is that the 
curvature of one curve is greater than that of another if it recedes 
more rapidly from its tangent. In order to render this somewhat 
vague idea precise, let us first consider the case of a circle. Its 
curvature increases as its radius diminishes; it is therefore quite 
natural to select as the measure of its curvature the simplest func¬ 
tion of the radius which increases as the radius diminishes, that 
is, the reciprocal 1 /R of the radius. Let *1 li be an arc of a circle 
of radius R which subtends an angle w at the center. The angle 
between the tangents at the extremities of the are AB is also a>, and 
the length of the arc is is = Rw. Hence the measure of the curva¬ 
ture of the circle is w/s. This last definition may be extended to 
an ait of any curve. Let AB be an arc of a plane curve without a 
point of inflection, and u the angle between the tangents at the 
extremities of the arc, the directions of the tangents being taken 
in the same sense according to some rule, — the direction from A 
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toward B, for instance. Then the quotient w/arc AB is called the 
average curvature of the arc AB. ‘A.s the point B approaches the 
point A this quotient in general approaches a limit, which is called 

the curvature at the point A. The 
y . P radius of curvature at the point A is 

) defined to lie the. radius of the circle 

Hi , ''' T which would have the same curvature 
s? />' which the given curve has at the point 

. A ; it rs therefore equal to the recipro¬ 

cal of the curvature. Let s lie the 

—g----- length of the arc of tho given curve 

measured from some fixed point, and 

F|(j jj x 

a the angle between the tangent and 
some fixed direction,—the x axis, for example. Then it is clear 
_ that the average curvature of tire arc AB is equal to the absolute 
value of the quotient An/As; hence the radius of curvature is given 
by the formula 

li = ± lim = ± 

A it <li r 

Let us suppose the equation of the given curve to be solved for tj 
in the form y = /( x). Then we shall have 


a = arc tan y', 


and hence 


(/a = y"dr 
1 + y’ 2 ’ 


</s = Vj + 


Since the radius of curvature is essentially positive, the sign ± 
indicates that we are to take the absolute value of the expression 
on the right. If a length equal to the radius of curvature be laid 
off from A upon the normal to the given curve on the side toward 
which the curve is concave, the extremity 1 is called the center of 
curvature. The circle described about / as center with II as radius 
is called the circle of curvature. The coordinates (*„, i/ 0 ) of tho 
center of curvature satisfy the two equations 

j _ n 1 -vi_ (n~ y ).. 


(*1 - *) + (yi - y)y' = o, (a^ - xf + ( yi - yf = — 

which express the fact that the point lies on the normal at a dis¬ 
tance R from A. From these equations we find, on eliminating x t , 
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In order to tell which sign should be taken, let ns note that if y" is 
positive, as in Fig. 41, y x — y must be positive; hence the positive 
sign should be taken in this ease, if y" is negative, y x — y is nega¬ 
tive, and the positive sign should be taken in this case also. The 
coordinates of the center of curvature are therefore given by the 
formulas 


>J\ ~ .'/ = 


1 +y' i , !+.'/'= 


When the coordinates of a point (x. y) of the. variable, curve are 
given as functions of a variable parameter t, we. have, by § 33, 

, _ dy i, _ dx 'P y — dy d?x 


and the formula! (17) and (18) become 
/io\ J " dx d'-y-dyd-x 


x. x - x = — 


dy{dx- + dy 1 ) 
dx <py — dy d'-r 


dx(dx" -f dy 1 ) 
dx d' l y — dy (Px 


At a point of inflection y" = 0, anil the radius of curvature is 
infinite. At a cusp of the first kind y can he developed according 
to powers of 2 1/2 in a series which begins with a term in x; hence 
\j has a finite value, but, y" is infinite, and therefore the radius of 
curvature is zero. 

Note. When the coordinates are expressed as functions of the arc a of the 
curve, 

i = <M S ), y = '/'(s) > 

the functions $ and f satisfy the relation 

$'■(■•<) + f' 2 (s) =1, 

since dx- + dy- = da 2 , and hence they also satisfy the relation 
<p' 4>" -J- — 0. 

Solving these equations for <p' and it', we find 


’ + y>% 


*' = -« 


V *" 2 + < p " 2 


where t = ± 1, and the formula for the radius of curvature takes on the espe¬ 
cially elegant fora 

( 20 ) 1 = [*"<*>]*+[*"<«)]*. 
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80S. Evolutee. The center of curvature at any point is the limit¬ 
ing position of the point of intersection of the normal at that point 
with a second normal which approaches the first one as its limiting 
position. For the equation of the normal is 

X~x + (Y-y)y' = 0, 

where X and Y are the running coordinates. In order to find the 
limiting position of the point of intersection of this normal with 
another which approaches it, we must solve this equation simulta¬ 
neously with the equation obtained by equating the derivative of the 
left-hand side with respect to the variable parameter x, i.e. 

— 1—+ (r— y)y" = 0. 

The value of Y found from this equation is precisely the ordinate 
of the center of curvature, which proves the proposition. Tt follows 
that the locus of the center of curvature is the envelope, of the 
normals of the given curve, i.e. its evolute. 

Before entering upon a more precise discussion of the relations 
between a given curve and its evolute, we shall explain certain con¬ 
ventions. Counting the length of the arc of the given curve in a 
definite sense from a fixed point as origin, and denoting by <r the 
angle between the positive direction of the x axis and the direction 
of the tangent which corresponds to increasing values of the arc, 
we shall have tan a=±y', and therefore 

.1 i dx 

COS (Z = ± - T-- = ± 

VI 4. y n ds 

On the right the sign + should be taken, for if x and s increase 
simultaneously, the angle a is acute, whereas if one of tlie varia¬ 
bles * and s increases as the other decreases, the angle a is obtuse 
(§ 81). Likewise, if /3 denote the angle between the y axiB and the 
tangent, cos fi = dy/ds. The two formulae may then be written 

dx . dy 

cos <x = Bvna = -r-> 

ds ds 

where the angle a is counted as in Trigonometry. 

On the other hand, if there be no point of inflection upon the 
given are, the positive sense on the curve may be chosen in such a 
way that s and a increase simultaneously, in which case R = ds/da 
all along the arc. Then it is easily seen by examining the two 
possible cases in an actual figure that the direction of the segment 
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starting at the point of the curve and going to the center of curva¬ 
ture makes an angle « 4 = a + ■jr/2 with the x axis. The coordinates 
(A i H i)the center of curvature are therefore given by the formulae 

= x + R cos 4- = x — R sin a, 

th = y + R sin^<r + 2 ^ = y 4- R cos a, 
whence we find 

dx, = cos a ds — It cos ir tier — sin a dll = — sin a dR , 

dy, = sin a- ds — R sin a dtt + cos a dll = cos a dR. 

In the first place, these formula- show that dy,/dx x = — cot a, which 
proves that the tangent to the evolute is the normal to the given 
curve, as we have already seen. Moreover 

dsj = ds\ 4- dyf = dR 2 , 

or ds, = ± dll. Let us suppose for definiteness that the radius 
of curvature constantly increases as we proceed along the curve C 
(Fig. 42) from M, to .1/,, and let us choose the positive sense of 
motion upon the evolute (!)) in such a way 
that the arc s, of (i>) increases simultane¬ 
ously with It. Then the preceding formula 
becomes <is, = till, whence s, = II + C. It 
follows that the arc I, f« = 11, — It, . and we 
see that the. length of tiny are. of the erolule 
is equal to the difference between the two 
radii of curvature of the curve V which cor- ^ 
respond to the extremities of that arc. 

This property enables us to construct the 
involute C mechanically if the evolute (It) be 
given. If a string be attached to (1>) at an 
arbitrary point A and rolled around (1>) to / 2 , thence following the 
tangent to M, , the point M, will describe the involute C as the 
string, now held taut, is wound further on round (D). This con¬ 
struction may he stated as follows: Ou each of the tangents 1M of 
the evolute lay off a distance 1 St = l, where l + s = const., s being 
the. length of the arc AI of the evolute. Assigning various values 
to the constant in question, no infinite number of involutes may be 
drawn, all of which are obtainable from any one of them by laying 
off constant lengths along the normals. 
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All of these properties may be deduced from the general formula 
for the differential of the length of A straight line segment (§ 82) 
dl = — da i cos ti<i — da 2 cos to 2 . 


If the segment is tangent to the curve described by one of its 
extremities and normal to that described by the other, -we may set 
roi = it, u>i — 7t/2, and the formula becomes dl — da l = 0. If the 
straight line is normal to one of the two curves and l is constant, 
dl = 0, cos wj = 0, and therefore cos w 2 = 0. 


The theorem stated above regarding the arc of the evolute depends 
essentially upon the assumption that the radius of curvature con¬ 
stantly increases (or decreases) along the whole arc considered. If 
this condition is not satisfied, the statement of the theorem must 
be altered. In the first place, if the radius of curvature is a maxi¬ 
mum or a minimum at any point, dll = 0 at that point, and hence 
dx i = dy l = 0. Such a point is a cusp on 
the evolute. If, for example, tile radius 
of curvature is a maximum at the point il 
(Fig. 43), we shall have 

arc 77, = m - J t M u 
arc II.. - nr - l t M t , 

whence 

arc Ii 77. = 27.1/ -r. /, .17, - I, M 2 . 
Hence the difference / t 4/, — 7 2 Af 2 is equal 
to the difference between the two arcs 77, and I and not tlieir sum. 



807. Cycloid. The cycloid is the path of a point upon the circumference of a 
Circle which rolls without slippiug on a fixed straight line. Let us take the 



fixed line as the x axis and locate the origin at a point where the point chosen on 
the circle lies in the x axis. When the circle has rolled to the point I (Fig. 44) 
the point on the circumference which was at O has come into the position M, 
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where the circular arc IM is equal to the segment Ol. Let us take the angle <p 
between the radii CM and Cl as the variable parameter. Then the coordinates 
of the point M are 

x ~ 01 — IP = R(p — R sin 4 >, y = MP = IC + CQ = R — It cos 0 , 

where P and' Q are the projections of M on the two lines 01 and IT, respec¬ 
tively. It is easy to show that these formula} hold for any value of the angle 0 . 
In one complete revolution the point whose path is sought describes the arc 
OBO j. If the motion be continued indefinitely, we obtain an infinite number 
of arcs congruent to this one. From the preceding formula} we find 

x =• R(<P — sin <f >), dx = P(1 — cos0)d0, d 2 x = K sin <p d 0 2 , 

y = 7£(1 — cos <J>) , dy = R sin <pd<p , d 2 y ~ R cos 0 d 0 a , 

and the slope of the tangent is seen to bo 

dy si n <p q 0 i^ 

dx 1 — cos <p 2 

which sho.ws that the tangent at M is the straight line MT , since the angle 
MTC = 0/2, the triangle MTC being isosceles lienee the normal at M is the 
straight line Ml through the point of tangency / of the fixed straight line with 
the moving circle For the length of the arc of the cycloid we lind 

ihP ~ IF dtp 2 [hi»V + (1 — cos 0 ) 2 ] = 4Zf a sin 2 ^ d<f> 2 or ds = 2R sin ^ d<p , 

if the arc bn counted in the sense in which it increases with <p. Hence, counting 
the arc from the point <) as origin, wo shall have 



Setting 0 - 'In , we find that the length of one whole section OBOi is 8K. The 
length of the arc OMR from the origin to the maximum B is therefore 4R. and 
the length of the air RM (Fig. 44) is 4ii cos 0/2 From the triangle MTC the 
length of the segment M T is 2// cos 0/2 ; hence arc HM — 2MT. 

Again, the area up to the ordinate through M is 

A = f y dx — ( ft- (1 — 2 cos <p + cos 2 0) (Up 

dll dll 

C* (3 cos20\ 

= IF I / - — 2 cos 0 -f ~— ) dip, 

or 

. /3 n . sin20\ 

A = / - 0 — 2 sm 0 + ^ ) ft 2 . 

Hence the area bounded by the whole arc OROi and the base 00\ is S7T.R 2 , that 
is, three times the area of the generating circle, (Galileo.) ' 

The formula for the radius of curvature of a plane curve gives for the cycloid 

tA d> 

8 ft 3 sin 3 - d<p H 

p ~ ---= 4ft sin?. 

2if 2 sin- ^ d<p 3 
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Oa the other hand, from the triangle MCI, MI ~ 2R sin <t>/2. Hence p = 2MI 
and the center of ourvature may be foupd by extending the straight line Ml 
past I by its own length. This fact enables us to determine the evolute easily. 
For, consider the circle which is symmetrical to the generating circle with 
respect to the point I. Then the point M' where the line MI cuts this second 
circle is evidently the center of curvature, since M’l = MI. But we have 

arc T'M' = jrR — arc IM’ = tcR — arc IM = icR — 01, 
or 

arc T'M' = OH - OI = IH = T'B'. 

Hence the point M' describes a cycloid which is congruent to the first one, the 
cusp being at & and the maximum at O. As the point M describes the arc 
BOu the point M' describes a second arc B'0\ winch is symmetrical to the arc 
OB' alreafly described, with respect to BIS'. 


SO*, ^ajanaiy The catenary is the plane curve whose equation with respect 
to a suitably chosen set of rectangular axes is 



Its appearance is indicated by the arc MAM' in the figure (Fig. 45). 



From (21) we find 


(e^e-) a 


'“i y, ' = k(f + e ~ t ) = l' l+v '*= 

If $ denote the angle which the tangent TM makes with the x axis, the formula 
for y' gives 


y 2 

a 2 


i x 

e° — e~ 5 2 

sin0 =———, cos0 =- 

X X XX 

, e« + s~ 5 e 5 + 

Hi© radios of curvature is given by the formula 


a 

V 


R = Q + y '*) 1 = ?*. 

y" a 

But, in the triangle MPN, MP = MN cos $; hence 


MN — 


MP _ 


~R, 


cosxp a 
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It follows that the radius of curvature of the catenary Is equal to the length of 
(jje normal MM. The evolute may be found without difficulty from this fact. 
The length of the arc AM ai the catenary is given by the formula 



or » = V sin <f>. If a perpendicular Pm be dropped from P (Fig. 46) upon the 
tangent MT, we find, from the triangle PMm, 

Mm = MP sin £ = a. 

Hence the arc AM is equal to the distance Mm. 

809. Traetrix. The curve described by the point m (Fig. 45) is called the 
traetrix. It is an involute of the catenary and has a cusp at the point A. The 
length of the tangent to the traetrix is the distance mP But, in the triangle 
MPm, mP — y cos <p = a ; hence the length mP measured along the tangent to 
the traetrix from the point of tangency to the z axis is constant and equal to a. 
The traetrix is the only curve which has this property. 

Moreover, in the triangle MTP, Mm x mT = a 2 . Hence the product of the 
radius of curvature and the normal is a constant for the I raetrix. This property 
is shared, however, by an infinite number of other plane curves. 

The coordinates (r,, y,) of the point rn are given by the formula) 


2 * 
e“ - e “ 

*i = i - s cos 0 = x — a —--, 

e“ + e~ 5 

2a 

y\ — y - s mu <p — — - 

e« + e “ 


or, setting e* /a = tan 8/2, the equations of the traetrix are 

Pi = a sin 8. 

As the parameter 8 varies from ir/2 to jr, the point (i,, yi) describes the arc 
Amn, approaching the x axiB as asymptote. As 6 varies from ir/2 to 0, the 
point (*i, y\) describes the arc Am'n', symmetrical to the first with respect to 
the y axis. The arcs Amn and Avi'n' correspond, respectivelyyto the arcs. A M 
and AM' of the catenary. 


Xi = a cos 8 + a log (i 


810. Intrinsic equation Let us try to determine the equation of a plane 
curve when the radius of curvature K is given as a function of the arc s, 
B = <p(n), Let a be the angle between the tangent and the x axis; then 


R—± d»/da, and therefore 
A first integration gives 






US 
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Mid two further integrations give x and y in the form 

x=cXq + f cosords, V = Vo+ f sinrrds, 

J ‘c 

The curves defined by these equations depend upon the three arbitrary con¬ 
stants xo i Vo i and <r 0 • But if we disregard the position of the curve and think 
only of its form, we have in reality merely a single curve. For, if we first con¬ 
sider the curve C defined by the equations 



the general formula 1 may be written in the form 


x = x 0 + X cos rro — Y sinrto* 
. V = Vo + V sin ao + Y cosa 0 . 


if the positive sign be taken. These last formula 1 define simply a transforma¬ 
tion to a new set of axes. If the negative sign be selected, the curve obtained 
is symmetrical to the curie C with respect to the X axis. A plane curve i- 
therefore completely determined, in so far as its form is concerned, if its radius 
of curvature he known as a function of the arc. The equation R = <p{s) is 
called the intrinsic equation of the curve. More generally, if a relation between 
any two of the quantitiee fi, s, and a be given, the curve is completely deter¬ 
mined in form, and the expressions for the coordinates of any point upon it 
may be obtained by simple quadratures. 

For example, if R be known as a function of a, It =/(«), we first find 
ds = /(a) da, and then 

dx = cos af (a) da, 
dy = sin crf(n) da , 

whence x and y may be found by quadratures. If K is a constant, for instance, 
these formulae give 

x — x 0 + if sin a, y = y 0 — ii cos it, 


and the required curve is a circle of radius S. This result is otherwise evident 
from the consideration of the evolute of the required curve, which must reduce 
to a single point, eince the length of its arc is identically zero. 

As another example let us try to find a plane curve whose radius of curva¬ 
ture is proportional to the reciprocal of (he arc, R = d l /&. The formula: give 


and then 


J C‘sJs _ 




Although these integrals cannot be evaluated in explicit form, it is easy to gain 
an idea of the appearance of the curve. As s increases from 0 to + <*>, x and y 
each pass through an infinite number of maxima and minima, and they approach 
the same finite limit. Hence the curve has a spiral form and approaches 
asymptotically a certain point on the line y = x. 



X, §■■»!] 


CONTACT OSCULATION 


443 


m. CONTACT OF PLANE CURVES 

211. Order of contact. Let C and O' be two plane curves which 
are tangent at some point A. To every point m on C let us assign, 
according to any arbitrary law whatever, a point m! on C, the only 
requirement being that the point m' 
should approach A with m. Taking 
the arc Am — or, what amounts to 
the same thing, the chord Am —as 
the principal infinitesimal, let us first 
investigate what law of correspond¬ 
ence will make the order of the infin¬ 
itesimal mm’ with respect to Am as 
large as possible. Let the two curves 
be referred to a system of rectangular 
or oblique cartesian coordinates, the axis of y not briny parallel to the 
common tangent A T. Let 

(O i/=/(*)> 

(o >■ = m 

be the equations of the two curves, respectively, and let (> 0 , y 0 ) be 
the coordinates of the point A. Then the. coordinates of m will 
be [Zg + h, f(x 0 + A)], and those of m' will be j>„ + A, h\x n -f A)], 
where k is a function of h which defines the correspondence between 
the two curves and which approaches zero with A. 

The principal infinitesimal . 1 m may be replaced by h —■ ap, for 
the ratio ap/Am approaches a finite limit different, from zero as the 
point m approaches the point A. Let us now suppose that mm' is 
an infinitesimal of order r-f 1 with respect, to h, for a certain 
method of correspondence. Then mm'" is of order 2 r + 2. If 0 
denote the augle between the axes, we shall have 

mm' 2 = [*’(*0 + *) — f( x « + h) + (k — h) cos 0] 4 + (/,• — A) 3 sin 4 0; 

hence each of the differences k — h and F(x„ -f k) — f(x u + A) must 
be an infinitesimal of order not less than r + 1, that is, 

k = h + ahr + «, Ffa + k) - f(.r„ + A) = f}h r + t , 

whefb tr and /3 are functions of A which approach finite limits as A 
approaches zero. The second of these formula; may be written in 
the form 



F(x q + h + *kr + ') -/(x. + A) = /5A r+1 . 
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[f the expression F(x 0 -f h 4- ah r+1 ) be developed in powers of a , 
the terms which contain a form ah infinitesimal of order not less 
than r + 1. Hence the difference 

A = F(x a + h) — f(x 0 + h) 

is an infinitesimal whose order is not less than r + 1 and may exceed 
r + 1. But this difference A is equal to the distance mn between 
the two points in which the curves C and C” are cut by a parallel 
to the y axis through in. Since the order of the infinitesimal mm,' 
is increased or else unaltered by replacing m’ by n, it follows that 
the distance between two correspondtnj points on the two curves is an 
infinitesimal of the greatest possible order if the two corresponding 
points always lie on a parallel to the y axis. If this greatest possi¬ 
ble order is r + 1, the two curves are said to have contact of order r 
at the point A. 

Notes. This definition gives rise to several remarks. The y axis 
was any line whatever not parallel to the tangent A T. Hence, in 
order to find the order of contact, corresponding points on the two 
curves may be defined to be those in which the curves are cut by 
lines parallel to any fixed line D winch is not parallel to the tan¬ 
gent at their common point. The preceding argument shows that 
the order of the infinitesimal obtained is independent of the direc¬ 
tion of I), — a eonclusion which is easily verified. Let mn and mm' 
be any two lines through a point to of the curve C which are not 
parallel to the common tangent (Big. 46). Then, from the triangle 
mm'n, 

mm' _ sin mnm’ 

mn sin mm'n 

As the point m approaches the point A, the angles mnm' and mm'n 
approach limits neither of which is zero or it, since the chord m'n 
approaches the tangent A T. Hence vim'/mn approaches a finite 
limit different from zero, and mm' is an infinitesimal of the same 
order as mn. The same reasoning shows that mm' cannot be of 
higher order than mn, no matter what construction of this kind is 
used to determine m' from m, for the numerator sin mnm' always 
approaches a finite limit different from zero. 

The principal infinitesimal uBed above was the arc Am or the 
chord Am. We should obtain the same results by taking the are 
An of the curve C for the principal infinitesimal, since Am and An 
are infinitesimals of the same order. 
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If two curves C and C" have a contact of order r, the points m’ 
on C' may be assigned to the points m on C in an infinite number 
of ways which will make mm 1 an infinitesimal of order r + 1 , — for 
that purpose it is sufficient to set k = h 4 ah’ + \ where «<r and 
where a is a function of h which remains finite for h = 0 . On the 
other hand, if s < r, the order of mm' cannot exceed s 4 - 1 . 


212. Analytic method. It follows from the preceding section that 
the order of contact of two curves C and C is given by evaluating 
the order of the infinitesimal 


Y-y= F(x a + h) -/(r (1 + h) 

with respect to h. Since the two curves are tangent at A, 
F(x„) = f(:r g ) and F'(x„) = /'(• r t ,). It may happen that others of the 
derivatives aie equal at the same point, and we shall suppose for 
the sake of generality that this is true of the first n derivatives: 


(23) 


i F(x n 'f — t\ x ,,), ]• fr ( p— 

( ?"(**) -/"(*«), ■ ; U w (x„) =/"”(x 0 ), 


but that the next derivatives /'' ,, " + ' ) (x 0 ) and /"" ''(x,,) are unequal. 
Applying Taylor’s series to each of the functions F{a 1 ) and f(x ), we 
find 


y= j\x 9 ) + j f'(x,) + 


+ 


h n 




y = /(x„) + 4 


h u h" ^ 

+ rF7/’w + 


l. 2-••(» +1) 




or, subtracting, 

■(24) Y - y = [F< " + 1 ~ *']* 


where t and e' are infinitesimals. It follows that the order of contact 
of two curves is equal to the order n of the highest derivatives of F(x) 
and f(x) which are equal for x = x„. 

Tie conditions (23), which are due to Lagrange, are the necessary 
and sufficient conditions that x. = z 0 should tie a multiple root of 
order n + 1 of the equation F(x) = f(x). But the roots of this 
equation are the absciss® of the points of intersection of the two 
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curves C and C ; hence it may be said that two curves -which have 
contact of order «. have n + 1 coincident points of intersection. 

The equation (24) shows that Y — y changes sign with h if n lg 
even, and that it does not if n is odd. Hence curves which have 
contact of odd order do not cross, but curves which have contact of 
even order do cross at their point of tangency. It is easy to see why 
this should be true. Let us consider for definiteness a curve C" 
which cuts another curve C in three points near the point A. If 
the curve C be deformed continuously in such a way that each of 
the three points of intersection approaches .4, the limiting position 
of C has contact of the second order with C, and a figure shows that 
the two curves cross at the point A. This argument is evidently 
general. 

If the equations of the two curves are not solved with respect to 
Y and y, which is the case in general, the ordinary rules for the 
calculation of the derivatives in question enable us to write down 
the necessary conditions that the curves should have contact of 
order n. The problem is therefore free from any particular diffi¬ 
culties. We shall examine only a few special cases which arise 
frequently. First let us suppose that the equations of each of the 
curves are given in terms of an auxiliary variable 



* =/( 0 > 

2 / = 4 >( 0 , 


(C) 


P =/("), 

( Y = i/r(u), 


and that i (i(t„) = <f>(t„) and i//(7„) = <j>'(t „), i.e. that the curves are tan¬ 
gent at a point .1 whose coordinates are f(t„), <£(/„). If /'(£„) is not 
zero, as we shall suppose, the common tangent is not parallel to the 
y axis, and we may obtain the points of the two curves winch have 
the same abscissa 1 by setting u = t. On the other hand, x — x 0 is of 
the first order with respect to t — t 0 , and we are led to evaluate the 
order of i p{t) — <£(£) with respect to t. — £ 0 . In order that the two 
curves have at least contact of order n, it is necessary and sufficient 
that we should have 


(25) *(£„) = *(t 0 ), = = <#><*'(4), 

and the order of contact will not exceed n if the next derivatives 
and <^ ( " +], (t 0 ) are unequal. 

Again, consider the case where the curve C is represented by the 
two equations 

(26) 




y = <K0> 
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an d the curve C by the single equation F(x, y) = 0. This case may 
he reduced to the preceding by replacing x in F(.r, y) by f(t ) and 
considering the implicit function y = i p(t) defined by the equation 

( 27 ) pm*), mi = o. 

Then the curve C' is also represented by two equations of the form 

(28) *=/(<). 'J = '/'CO- 

In order that the curves (■ and C should have contact of order n at 
a point A which corresponds to a value t„ of the parameter, it is 
necessary that the conditions (25) should be satisfied. Rut'the 
successive derivatives of the implicit function i ji{t) are given hy the 
equations 


d" F f> F 

^r[/'( 0]"+ - + -^<T(0 = 0. 

Hence necessary conditions for contact of order n will be obtained 
by inserting in these equations the relations 

t = t„,x =/(/„), <{,(/„) = <W>) = 4>V.,). ' ‘ «A <7,, (A,) = 4> w (0- 

The resulting conditions may he expressed as follows: 

Let 

F(t)=F[f(t\ mi; 

♦ 

tfien litre two given curves trill have at least contact nf order n if and 
only if 

(30) F(f„) = 0, F'(f„) = 0, F"'(t o ) = 0. 

The roots of the equation F(t) = 0 are the values of t which cor¬ 
respond to points of intersection of the two given curves. Hence 
the preceding conditions amount to saying that t = < 0 is a multiple 
root of order n, i.e. that the two curves have n- j- 1 coincident points 
of intersection. 
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SIS. Osculating curves. Given a fixed curve C and another curve 
-C' which depends upon n + 1 parameters a, b, c, ■ ■ ■, l, 

(31) F(x, y, a, b, c, ■ ■ ■, l) = 0, 

it is possible in general to choose these n + 1 parameters in such a 
way that C' and C shall have contact of order n at any preassigned 
point of C. For, let C be given by the equations x =f(t), y = 

Then the conditions that the curves C and C should have contact 
of order n at the point where t — t 0 are given by the equations (30), 
where 

^ F(i) = F[f(t)> ^>(t), a > c > • • ■> l] • 

If t„ be given, these n -f 1 equations determine in general the n + 1 
parameters a, b, c, •••, l. The curve C' obtained in this way is 
called an osculating curve to the curve C. 

Let us apply this theory to the simpler classes of curves. The 
equation of a straight line y = ax + b depends upon the two param¬ 
eters a and b ; the corresponding osculating straight lines will have 
contact of the first order. If y =/(*) is the equation of the curve C, 
the parameters a and b must satisfy the two equations 

A x o) -a,x„ + b, f\x o) = ® i 

hence the osculating line is the ordinary tangent, as we should 
expect. 

The equation of a circle 

(32) (x - a) 1 + (y - bf - & = 0 

depends upon the three parameters a, b, and ft ; hence the corre¬ 
sponding osculating circles will have contact of the second order. 
Let y —f(x) be the equation of the given curve C ; we shall obtain 
the correct values of a, b, and R by requiring that the circle should 
meet this curvg in three coincident points. This gives, besides the 
equation (32), the two equations 

(33) x — a + (y — b)y' = 0, 1 + y'* + (y — V)y" — 0. 

The values of a and b found from the equations (33) are precisely 
the coordinates of the center of curvature (§ 205); hence the oscu¬ 
lating circle coincides with the circle of curvature. Since the con¬ 
tact is in general of order two, we may conclude that in general the 
circle of curvature of a plane curve crones the curve at their point 
of tangency. 
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All the above results might have been foreseen a priori. For, 
since the coordinates of the center of curvature depend only on 
x, y, y\ an ^ y"< an J i' wo curves which have contact of the second 
order have the same center of curvature. But the center of curva¬ 
ture of the osculating circle is evidently the center of that circle 
itself; hence the circle of curvature must coincide with the oscu¬ 
lating circle. On the other hand, let us consider two circles of 
curvature near each other. The difference lretween their radii, 
which is equal to the arc of the evolute between the two centers, 
is greater than the distance between the centers; hence one of 
the two circles must lie wholly inside the other, which could 
happen if both of them lay wholly on one side of the curve C in 
the neighborhood of the point of contact. It follows that they 
cross the curve C. 

There are, however, on any plane curve, in general, certain points 
at which the osculating circle does not cross the curve; this excep¬ 
tion to the rule is, in fact, typical. Given a curve C‘ which depends 
upon n + 1 parameters, we may add to the n + 1 equations (30) the 
new equation 

F<« + »<i„) = 0 

provided that we regard <„ as one of the unknown quantities and 
determine it at the same time that we determine the parameters 
a, b, e, l. It follows that there are, in general, on any plane 
curve C, a certain number of points at which the order of con¬ 
tact with the osculating curve C is « +1. For example, there are 
usually points at which the tangent has contact of the second order ; 
these are the points of inflection, for which y” — 0. In order to find 
the points at which the osculating circle has contact of the third 
order, the last of equations (33) must be differentiated again, which 
gives 

3 y'y" + (y —*)*'" = 0, 

or finally, eliminating y — b, 

(34) (1 + y'^y"' — 3»y * = 0- 

The points which satisfy this last condition are those for which 
'IR/djC = 0, i.e. those at which the radius of curvature is a maxi¬ 
mum or a minimum. On the ellipse, for example, these points are 
the vertices ; on the cycloid they are the points at which the tan¬ 
gent is parallel to the base. 
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214. Osculating curves as limiting curves. It is evident that an 
osculating curve may be thought- of as the limiting position of a 
curve C' which meets the fixed curve C in re + 1 points near a fixed 
point A of C, which is the limiting position of each of the points 
of intersection. Let us consider for definiteness a family 0 f 
curves which depends upon three parameters a, 4, and c, and let 
t„ + h u 4 + A a , and 4 -f A, be three values of t near 4 . The curve 
C which meets the curve C in the three corresponding points 13 
given by the three equations 

(35) F (4 + A,) = 0, F (4 4- A 2 ) = 0, F(4 + ^s) == 0. 

Subtracting the first of these equations from each of the others and 
applying the law of the mean to each of the differences obtained, 
we find the equivalent system 

(36) F(4 + 4 1 ) = 0, F'(4 + A-,) = 0, P (4 + ^ 2 ) = 0, 

where k t lies between A, and A 2 , and A - 2 between 4, and A r Again, 
subtracting tlie second of these equations from the third and apply¬ 
ing the law of the mean, we find a third system equivalent to either 
of the preceding, 

(37) F (4 -F A,) = 0, F '(4 + Aj) = 0 , F "(4 + 4) = 0, 

where 4 lies between lc x and k 2 . As A,, A s , and A , all approach 
zero, k lt k 2 , and 4 also all approach zero, and the preceding equa¬ 
tions become, in the limit, 

F(4) = 0, F'( 4 ) = 0 , F"(4) = 0, 

which are the very equations which determine the osculating curve. 
The same argument applies for any number of parameters whatever. 
Indeed, we might define the osculating curve to be the limiting 
position of a curve C' which is tangent to C at p points add cuts C 
at q other points, where 2p + q = n -f- 1 , as all these p -p <1 points 
approach coincidence. 

For instance, the osculating circle is the limiting position of a 
circle which cuts the given curve C in three neighboring points. It 
is also the limiting position of a circle which is tangent to C and 
which cuts C at another point whose distance from the point of 
tangency is infinitesimal. Let us consider for a moment the latter 
property, which is easily verified. 

Let us take the given point on C as the origin, the tangent at 
that point as the * axis, and the direction of the normal toward the 
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center of curvature as the positive direction of the y axis. At the 
origiai y' — 0. Hence R = 1 jy", and therefore, by Taylor’s series, 

y =x i<k + t )> 

where c approaches zero with x. It fel¬ 
low's that R is the limit of the expres¬ 
sion x 2 /(2y) = OP t /(2MP) as the point 
H approaches the origin. On the other 
hand, let R, be the radius of the circle 
L\ which is tangent to the x axis at the 
origin and which passes through M. 

Then we shall have 

OP 1 — Mm 1 = .MP(2/l, - MP ), 
or 

OP 2 MP. 

2MP~ 1 ~ 2 ’ 

hence the limit of the radius It, is really equal to the radius of 
curvature R. 



EXERCISES 

1. Apply the general formula) to find the evolute of an ellipse ; of an hyper¬ 
bola ; of a parabola. 

2. Show that the radius of curvature of a conic is proportional to the cube 
of the segment of the normal between its points of intersection with the curve 
and with an axis of symmetry. 

3. Show that the radius of curvature of the parabola is equal to twice the 
segment of the normal between the curve and the directrix. 

4. Let F and F' be the foci of an ellipse, M a point on the ellipse, MN the 
normal at that point, and N the point of intersection of that normal and the 
major axis of the ellipse. Erect a perpendicular NK to MN at N, meeting MF 
at K. At K erect a perpendicular KO to MF , meeting MN at O. Show that 
0 is the center of curvature of the ellipse at the point M. 

6. For the extremities of the major axis the preceding construction becomes 
illusory. Let AOA' be the major axis and BO'S the minor axis of the ellipse. 
On the segments OA and OS construct the rectangle OA EB. From E let fall 
a perpendicular on AB, meeting the major and minor axes at C and Z>, respec¬ 
tively,, Show that C and D are the centers of curvature of the ellipse for the 
points A and B, respectively. 

6. Show that the evolute of the spiral p = oe ma> is a spiral congruent to the 

given spiral. 
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7. The path of any point on the circumference of a circle which rolls with- 
out slipping along another (fixed) circle is jcalled an epicycloid or an ftypocycioid 
Show that the evolute of any such curve is another curve of the same kind. 

8. Let AS be an arc of a curve upon which there are no singular points and 
no points of inflection. At each point m of this arc lay off from the point ru 
along the normal at m a given constant length l in each direction. Let »n and 
m 3 be the extremities of these segments. As the point m describes the arc A11, 
the points mi and m? will describe two corresponding arcs A i B 1 and A a „ 
Derive the formula 8 l — S — 16, S a = 8 -t-19, where 8, $i , and 8% are the 
lengths of the arcs A3, A t B,, and A a B a , respectively, and where 6 is the angle 
between the normals at the points A and B It is supposed that the arc A , JJ, 
lies on the same side of AB as the evolutc, and that it does not meet the evolun 

[Licence, Paris, July, 187(1. J 

9. Determine a curve such that the radius of curvatures p at any point M 
and the length of the arc s = AM measured from any fixed point A on the curve 
satisfy the equation as = pP + a 3 , where a is a given constant length. 

[Licence, Paris, July, 1883 ] 

10. Let C be a given curve of the third degree which has a double point 
at 0. A right angle it ON revolves about the point O, meeting the curve C in 
two variable points M and N. Determine the envelope of the straight line UN. 
In particular, solve the problem for each of the curves Xy 2 = x 8 and x 8 ■+• y 8 = yxy 

[ Licence, Bordeaux, July, 1886.] 

11. Find the points at which the curve represented by the equations 

t = a (nu — sin w), y = a (n — cos w) 
has contact of higher order than the Beeond with the osculating circle. 

[Licence, Grenoble, July, 1886.] 

12. Let m, mi, and be three neighboring points on a plane curve. Find 
the limit approached by the radius of the circle circumscribed about the triangle 
formed by the tangents at these three points as the points approach coincidence. 

13. If the evolute of a plane curve without points of inflection is a closed 
curve, the total length of the evolute is equal to twice the difference between the 
sum of the maximum radii of curvature and the sum of the minimum radii of 
curvature of the given curve. 

14. At each point of a curve lay off a constant segment at a constant angle 
with the normal. Show that the locus of the extremity of this segment is a 
carve whose normal passes through the center of curvature of the given curve. 

18. Let r be the length of the radius vector from a fixed pole to any point of 
a plane purve, and p the perpendicular distance from the pole to the tangent. 
Derive the formula E = ± r dr/dp, where B is the radius of curvature. 

18. Slow that the locus of the foci of the parabolas which have contact of 
the second order with a given curve at a fixed point is a circle. 

17. Find the locus of the centers of the ellipses whose axes have a fixed direc¬ 
tion, and which have contact of the second order at a fixed point with a given 
curve. 



CHAPTER XI 


SKEW CURVES 

I. OSCULATING PLANE 

215. Definition and equation. Let MT be the tangent at a point M 
of a given skew curve P. A plane through AtT and a point M' of 
P near M in general approaches a limiting position as the point M' 
approaches the point At. If it does, the limiting position of the 
plane is called the osculating plane to the curve P at the point M. 
We shall proceed to find its equation. 

Let 

(1) *=/(/), y = <*>(')- * = <K 0 

he the equations of t.lw curve r in terms of a parameter t, and let t 
and t + h he the values of 1 which correspond to the points M and 
M', respectively. Then the equation of the plane MTM' is 

A( X - x) + li(Y - y) + r{Z - z) = 0, 

where the coefficients A, H, and (’ must satisfy the two relations 

( 2 ) ft <t>'(t) + r <!>'(. 0 = 0 , 

(3) A [/(< + h) - A03 + *[*('+ *) - <K0] + + *) -<'(03 = 0- 

Expanding f(t + A)« <#>(f + A) and «p(r + A) by Taylor’s series, the 
equation (3) becomes 

A { kf,(t) +o + <i] } + H I + o [ *" (0+ **3}+• • ■= °. 

After multiplying by h, let us subtract from this equation the equa¬ 
tion (2), and then divide both sides of the resulting equation by 
A a /2. Doing so, we find a system equivalent to (2) and (3): 

+ BVif) + cy(0 = o, 

A[/"(0 + «,] + + c[f (0 + fj = 0, 

where t,, e„ and « 3 approach zero with h. In the limit as h 
approaches zero the second of these equations becomes 

(4) Af"(t) + B<t,"(t) + C^\t) = 0. 

463 
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Hence the equation of the osculating plane is 

(5) A(X-x) + B{Y-y) + C(Z-z) = H, 

where A, B, and C satisfy the relations 

A dx + Bdy + C dz =0, 

A dAx + B d?y -j- C dAz = 0. 

The coefficients A, B, and C may be eliminated from (5) and (G), 
and the equation of the osculating plane may be written in the form 

X-x Y-y Z -z 
dx dy dz — 0. 

d 2 ® d 2 y d*z 

Among the planes which pass through the tangent, the osculating 
plane is the one tohirh the curve lies nearest near the point of tan- 
gency. To show this, let us consider any other plane through the 
tangent, and let F(t) be the function obtained by substituting 
f(t 4 - h), 4>(t -f- A), \f>{t + h) for .V, Y, Z, respectively, in the left-hand 
side of the equation (5), which we shall now assume to be the equa¬ 
tion of the new tangent plane. Then we shall have 

m = +B +" (t) + (m + 

where y approaches zero with h. The distance from any second 
point Af' of T near Al to this plane is therefore an infinitesimal of 
the second order; and, since F(t) has the same sign for all sufficiently 
small values of h, it is clear that the given curve lies wholly on one 
aide of the tangent plane considered, near the point of tangency. 

These results do not hold for the osculating plane, however. For 
that plane, Af" 4 - B<f>" + Cip" = 0; hence the expansions for the 
coordinates of a point of T must be carried to terms of the third 
order. Doing so, we find 

. h* (A d*® 4- Bd‘y + C d*s , \ 

(<) “OT3V- d? - + y- 

It follows that the distance from a point of T to the osculating 
plane is an infinitesimal of the third order; and, since F(t) changes 
sign with A, it is clear that a skew curve crosses its osculating plane 
at their common point. These characteristics distinguish the oscu¬ 
lating plane sharply from the other tangent planes. 
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216. Stationary osculating plane. The results just obtained are not 
valid if fk® coefficients A, B, C of the osculating plane satisfy the 
relation 

m A d*x + B d*y 4- C d a z = 0. 


If this relation is satisfied, the expansions for the coordinates must 
be carried to terms of the fourth order, and we should obtain a 
relation of the form 


h* (A d'x 4- Bd*y ■+■ C d*s 

F< -^~l70T4V ’ ~dt* 



The osculating plane is said to be stationary at any point of r for 
which (7) is satisfied; if A d*x + Bd*y 4- ('d 4 r, does not vanish 
also, — and it does not in general, — F(t) changes sign with h and 
the. curve does not cross its osculating plane. Moreover the distance 
from a point on the curve to the osculating plane at such a point is 
an infinitesimal of the fourth order. On the other hand, if the 
relation A d*x + B d 4 y -f- C d 4 z = 0 is satisfied a.t the same point, 
the expansions would have to be carried to terms of the fifth order ; 
and no on. 

Eliminating A, B. and C between the equations (6) and (7), we 
obtain the equation 





dx 

dy 

dz 

(8) 

9 

A = 

d 3 x 

d 2 y 

d 2 z 




d‘x 

d‘y 

d*z 


whose roots are the values of t which correspond to the points of P 
where the osculating plane is stationary. There are then, usually, 
on any skew curve, points of this kind. 

This leads us to inquire whether there are curves all of whose 
osculating planes are stationary. To be precise, let us try to find 
all the possible sets of three functions x, y, z of a single variable t, 
which, together with all their derivatives up to and including those 
of the third order, are continuous, and which satisfy the equation 
(8) for all values of t between two limits a and b (a < b). 

Let us suppose first that at least one of the minors of A which 
correspond to the elements of the third row, say dx d*y — dy d % x, does 
not vanish in the interval (a, 6). The two equations 


00 


dz = r, dx + C 5 dy, 
d 2 s = Cxd^x + C^aPy, 
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which are equivalent to (6), determine C, and C, as continuous 
functions of t in the interval (a, - 5). Since A = 0 , these functions 
also satisfy the relation 

(10) d*x = CicPx + CitPy. 

Differentiating each of the equations (9) and making use of (10), 
we find 

dC\dx + dC t dy = 0 , dCid a x -|- dC 2 d a y — 0 , 

whence rfC, = dC, — 0. It follows that each of the coefficients 0, 
and C 9 is a constant; hence a single integration of the first of 
equations (9) gives 

s = C\x + C t y + C„ 

where C, is another constant. This shows that the curve Y is a 
plane curve. 

If the determinant dxcPy — dycPx vanishes for gome value c of the variable ( 
between a and b, the preceding proof fails, for the coefficients Ci and C a might 
be infinite or indeterminate at such a point. Let ub suppose for definiteness 
that the preceding determinant vanishes Iot no oilier value of t in the interval 
(a, b), and that the analogoua determinant dx d‘z — dzcPx does not vaniah for 
t — c. The argument given above shows that all the points of the curve T which 
correspond to values of t between a and c He in a plane P, and that all the 
points of T which correspond to values of t between c and 6 also lie in some 
plane Q. But dx<Pz — dzd*x does not vanish for t — c\ hence a number A 
can be found such that that minor does not vanish anywhere in the interval 
(e — A, c + h). Hence all the points on T which correspond to values of f 
between c — h and c + h must lie in some plane R. Since R must have an 
infinite number of points in common with P and also with Q, it follows that 
these three planes must coincide. 

Similar reasoning shows that all the points of T lie in the same plane unless 
all three of the determinants 

dicPy — dyd?x, dx<Pz - dz<Px , dydPz — dztPy 

vanish at the Bame point in the interval (a, i>). If these three determinants do 
vanish ^simultaneously, it may happen that the curve I' is composed of several 
portions whioh lie in different planes, the points of junction being points at 
which the osculating plane is indeterminate.* 

If ail three of the preceding determinants vanish identically in a certain 
interval, the curve T is a straight line, or is composed of several portions of 
straight Unas. II dx/dt does not vanish in the interval (a, b), for example, we 
may write 

iPydx - dp <Pa A 
(<fe)« “ ’ 

whence 

dp = Cidr, 

•This singular case seems to have been noticed first by Peano. It is evidently of 
Interest only from a purely analytical standpoint. 


tPzdx — dz <Pz 
(dir)* 

dz = C a dz, 
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where Ci and Ct we constants. Finally, another integration gives 
y = C 1 z+Ci, z = C t x+C' u 
which shows that T is a straight line, 

21T. Stationary tangents. The preceding paragraph suggests the study of 
certain points on s skew curve which we had not previously defined, namely 
the point* at which we have 

cPx _ <Py _ d*z 
(U) dx~~dy~~dz' 

The tangent at such a point is said to he stationary. It is easy to show by the 
formula for the distance between a point and a straight line that the distance 
from a point of r to the tangent at a neighboring point, which is in general an 
infinitesimal of the second order, is of the third order for a stationary tangent. 
If the given curve T is a plane curve, the stationary tangents-are the Ungents at 
the points of inflection. The preceding paragraph shows that the only curve 
whose tangents are all stationary is the straight line 

At a point where the tangent is stationary, A = 0, and the equation of the 
oscnlating plane becomes indeterminate. But in general this indeteruination 
can be removed. For, returning to the calculation at the beginning of 5 216 
and carrying the expansions of the coordinates of W to terms of the third order, 
it is easy to show, by means of (11), that the equation of the plane through M' 
and the tangent at M is of the form 

X~x Y-y Z-z 

/'(«) tf'(l) f{i) = 0, 

4 *t 4 y' (t) 4 «s 

where «i, ej, c« approach zero with h. Hence that plane approaches a perfectly 
(lefiuite limiting position, and the equation of the osculating plane is given by 
replacing the second of equations (6) by the equation 

A d*x 4 BPy 4 Cd s z = 0. 

If the coordinates of the point M also satisfy the equation 

d’x _ d 3 y _ d*z 
dx dy dz 

the second of the equations (8) should be replaced by the equation 

A d«z = Bdfly + Cdrz =0, 

where g is the least integer for which this latter equation is distinct from the 
equation A dx — B dy + C dz = 0. The proof of this statement and the exami¬ 
nation of the behavior of the cur.ve with respect to its osculating plane are left 
to the reader. 

equally the preceding equation involving the third differentials is sufficient, 
and the coefficients A, B, C do not satisfy the equation 

Ad*x 4 Bd*y 4 Cd*z = 0, 

In this case the curve crosses every tangent plane except the osculating plane. 
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SI*. Special curve*. Let us consider the skew curves T which satisfy a 
relation of the form 

(12) xdy — ydx = Kdz, 


where S' is a given constant. From (12) we find immediately 

, 13) ( x&y - yd t x = KcPz, 

; (xd a y — yd*x + dx<Py — dyd a x = Kd°z. 


Let us try to find the osculating plane of r which passes through a given point 
(a, b, c) of space The coordinates ( x , y, z) of the point of tangency must satisfy 
the equation 


a — x b — y c — z 
dx dy dz 


= 0 , 


d 2 x d‘ 2 y d‘ 2 z 


which, by means of (12) and (13), may be written in the form 
(14) ay - bx + A'(c — z) - 0. 

Hence the possible points of tangency are the points of intersection of the 
curve T with the plane (14), which passes through (a, 6, c). 

Again, replacing dz, iPz and <Pz by their values from (12) and (13), the equa¬ 
tion A ,= 0, which gives the points at which the osculating plane is stationary, 
becomes 

A = ‘-.((Ltd 2 !/ - dyd 2 x)' 2 = 0; 

-A 


hence we shall have at the same points 

d 2 x __ d?y _ y<Px — xd 2 y __ (Pz 
dx dy ydx - xdy dz' 

which shows that the tangent is stationary at any point at which the osculating 
plane is stationary 

It is easy to write down the equations of skew curves which satisfy (12), for 
example, the curves 

x = At m , y = Bt", z=Ct** +n , 

where A, B, C, m, and n are any constants, are of that kind. Of these 
the simplest are the skew cubic x = t, y — V 2 , z = t*. and the skew quarts 1 
x = t, y — t a , z = t*. The circular helix 


x = a cos t, y = a sint, z = Kt 
is another example of the same kind. 

In order to find all the curves which satisfy (12), let ns write that equation in 
the form 

d(xy - Kz) = 2y dx. 

If we set 

*=/(<). - Ez = 0 (f), 

the preceding equation becomes 

2 v/'(< ) = *'(*)• 
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Solving these three equations for x, y, and z, we find the general equations of r 


in the form 

(16) *=/(«). 



Kz = f(t)ni) 

mi) 




where /(f) and $>(<) are arbitrary functions of the parameter t. It is clear, how¬ 
ever, that one of these functions may be assigned at random without loss of 
generality. In fact we may set/(t) = t, since this amounts to choosing/(f) as a 
new parameter. 


II. ENVELOPES OF SURFACES 

Before taking up the study of the curvature of skew curves, we 
shall discuss the theory of envelopes of surfaces. 


219. One-parameter families. Let .s' be a surface of the family 


(16) f(x, y, s, a) = 0, 

where a is the variable parameter. If there exists a surface £ which 
is tangent to each of the surfaces .S’ along a curve C, the surface E 
is called the envelope of the family (16), and the curve of tangency 
0 of the two surfaces A’ and E is called the characteristic curve. 

In order to see whether an envelope exists it is evidently neces¬ 
sary to discover whether it is possible to find a curve C on each of 
the surfaces .S' such that the locus of all these curves is tangent to 
each surface S along the corresponding curve <'. Let (x, »/, z) be 
the coordinates of a point ,1/ on a characteristic, if M is not a 
singular point of A, the equation of the tangent plane to A' at M is 


*1 

dx 


( x - x ) + % (r - ^+ C L (z 


=0 = 0 . 


As we pass from point to point of the surface £, r, y, z, and a are 
evidently functions of the two independent variables which express 
the position of the point upon E, and these functions satisfy the 
equation. (16). Hence their differentials satisfy the relation 


(17) 


If 

’dx 


df 

dy 


d Z d . + 8 J- 

dz 


dx + dy 4- w dz + : f-da— 0. 


Moreover the necessary and sufficient condition that the tangent 
plane to E should coincide with the tangent plane to A’ is 


■* 

or > by (17), 
( 18 ) 


V dx ,V dv + d l d „- o 

dx X + dy dJ + dz ~ U ’ 





SKEW CURVES 


[XI, 5 230 


Conversely, it is easy to show, as we did for plane curves (§ 201), 
that the equation R(x, y, s ) = 0, found by eliminating the param¬ 
eter a between the two equations (16) and (18), represents one or 
more analytically distinct surfaces, each of which is an envelope 
of the surfaces S or else the locus of singular points of S, or a com¬ 
bination of the two. Finally, as in § 201, the characteristic curve 
represented by the equations (16) and (18) for any given value of a 
is the limiting position of the curve of intersection of S with a 
neighboring surface of the same family. 

220. Two-parameter families. Let S be any surface of the two- 
parameter family 

(19) f(x, y. z, a, 4) = 0 , 

where a and b are the variable parameters. There does not exist, 
in general, any one surface which is tangent to each member of this 
family all along a curve. Indeed, let b — </>(«) be any arbitrarily 
assigned relation between a and b which reduces the family (19) to 
a one-parameter family. Then the equation (19), the equation 
b = </>(«), and the equation 

< 20 > If+If *'<•)-» 

represent the envelope of this one-parameter family, or, for any 
fixed value of a, they represent the characteristic on the correspond¬ 
ing surface S. This characteristic depends, in general, on <£'(«), 
and there are an infinite number of characteristics on each of the 
surfaces S corresponding to various assignments of There¬ 

fore the totality of all the characteristics, as a and b both vary arbi¬ 
trarily, does not, in general, form a surface. We shall now try to 
discover whether there is a surface E which touches each of the 
family (19) in one or more points, —not along a curve. If such a 
surface exists, the coordinates (x, y, z) of the point of tangency of 
any surface S with this envelope E are functions of the two variable 
parameters a, and b which satisfy the equation (19) ; hence their dif¬ 
ferentials dx, dy, dz with respect to the independent variables <i 
and b satisfy the relation 

y-dx + ^dy + y-dz + ^fda + d -£db = 0. 

ox otj oz . oa cb 


(21) 
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Moreover, in order that the surface which is the locus of the point 
0 f tangency (x, y, z) should be tangent to S, it is also necessary 
that we should have 

df , df df 

-T- dx + ~ dy + dz = 0 , 

Sx dy J oz ’ 

or, by (21), 

^-da + ^db = 0 . 

ca 6b 


Since a and b are independent variables, it follows that the equations 


( 22 ) 




must be satisfied simultaneously by the coordinates ( x, y, z) of the 
point of tangency. Hence we shall obtain the equation of the 
envelope, if one exists, by eliminating a and b between the three 
equations (19) and (22). The surface obtained will surely be tan¬ 
gent to iS at (x, y, z) unless the equations 

£/ = ^/ = ¥ = n 

dx dy dz 

are satisfied simultaneously by the values (r, y, a) which satisfy (19) 
and (22); hence this surface is either the envelope or else the locus 
of singular points of S. 

We have seen that there are two kinds of envelopes, depending 
on the number of parameters m the given famih. For example, 
the tangent planes to a sphere form a two-parameter family, and 
each plane of the family touches the surface at only one point. 
On the other hand, the tangent planes to a cone or to a cylinder 
form a one-parameter family, and each member of the family is 
tangent to the surface along the whole length of a generator. 


221. Developable surfaces. The envelope of any one-parameter family 
of planes is called a developable surface. Let 

(23) Z — ax + yf(tt) + a) 

be the equation of a variable plane P, where a is a parameter and 
where f(a) and 4>(«) are any two functions of a. Then the equa¬ 
tion (23) and the equation 

(24) x + yf'(a) 4- <£'(«) = 0 

represent the envelope of the family, or, for a given value of a, they 
represent the characteristic on the corresponding plane. But these 
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two equations represent a straight line; henoe each characteristic 
is a straight line G, and the developable surface is a ruled surface. 
We proceed to show that all the straight lines G are tangent to the 
same skew curve. In order to do so let us differentiate (24) again 
with regard to a. The equation obtained 

(25) j,/"(«)+ *» = (> 

determines a particular point M on (1. We proceed to show that f; 
is tangent at M to the skew curve I' which M describes as a varies. 
The equations of T are precisely (23), (24), (25), from which, if we 
desired, we might find x, y, and z as functions of the variable 
parameter a. Differentiating the first two of these and using the 
third of them, we find the relations 

(26) dz = a dx -+■ f(a)dy, dx +f(a) dy = 0, 

which show that the tangent to P is parallel to G. But these two 
straight lines also have a common point; hence they coincide. 

The osculating plane to the curve r is the plane P itself. To 
prove this it is only necessary to show that the first and second 
differentials of x, y, and z with respect to a satisfy the relations 

dz = a dx + f(a)dy, 
cpz = atPx -f /(a)d s //. 

•The first of these is the first of equations (26), which is known to 
hold. Differentiating it again with respect to a, we find 

d 2 z — ad' i x + f(tt)d‘ l y 4- \_dx +- f'(a)dy~]da, 

which, by the second of equations (26), reduces to the second of the 
equations to be proved. 

It follows that any developable surface may be defined as the locus 
of the tangents to a certain skew curve I\ In exceptional cases the 
curve T may reduce to a point at a finite or at an infinite distance; 
then the surface is either a cone or a cylinder. This will happen 
whenever /"(a) = 0, 

Conversely, the locus of the tangents to any skew curve T is a 
developable surface. For, let 

*=/(*)> y = *= <K<) 

be the equations of any skew curve T. The osculating planes 
A{X — *) + B(Y - y) + C(Z — *) = 0 
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form a one-parameter family, whose envelope is given by the pre¬ 
ceding equation and the equation 

dA(X - x) + dti(Y - y) + dC{Z - s) = 0. 

For any fixed value of t the same equations represent the charac¬ 
teristic in the corresponding osculating plane. We shall show that 
this characteristic is precisely the tangent at the corresponding 
point of T. It will be sufficient to establish the equations 

.1 dx B dy -j- C dz = 0, dA dx -f dil dy ~r dC dz — 0. 

The first of these is the first of (6), while the second is easily 
obtained by differentiating the first and then making use of the 
second of (6). It follows that the characteristic is parallel to 
the tangent, and it is evident that each of them passes through 
the point ( x , y, hence they coincide. 

This method of forming the developable gives a clear idea of 
the appearance of the surface. Let AH be an arc of a skew curve. 
At each point M of A H draw the tangent, and consider only that 
half of the tangent which extends in a certain direction,—-from A 
toward />, for example. These half rays form one nappe S, of the 
developable, bounded on three sides by the arc All and the tan¬ 
gents .1 and J! and extending to infinity. The other ends of the tan¬ 
gents form another nappe N 2 similar to .s’, and joined to .S', along the 
arc AH. To an observer placed above them these two nappes appear 
to cover each other partially. It is evident that any plane not tan¬ 
gent to r through any point 0 of All cuts the two nappes .S’, and 
of the developable m two branches of a curve which has a cusp at O. 
The skew curve r is often called the edge of regression of the 
developable surface.* 

It is easy to verify directly the statement just made. Let us 
take O as origin, the secant plane as the xy plane, the tangent to F as 
the axis of z, and the osculating plane as the xz plane. Assuming 
that the coordinates x and y of a point of T can be expanded in powers 
of the independent variable z, the equations of T are of the form 

x = a* l z‘ 4- a,z’ -I-, y = 6,s‘+---, 

for the equations 

dx _ dy _ d^y _ 
dz dz dz * 


* The English term “ edge of regression ” does not suggest that the curve la a locus 
of cusps- The French terms “ arete de rebroussement ’ * and “ point de rebroussement ” 
are more suggestive.—T rans. 
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must be satisfied at the origin. Henoe the equations of a tangent 
at a point near the origin are 

X — a a z 3 — a,x 8 — ■ ■ ■ _ y — 6 t x‘ — • • • _ 

2a t z + --- 36,js 2 +••• *" 

Setting Z = 0 , the coordinates X and Y of the point where the tan¬ 
gent meets the secant plane are found to have developments which 
begin with terms in z a and in z*, respectively; henoe there is surely 
a cusp at the origin. 


Example. Let us select as the edge of regression the skew cubic x == t,y = t*, 
z = (*. The equation of the osculating plane to the curve is 


(27) 


f-3PX + 3tF-Z = 0; 


hence we shall obtain the equation of the corresponding developable by writing 
down the condition that (27) should have a double root in t, which amounts to 
eliminating t between the equations 


(28) 


i 2 -2«X + r=0, 

xt<‘-2tr + z = o. 


The result of this elimination is the equation 


{xt - zy - 4(jp - r)<r» - xz) = o, 


which shows that the developable is of the fourth order. 

It should be noticed that the equations (28) represent the tangent to the given 
cubic. 


222. Differential equation of developable surfaces. If z — F(x, y) be 
the equation of a developable surface, the function F(x, y) eatisju s 
the equation * a — rf = 0, where r, s, and t represent, as usual, the 
three second partial derivatives of the function F(x, y). 

For the tangent planes to the given surface, 

Z = pX + qY+z -px - qy, 

must form a one-parameter family; hence only one of the three 
coefficients p, q, and z—px — qy can vary arbitrarily. In particular 
there must be a relation between p and q of the form f(p> <?) = 0. 
It follows that the Jacobian D(p, q)/D(x, y) = rt — « 2 must vanish 
identically. 

Conversely, if F(x, y ) satisfies the equation rt — s a = 0, p and q 
are connected by at least one relation. If there were two distinct 
relations, p and q would be constants, P(x, V) would be of the form 
ax + by + c, and the surface z = F(x, y) would be a plane. If there 
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is a single relation between p and q, it may be written in the form 
<1 =ftp)i where P does not reduce to a constant. But we also have 

K . 'K x > y) 

hence z — px — qy is also a function of p, say 4>(p), whenever 
r t — s a = 0. Then the unknown function F{x, y) and its partial 
derivatives p and q satisfy the two equations 

9 = <Kp), s -p* - 4>(p)y = *j/(p) 

Differentiating the second of these equations with respect to x and 
with respect to y, we find 

[x + y 4>'(p) + f (P)]ff = 0, [x + y <f>'0) + '/''(/>)] = °- 

Since p does not reduce to a constant, we must have 
’* + V <>'()>) + ) = °i 

hence the equation of the surface is to be found by eliminating p 
between this equation and the equation 

a=px + y>t>(p) +<Hp), 

which is exactly the process for finding the envelope of the family 
of planes represented by the latter equation, p being thought of as 
the valuable parameter. 


223. Envelope of a family of skew curves. A one-parameter family 
of skew curves has, in general, no envelope. Let us consider first 
a family of straight lines 


(29) 


x = az+p, y = bz + q, 


where a, b, p, and q are given functions of a variable parameter a. 
We shall proceed to find the conditions under which every member 
of this family is tangent to the same skew curve T. Let z = 4>( a ) 
be the z coordinate of the point M at which the variable straight 
line D touches its envelope T. Then the required curve T will be 
represented by the equations (29) together with the equation 
z — and the direction cosines of the tangent to T will be pro¬ 
portional to dx/da, dy/da, dz/da, i.e. to the three quantities 

b + q‘, 


a -1- a’$(a) + p’, 



m 


SKEW CURVES 


[XI, 52a 


where o', b\p\ and q' are the derivatives of a, b, p, and q, xespec- 
tively. The necessary and sufficient condition that this tangent be 
the straight line D itself is that we should have 

dx dz dy _ dz 

da da da da 

that is, 

a’<j>(a) +p‘ = 0, b'<ft(a) + q 1 = 0. 


The unknown function <£(<*) must satisfy these two equations, 
hence the family of straight lines has no envelope unless the two 
are compatible, that is, unless 

a'q' — b'p' — 0. 


If this condition is satisfied, we shall obtain the envelope by setting 
<HO = - P'/ a> = ~ ?'/ h '- 

It is easy to generalize the preceding argument. Let us consider a 
one-parameter family of skew curves (f) represented by the equations 

(30) F(x, y,z,a) = 0, $(:r, y, z, a) = 0, 


where a is the variable parameter. If each of these curves C is 
tangent to the same curve T, the coordinates (or, y, z) of the point 
M at which the envelope touches the curve C which corresponds to 
the parameter value a are functions of a which satisfy (30) and 
which also satisfy another relation distinct from those two. Let 
dx, dy, dz be the differentials with respect to a displacement of M 
along O ; since a is constant along C, these differentials must satisfy 
the two equations 


(31) 


dF , dF dF, _ n 
2 dx "T* r. dy 4" r. — 0 } 
Ox dy Oz 

0* , , e* , , a*, 

dx + -r- dy 4- — dz — 0. 
dy 


dx 


dz 


On the other hand, let dx, dy, dz, da be the differentials of x, y, z, 
and a with respect to a displacement of M along F. These differen¬ 
tials satisfy the equations 


( 32 ) 


(dF. SF. dF. dF. 

_8* + _ 6y + _ & +-Sor=0, 


Sy + _ ( 


a. 0 ®* 

+ Ya &a: 


0. 
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The necessary and sufficient conditions that the curves C and r 
be tangent are 

dx _dy ds 

8x &y 8z 1 


or, making use of (31) and (32), 
8F. 


da 


8a = 0, 




It follows that the coordinates {x, >/, z ) of the point of tangeney miut 
satisfy the equations 


(33) 


F = 0, 


<t> = 0, 


8_F 

8a 


= 0 , 


8 4 > 
fa 


= 0 . 


Hence, if the family (30) is to have, an envelope, the four equations 
(33) must be compatible for all values of a. Conversely, if these 
four equations have a common solution in ,r, y, and z for all values 
of a, the argument shows that the curve I’ described by the point 
(.r, y, z) is tangent at each point (x, y, z) upon it to tiie correspond¬ 
ing curve C. This is all under the supposition that the ratios between 
dx, dy, and dz are determined by the equations (31), that is, that the 
point (.r, y, z) is not a singular point of the curve C. 

Note. If the curves (' are the characteristics of a one-parameter 
family of surfaces F(r, y, z , <t) = 0, the equations (33) reduce to 
the three distinct equations 

dF c'F 

(34) F = 0, £ = 0, ^ = 0; 


hence the curve represented by these equations is the envelope 
of the characteristics. This is the generalization of the theorem 
proved above for the generators of a developable surface. 


The equations of a one-parameter family of straight lines are often written 
in the form 

X-Xo y - y 0 _z - Zo 

(36) --— a ---=-— •> 

a b c 

where Xo, yt,, zo, a, f>, c are functions of a variable parameter a. It is ea«y to 
find directly the condition that this family should have an envelope. Let l 
denote the common value of each of the preceding ratios; then the coordinates 
of qjiy point of the straight line are given by the equations 

x = Xo + tu, y-y^ + lb, s = z 0 +Zc, 

and the question is to determine whether it is possible to substitute for l such a 
function of a that the variable straight Line should always remain tangent to 
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fee curve described by the point (x, y, z). The necessary condition for this ls 
Act we should have 


( 88 ) 


xi, + a'l _ y'o + V I _ Zc'i + c'l 
a b e 


Denoting by m the common value of these ratios and eliminating 1 and m from 
the three linear equations obtained, we find the equation of condition 


(87) 


Xi Vo 4 
a b r 
a' b' c' 


= 0 . 


If this condition is satisfied, the equations (36) determine i, and hence also the 
equation of the envelope. 


Iir. CURVATURE AND TORSION OF SKEW CURVES 

324. Spherical indicatrix. Let us adopt upon a given skew curve r 
a definite sense of motion, and let s be the length of the arc AM 
measured from some fixed point A as origin to any point M, affixing 
the sign + or the sign — according as the direction from A toward 
M is the direction adopted or the opposite direction. Let MT be 
the positive direction of the tangent at M, that is, that which cor¬ 
responds to increasing values of the arc. If through any point 0 in 
space lines be drawn parallel to these half rays, a cone S is formed 
which is called the directing cone of the developable surface formed 
by the tangents to T. Let us draw a sphere of unit radius about O 
as center, and let 2 be the line of intersection of tins sphere with 
the directing cone. The curve 2 is called the spherical indicatrix 




of the curve T. The correspondence between the points of these two 
curves is one-to-one: to a point M of T corresponds the point m where 
the parallel to MT pierces the sphere. As the point M describes the 
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curvB T in the positive sense, the point m describes the curve S in 
a certain sense, which we shall adopt as positive. Then the corre¬ 
sponding arcs a and o- increase simultaneously (Fig. 48). 

It is evident that if the point 0 be displaced, the whole curve 2 
undergoes the same translation; hence we may suppose that 0 lies 
at the origin of coordinates. Likewise, if the positive sense on the 
curve P be reversed, the curve 2 is replaced by a curve symmetrical 
to it with respect to the point O; but it should be noticed that the 
positive sense of the tangent mt to 2 is independent of the sense of 
motion on r. 

The tangent plane to the directing cone along the generator Om is 
parallel to the osculating plane at. M. For, let .4A' + BY + CZ = 0 
be the equation of the plane Omm', the center (> of the sphere being 
at the origin. This plane is parallel to the two tangents at M and 
at M '; hence, if t and t + h are the parameter values which corre¬ 
spond to if and if, respectively, we must have 

(38) + rf(t) = 0. 

(39) Af'(t + /<) + + h) + < + h) = 0. 

The second of these equations may lie replaced by the equation 

A f(t + h ) ~ /V) + n ±'(L±3 -£(*) + r »’(* + *) - »'(0 = o, 

h h h 

which becomes, in the limit as h approaches zero, 

(40) Af"{t ) + «<*>"(/) + ff’(0 = 0. 

The equations (38) and (40), which determine A, B, and C for the 
tangent plane at m, are exactly the same as the equations (6) which 
determine A, B, and C for the osculating plane. 

225. Radius of curvature. Let u be the angle between the positive 
directions of the tangents MT and M"l" at two neighboring points 
M and M' of T. Then the limit of the ratio ui/arc MM', as M 
approaches if, is called the curvature of T at the point M, just as 
for a plane curve. The reciprocal of the curvature is called the 
radius of curvature: it is the limit of arc MM'/vt. 

A^ain, the radius of curvature It may be defined to be the limit 
of the ratio of the two infinitesimal arcs MM' and mm', for we have 

are MM’ _ arc MM' ^ arc mm' chord mm' 

a arc mm' chord mm-' u> 



SKEW CURVES 


[XI, §226 


emd each of the fractions (arc «iw f )/(chord)m»?t' and (chord 
approaches the limit unity as m approaches m'. The arcsi(=AMP) 
and a {—mm’) increase or decrease simultaneously; hence 


(41) 


R 


ds 

da 


Let the equations of T be given in the form 


(42) *=/(<), y = 4>(0, * = <K0> 

where O is the origin of coordinates. Then the coordinates of the 
point m are nothing else than the direction cosines of MT, namely 


a 




y = 


dz 

ds 


Differentiating these equations, we find 


da 


ds d 2 x — dx d 2 s 
ds* ’ 


df3 — 


ds(Py — dy d 3 s 


dy. 


ds d*z — dz d 2 s 


ds * 


„ S(dsd*x — dxd 3 s)* 

da 2 — da? -+• d/3 2 + dy 1 = -- L 


wher© S indicates as usual the 'sum of the three similar terms 
obtained by replacing x by x, y, z successively. Finally, expanding 
and making use of the expressions for ds 2 and ds d 2 s, we find 

da t = Sjj* -\Sdxd 2 x Y 

ds * 


By Lagrange’s identity (§ 131) this equation may be wfitteu in 
the form 

, „ A 2 +- li 2 +- C 2 
d<r d? -’ 


where 

(43) 


CA — dycPz — dzd 2 y, B = dzePx — dxdPz, 
\ C = dx d 2 y — dy d 2 x, 


a notation which we shall use consistently in what follows, 
the formula (41) for the radius of curvature becomes 


(44) 


R 3 


ds 3 

a 3 + b 2 + c 3 ’ 


Then 


and it is evident that R 3 is a rational function of x, y, z, x', y', 
x", y", z". The expression for the radius of curvature itself is 
irrational, but it is essentially a positive quantity. 
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Note. H the independent variable selected is the arc s of the 
curre Y, tlie functions f{s), <f>(s), and i j/(s) satisfy the equation 


/"(•) +♦'*(•)+ *»« 1 . 

Then we shall have 


(45) 


“ = /X s ) » fi = *#»'(*) > y = fO), 

da =f"(s)ds, d/3 = <j>"(s)ds, dy = if,"(s)ds, 

d<r* = )[/"( S )] a + [<*>"(*)]* + [*"(*)]-'**, 


and the expression for the radius of curvature assumes the partic¬ 
ularly elegant form 

(44’) J* = [/"(*) ]* + [*"(*)]’' + [>"(*)] a - 


226. Principal normal. Center of curvature. Let, ns draw a line 

through M (on T) parallel to mt, the tangent to 2 at m. Let MN 
be the direction on this line which corresponds to the positive direc¬ 
tion nit. The new line MN is called the principal normal to T at M : 
it ts that normal which Lies in the osculating plane, since mt is 
perpendicular to Om and Omt is parallel to the osculating plane 
(§224). The direction S1N is called the positive direction of the 
principal normal. This direction is uniquely defined, since the posi¬ 
tive direction of mt does not depend upon the choice of the positive 
direction upon Y. We shall see in a moment how the direction in 
question might be defined without using the indicatrix. 

If a length MC equal to the radius of curvature at M be laid off 
on MN from the point M, the extremity C is called the center of 
curvature of F at M, and the circle drawn around C in the osculat¬ 
ing plane with a radius M<' is called the circle of curvature. Let 
a', fS, y be the direction cosines of the principal normal. Then the 
coordinates (r,, y,, «,) of the center of curvature are 

aq =x + Ra\ yi = y + #/?'. z, = z + My' 

But we also have 

, _da _da ds _ da _ dscPx — d rops 
a da ds da iIs ds* 


and similar formulas for /?' and y. Replacing a' by its value in 
the expression for x, we find 


x 1 


= x + R 3 


dstPx — dxd*s 
ds 8 
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But the coefficient of R a may be written in the form 

ds a cPx — dxdsd a s (Px fidx a — dx ^(dxcPx) 
ds* ds' 

or, in terms of the quantities A, B, and C, 

Bdz — Cdy 
d? 


The values of y x and z x may be written down by cyclic permutation 
from this value of x x , and the coordinates of the center of curvature 
may be written in the form 


(46) 


f , Bdz — C dy 

x x = x A- R a -~ dg r-^> 

, „„ Cdx — A dz 

y, = y+R> -—- 

A dy — Bdx 

d7* 


z x = a + R a 


These expressions for x x , y u and z x are rational in x, y, z, x\ y\ 

x", y", »"■ 

A plane Q through M perpendicular to MN passes through the 
tangent MT and does not cross the curve T at M. We shall proceed 
to show that the center of curvature and the points of T near M lie 
on the same side of Q. To show this, let us take as the independent 
variable the arc s of the curve F counted from M as origin. Then 
the coordinates X, Y, X of a point M' of T near M are of the form 


X = 


a dx s a / <P-x 
X + 1 ds + 1.2 \ d? 



the expansions for Y and Z being similar to the expansion for X. 
But since * is the independent variable, we shall have 

dx _ d?x _da _da dtr 1 , 

ds a> ds 8 ds dtr ds R a 


and the formula for X becomes 

* = * + <« 4-(! + «) — 

If in the equation of the plane Q, 

— sc) 4- /S'< r — f) 4- y\Z - *) a 0, 
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j Y, and Z be replaced by these expansions in the left-hand member, 
the value of that member is found to be 

i(«' + /V + rrt + i ^(i + ,)-£(! + ,). 

where y approaches zero with s. This quantity is positive for all 
values of s near zero. Likewise, replacing (X, Y. Z) by the coordi¬ 
nates (x + Ra\ y + Rfi', x 4- Ry') of the center of curvature, the 
result of the substitution is R, which is essentially positive. Hence 
the theorem is proved. 

227. Polar line. Polar surface. The perpendicular A to the oscu¬ 
lating plane at the center of curvature is called the polar line. This 
straight line is the characteristic of the normal plane to T. For, in 
the first place, it is evident that the line of intersection D of the 
normal planes at two neighboring points M and M' is perpendicular 
to each of the lines MT and M’T '; hence it is also perpendicular to 
the plane mOm'. As AT approaches <1/, the plane mOm’ approaches 
parallelism to the osculating plane ; hence the line D approaches a 
line perpendicular to the osculating plane. On the other hand, to 
show that it passes through the center of curvature, let s be the 
independent variable; then the equation of the normal plane is 

(47) a{X-x)+fi{Y-y) + y(Z-*) = 0, 

and the characteristic is defined by (47) together with the equation 

(48) £(X-x) + f(r-«,) + £V-=)-l=0. 

This new equation represents a plane perpendicular to the principal 
normal through the center of curvature; hence the intersection of 
the two planes is the polar line. 

The polar lines form a ruled surface, which is called the polar 
surface . It is evident that this surface is a developable, since we 
have just seen that it is the envelope of the normal plane to r. 
If T is a plane curve, the polar surface is a cylinder whose right 
section is the evolute of T; in this special case the preceding state¬ 
ments are self-evident. 

228. Torsion. If the words “ tangent line ” in the definition of 
curvature' (§ 226) be replaced by the words “ osculating plane,” a 
new geometrical concept is introduced which measures, in a manner, 
the rate at which the osculating plane turns. Let u 1 be the angle 
between the osculating planes at two neighboring points Af and M'\ 
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then the limit of the ratio w'/arc MM as M approaches M\ is called 
the torsion of the curve T at the point M. The reciprocal of the 
torsion is called the radius of torsion. 

The perpendicular to the osculating plane at M is called the 
binormal. Let us choose a certain direction on it as positive, — we 
shall determine later which we shall take, — and let a", p", y" be 
the corresponding direction cosines. The parallel line through the 
origin pierces the unit sphere at a point n, which we shall now put 
into correspondence with the point M of T. The locus of n is a 
spherical curve ©, and it is easy to show, as above, that the radius 
of torsion T may be defined as the limit of the ratio of the two corre¬ 
sponding arcs MM' and nn' of the two curves r and ©. Hence we 
shall have 



where r denotes the arc of the curve ©. 

The coordinates of n are a", p", y", which are given by the formula; 
(§215) 

a" =-7=4==, f}"= - - • B . .. , , y"=--=£===--, 

±'/A. t +IS‘+£* ±'Ja*+&+v* 

where the radical is to be taken with the same sign in all three 
formulaj. From these formula; it is easy to deduce the values of 
da", dp", dy"-, for example, 

da „ _ ± (A* + 1 1* + C*)d A - A (AdA + BdB + C dC) , 

(A* + B*+C*) i 

whence, since dr* = da"* + dp"* + dy" 2 , 

dT * = S A * S.^ 2 - LS’li")!, 

(A* 4- B* + c*y 2 

or, by Lagrange’s identity, 

(A* + b*+ c*y 

where S denotes the sum of the three terms obtained by cyclic per¬ 
mutation of the three letters A, B, C. The numerator of this expres¬ 
sion may be simplified by means of the relations 

A dx + Bdy+ Cd/s = 0, 
dA dx + dB dy + dC d« — 0, 

whence 

dx dy dx 1 '• 
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where A" is a quantity defined by the equation (49) itself. This gives 

_, 

(A 1 + B 1 + cy 

where K is defined by (49); or, expanding, 


dz dx |) 
d % z d*x j $ 

— Sidzd'xcPy — dxcPzdty), 


K- 


dx 


dz dx 
d*z cPx 


dx dy 
d*x d*y 


dx dy 
d?x tPy 


where S denotes the sum of the three terms obtained by cyclic per¬ 
mutation of the three letters x, y, z. But this value of K is exactly 
the development of the determinant A [ (8), §216]; hence 


dr = ± 


A ds 

A*+ ZP+C*’ 


and therefore the radius of torsion is given by the formula 


(50) 


T-± 


A 2 + 2i 2 + C 2 
A 


If we agree to consider T essentially positive, as we did the radius 
of curvature, its value will he the absolute value of the second mem¬ 
ber. But it should be noticed that the expression for T is rational 
in x, y, s, x’, y\ x", z"; hence it is natural to represent the 
radius of torsion by a length affected by a sign. The two signs 
which T may have correspond to entirely different aspects of the 
curve T at the point M. 

Since the sign of T depends only on that of A, we shall investigate 
the difference in the appearance of r near M when A has different 
signs. Let us suppose that the trihedron Uxyz is placed so that an 
observer standing on the xy plane with his feet at O and his head in 
the positive z axis would see the x axis turn through 90° to his left 
if the x axis turned round into the y axis (see footnote, p. 477). 
Suppose that the positive direction of the binormal MN b has been so 
chosen that the trihedron formed from the lines MT, MN, MN h has 
the same aspect as the trihedron formed from the lines Ox, Oy, Os ; 
that is, if the curve V be moved into such a position that M coincides 
with O, Mf with Ox, and MN with Oy, the direction MN b will coin¬ 
cide with the positive z axis. During this motion the absolute value 
of T remains unchanged; hence A cannot vanish, and hence it cannot 
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4 frea change sign.* In this position of the curve F with respect to 
the axes now in the figure the coordinates of a point near the origin 
Will be given by the formulae 

rx = a,< + t*(a, + «), 

(51) J y = + <*(5,+ t), 

U = f(c, + c"), 

where «, t" approach zero with t, provided that the parameter t is 
so chosen that t = 0 -at the origin. For with the system of axes 
employed we must have dy — dz = d 2 z — 0 when t = 0. Moreover 
we may suppose that a, > 0, for a change in the parameter from t to 
— t will change to — a,. The coefficient 6, is positive since y must 
be positive near the origin, but c, may be either positive or negative. 
On the other hand, for t — 0, A = 12aii s c a dt°. Hence the sign of A 
is the sign of c s . There are then two cases to be distinguished. It 
c, > 0, * and z are both negative for — h <* t < 0, and both positive 
for 0 ^ ^ ft, whete h is a sufficiently small positive number, i.e. 
an observer standing on the xy plane with his feet at a point )' on 



the positive half of the principal normal would see the arc MM' at 
his left and above the osculating plane, and the arc MM" at his right 
below that plane (Fig. 49, a). In this case the curve is said to be 
sinistrorsal. On the other hand, if c 3 < 0, the aspect of the curve 
would be exactly reversed (Fig. 49, b), and the curve would be said 
to be dextrorsal. These two aspects are essentially distinct. For 
example, if two spirals (helices) of the same pitch be drawn on the 
same right circular cylinder, ot on two congruent cylinders, they 
will be superposable if they are both sinistrorsal or both dextrorsal; 
but if one of them is sinistrorsal and the other dextrorsal, one of 
them will be superposable upon the helix symmetrical to the other 
one with respect to a plane of symmetry. 

*It would be easy to show directly that A does not change sign When we pass fro® 
one set of rectangular axes to another set which, have the same aspect. 



X1J 2»] CURVATURE TORSION 477 


In consequence of these results we shall write 


(52) 


T- — 


A 1 + S 2 + O’ 


i.e. at a point where the curve is dextrorsal T shall be positive, while 
T shall be negative at a point where the curve is sinistrorsal. A dif¬ 
ferent arrangement of the original coordinate trihedron Oxyz would 
lead to exactly opposite results.* 


229. Frenet’s formula!. Each point M of r is the vertex of a tri- 
rectangular trihedron whose aspect is the same as that of the trihe¬ 
dron Oxyz, and whose edges are the tangent, the principal normal, 
and the binomial. The positive direction of the principal normal is 
already fixed. That of the tangent may be chosen at pleasure, but 
this choice then fixes the positive direction on the binormal. The dif¬ 
ferentials of the nine direction cosines (a, ft, y), (V, ji', y’), (a", p", y") 
of these edges may be expressed very simply in terms of It, T, and 
the direction cosines themselves, by means of certain formulae due 
to Frenet.t We have already found the formulte for da, dp, and dy: 


(63) 


da a 1 d p _ d y __ y' 

ds It ds 11 ds It 


The direction cosines qf the positive binormal (§ 228) are 
• 1 „„ II C 


y"—t- 


Va»+&+(’* ' V.u+.ff’+r 2 ' ' ' Va 3 -\-b 3 +c 3 

where t = ±1. Since the trihedron (.1/7', .1/A', MN b ) has the same 
aspect as the trihedron Oxyz, we must have 

fly - r P 


x' = P"y - /3y",* or a' = e 


Va 3 + b 3 + ( xi 


On the other hand, the formula for da" may be written 

, „ B(BdA - A dll) + C((’d I - A dC) 
da = t-‘-.-> 

(.4 2 + B J + <’T 

or, by (49) and the relation K = A, 

da" = cp -lly _ g'A 

ds ' (A a 4- B 2 + f 4 )* A 3 + B 3 + C 3 

— *--- 

•It la usual in America to adopt an arrangement of axes precisely opposite to that 
described above. Hence we should write T — -f (A 2 -i- T? 2 + 0 2 )/A, etc. Bee also 
the footnote to formula (54), § 230. — Tran r. 

t Nouvellts Annale s de Mathtmatiqucs, 1864, p. 284. 
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The coefficient of a' is precisely 1/7, by (52). The formulae f or 
dff" and dy" may be calculated in like manner, and -we should hud 


(54) 


da" = a' iE_ = P = ± 

ds t’ ds t’ ds T* 


which are exactly analogous to (53).* 

In order to find da', dp', dy\ let us differentiate the well-known 
formula 

« ,a + ys”+ y* = i, 

««' + /3yS' + yy' = 0, 

a'a" + p'p"+y'y" = 0, 

replacing da, dp, dy, da”, d\ 9", dy" by their values from (53) and 
(54). This gives 

o' da' + p’ dp 1 + y'dy = 0, 

a da' -f- p dp' + y dy' + ■— — 0, 

(Ip 

a"da'+ p" dp'+ y"dy'+ - = 0; 
whence, solving for <f«’, dp', dy', 

( ’ ds 11 T ds R * T ds R T 

The formulae (53), (54), and (55) constitute Frenefc’s formulas. 

Note. The formulae (54) show that the tangent to the spherical 
curve ® described by the point n whose coordinates are a", p", y" is 
parallel to the principal normal. This can be verified geometrically. 
Let S’ be the cone whose vertex is at O’and whose directrix is the 
curve ®. The generator On is perpendicular to the plane which is 
tangent to the cone S along Om (§ 228). Hence S' is the polar cone 
to S. But this property is a reciprocal one, i,e. the generator Om 
of 5 is surely perpendicular to the plane which is tangent to S’ 
along On. Hence the tangent mt to the curve'S, since it is perpen¬ 
dicular to each of the lines On and Om, is perpendicular to the 
plane mOn. For the same reason the tangent nt' to the curve ® is 
perpendicular to the plane mOn. It follows that mt and nt' are 
parallel. 


* It we had writtrai the formula for the torsion in the fonnl/T= A/(4* + B 1 + C 8 ), 
J'reneVs lomulae would have to be written in the lorra da"/As = — a'/T, etc 
[Hence this would be the form it the axes are taken as usual in America. — XfiASs.j 
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230. Expansion of x, y, and z in powers of s. Given two functions 
r = 4>(s), T = ty(s) of an independent variable s, the first of which 
is positive, there exists a skew curve T which is completely defined 
except for its position in space, and whose radius of curvature and 
radius of torsion are expressed by the given equations in terms of 
the arc s of the curve counted from some fixed point upon it. A rig¬ 
orous proof of this theorem cannot be given until we have discussed 
the theory of differential equations. ,1 ust now we shall merely show 
how to find the expansions for the coordinates o! a point on the 
required curve in powers of s, assuming that such expansions exist. 

Let us take as axes the tangent, the principal normal, and the 
binormal at O, the origin of ares on F. Then we shall have 



where x, ?/, and z arc the coordinates of a point on If But 
dx <l~x do a' 

ds <C ’ ds- ds R' 


whence, differentiating, 

<Px _ _ dn _ 1 In <A 
ds* ~ R‘ 1 ds R\K + 'r/' 

In general, the repeated application of Frenet’s formulae gives 


where L„, A/„, P H are known functions of R. T, and their successive 
derivatives with respect to .*. In a similar manner the successive t 
derivatives of y and ~ are to be found bj replacing (o, a', a lr ) by 
03, /S', /8") and (y, y\ y"), respectively. But we have, at the origin, 
a 0 = 1, $> = 0, y„ — B, a n = 0, fi'a = 1. yl = 0, oj 1 = 0, =0, yj, 1 = 1; 

hence the formulae (56) become 


s 



s* 

6 R* + '"’ 

,5 s dR 

6R i dJ + '"’ 

s* 


6RT 


V) 


z = 


4 -> 
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-where the terms not written down are of degree higher than tluee. 
It is understood, of course, that R, T, dRjda, • • • are to be replaced 
by their values for s = 0. 

These formula enable us to calculate the principal parts of cer¬ 
tain infinitesimals. For instance, the distance from a point of the 
curve to the osculating plane is an infinitesimal of the third order, 
and its principal part is — s*/6R T. The distance from a point on 
the curve to the x axis, i.e. to the tangent, is of the second order, 
and its principal part is s 1 /2R (compare § 214). Again, let us cal¬ 
culate the length of an infinitesimal chord c. We find 

c a = x 3 + y a + z a = «* - + ■■■, 

where the terms not written down are of degree higher than four. 
This equation may lie written in the form 



which shows that the difference s — c is an infinitesimal of the 
third order and that its principal part is s*/24 It 1 . 

In an exactly similar manner it may bo shown that the shortest 
distance between the tangent at the origin and the tangent at a 
neighboring point is an infinitesimal of the third order whose prin¬ 
cipal part is s‘/12RT. This theorem is due to Bouquet. 

231. Involutes and evolutes. A curve T, is called an involute of a 
second curve r if all the tangents to r are among the normals to r,, 
and conversely, the curve r is called an evolute of T,. It is evident 
that all the involutes of a given curve T lie on the developable sur¬ 
face of which r is the edge of regression, and cat the generators of 
the developable orthogonally. 

Let (x, y, z) be the coordinates of a point M of .r, (a, /8, y) the 
direction cosines of the tangent MT, and l the segment MM, between 
M and the point A/, where a certain involute cuts MT. Then the 
coordinates of M t are 

*i —x + loc, pi=p-M/3, ^ — 

whence 

dx, = dx -+• l da 4- dl, 
dyi = dy + IdfS + $ dl, 

« dz -4 -1 dy 4— y dl. 
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la order that the curve described by A/, should be normal to MM l 
it is necessary and sufficient that a dx x 4 fi dy, -)- y dz x should vanish, 
j.e. that we should have 

a dx -(- f3 dy 4 - y dz + dl 4- l(a da 4 - f} dfi 4 - y dy) = 0 , 

which reduces to ds 4- dl = 0. It follows that the involutes to a 
given skew curve F may be drawn by the same construction which 
was used for plane curves (§ 206). 

Let us try to find all the evolutes of a 
given curve T, that is, let us try to pick 
out a one-parameter family of normals to 
the given curve according to some contin¬ 
uous law which will group these normals 
into a developable surface (Fig. 60). Let 
D be an evolute, the angle between the 
normal MM , and the principal normal MN, 
and l the segment MP lx:tween M and the 
projection P of the point A/, on the principal normal. Then the 
coordinates (x,, y x , z x ) of M x are 

r x x s= z + la' + la" tan <j>, 

(67) j y, = y + Iff + 1 1 3" tan +, 

l 2 , = z 4 ly 4 ly" tan </>, 

as we see by projecting the broken line MPM X upon the three axes 
successively. The tangent to the curve described by the point A?, 
must be the line MM X itself, that is, we must have 

dx x _ dy x _ dz, 

. x x - x )J X — y »t - - 

Let k, denote the common value of these ratios; then the condition 
dx x — k(x, — x) may be transformed, by inserting the values of x t 
and dx x and applying Frenet's formulae, into the form 

acU^l — 4 (r'(dl 4- l fan <£ — — 

4 - a” tan </>) — — kl tan <f> J = 0 , 

The conditions dy x = k(y x — y) and dz x = k(z x — 2 ) lead to exactly 
similar forms, which may be deduced from the preceding by repla¬ 
cing (a, a', a") by (ft ft, ft') and (y, y', y"), respectively. Since the 
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determinant of the nine direction cosines is equal to unity, these 
three equations are equivalent to the set 


(58) 


ds 

dl + l tan <j> — = kl, 

Ids 

d(l tan tf >)- — = kl tan <f>. 


From the first of these l = R, which shows that the point P is the 
center of curvature and that the line PM is the polar line. It fol¬ 
lows that all the evolutes of a given, skew curve F lie on the polar sur¬ 
face. In order to determine these evolutes completely it only remains 
to eliminate k between the last two of equations (58). Doing so 
and replacing l by II throughout, we find ds — T d<t>. Hence <f> may 
be found by a single quadrature : 

(59) <f> = <f>o + J' y, • 

If we consider two different determinations of the angle <#> which 
correspond to two different values of the constant <j> 0 , the difference 
between these two determinations of <£ remains constant all along F. 
It follows that two normals to the carve T which are tangent to two 
different evolutes intersect at a constant angle. Hence, if we know 
a single family of normals to T which form a developable surface, 
all other families of normals which form developable surfaces may 
be found by turning each member of the given family of normals 
through the same angle, which is otherwise arbitrary, around its 
point of intersection with T. 


Note 1. If r is a plane curve, T is infinite, and the preceding 
formula gives <j> = <f> 0 . The evolute which corresponds to 4» 0 = 0 is 
the plane evolute studied in § 206, which is the locus of the centers 
of curvature of r. There are an infinite number of other evolutes, 
which lie on the cylinder whose right section is the ordinary evo¬ 
lute. We shall study these curves, which are called helices, in the 
next section. This is the only case in which the locus of the cen¬ 
ters of curvature is an evolute. In order that (59) should be satis¬ 
fied by taking 4 = 0, it is necessary that T should be infinite or 
that h should vanish identically; hence the curve is in any ease a 
plane curve (§ 216). 
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2Vote II- If tbs curve D is an evolufce of T, it follows that T is an 
involute of D. Hence 

ds t = d(MM,), 

where denotes the length of the arc of the evolute counted from 
some fixed point. This shows that all the evolutes 01 any given 
curve are rectifiable. 


288. Let C be any plane curve and let us lay off on the perpendic¬ 

ular to the plane of C erected at any point m on C a length mif proportional to 
the length of the arc a of C counted from some fixed point .'1. Then the skew 
curve T described by the point M is called a helix. Let us take the plane of C 
as the xy plane and let 

1 =/(<*)> y = 'Pi") 

be the coordinates of a point m of C in terms of the arc a. Then the coordi¬ 
nates of the corresponding point if of the curve T will be 


(60) z = f(a), y - , z — An, 

where K is the given factor of proportionality. The functions/and y> satisfy 
the relation / ,J + </>'* = 1; hence, from (00), 

dfi = (ft + ft + K i )d<r i _ ( i + K^do-t, 

where a denotes the length of the arc of r. It folIowB that s = trVl + K 1 + H, 
or, if a and tr be counted from the same point, A on C, a = cr vT+TP, since H = 0. 
The direction cosines of the tangent to V are 


( 61 ) 


re 


jy\ .. 

Vi + kt ’ 


Vl + K* 


_ K _ 

VT+IP’ 


Since 7 is independent of tr, it is evident that the tangent to r makes a constant 
angle with the z axis; this property is characteristic : Any curve whose tangent 
makes a constant angle, with a fixed straight line is a helix. In order to prove 
this, let us take the * axis parallel to the given straight line, and let C be the 
projection of the given curve r on the xy plane. The equations of r may always 
be written in the form 

(62) x = f(<r ), y - fir), z= fa ), 

where the functions f and <f> satisfy the relation f' 2 + <f>' 2 = 1 , for this merely 
amounts to taking the arc <r of C as the independent variable. It follows that 

_ d z ___^'(<r) _ _ _ . 

7 ~ ds ~ Vft^Tft + ft ~ fl + ft ’ 

hence the necessary and sufficient condition that 7 be constant is that f should 
be constant, that is, that fa) should be of the form Ka + z 0 . It follows that 
the equations of the curve T will be of the form (60) if the origin be moved to 
the point x = 0 , y = 0 , z = z<> • • 

SiSce 7 is constant, the formula dy/ds = y'/B shows that 7 ' = 0. Hence the 
principal normal is perpendicular to the generators of the cylinder. Since it is 
also perpendicular to the tangent to the helix, it is normal to the cylinder, and 
therefore the osculating plane is normal to the cylinder, It follows that the 
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atotBanal lies in the tangent piano at right angles to the tangent to the helu 
leoee it also makes a constant angle with the z axis, i.e. y" is constant. 

Since 7 ' = 0, the formula dy'/df = — y/ft - 7 "/ T shows that y/R + y"/T~Q 
hence the ratio T/R is constant for the helix. 

Each of the properties mentioned above is characteristic for the helix. f, e)j 
us show, for example, that every curve far which the ratio T/R is constant u a 
helix. (J. Bebtrand.) 

From Frenet’s formulae we have 

da _dfi _dy _ T _ 1 . 
da" ~ dp" ~ dy" ~ R H ’ 

hence, if S is a constant, a single integration gives 

a" = Ha — A , p" = Bp-B, y" - Uy - C, 

where A, B,C are three new constants. Adding these three equations after 
multiplying them by a, p, 7 , respectively, we find 

Aa + Bp + Cy = B, 
or 

Aa + Bp + Cy _ H 

VW +&~~ VA* + B* + C* 

But the three quantities 

A B _ C _ 

y/AP + WlTC*' ~VZ* + B* + C*' y/A*~+~B r +~C i 


are the direction cosines of a certain straight line A, and the preceding equa¬ 
tion shows that the tangent makes a constant angle with this line Hence the 
given curve is a helix. 

Again, let ue find the radius of curvature. By (53) and (01) we have 


o' _ da 

R ds 


1 

1 + A'» 


f"W) 1 


£ 

R 


1 

1 + if“ 




whence, since 7 ' = 0 , 

(03) — =- - -- [/"» (a) + rp"i (<r)l. 

1 IP (1 + if 1 ) 3 V ' V ;J 

This shows that the ratio (1 + if a )/it is independent of K. But when if = 0 
this ratio reduces to the reciprocal 1 /rof the radius of cm vature of the right 
section C, which is easily verified (§ 205). Hence the preceding formula may 
be written in the form ft = r( 1 + if 2 ), which shows that the ratio of the radius 
of curvature of a helix to the radius of curvature of the corresponding curve C 
is a constant. 

It is now easy to find all the curves for which it and T are both constant. 
For, since the ratio T/R is constant, all the curves must be helices, by Bertrand’s 
theorem. Moreover, since it is a constant, the radius of curvature r of the 
curve 0 also is a constant. Hence C is a circle, and the required curve is a 
helix which lies an a circular cylinder. This proposition is due to Puiseux.* 


•It is assumed in this proof that we are dealing only with real curves, for we 
assumed that JP -f 5 s + C* does not vanish. (See the thesis by Lyon; Sur its 
Covrbes a torsion constants, 1890.) 




si,$2®3 


CURVATURE TORSION 


485 


jss. Bsrtrand’s curves. The principal normals to a plane curve are also the 
principal normals to a® infinite number of other curves, — the parallels to the 
given curve. J. Bertrand attempted to find in a similar manner all the skew 
curves whose principal normals are the principal normals to a given skew 
curve r. Let the coordinates s, y, z of a point of T be given as functions of the 
arc s. Bet ns lay off on each principal normal a segment of length J, and let the 
coordinates of the extremity of this segment be X, Y, Z ; then we shall have 

(64) X = x + lor', Y=y + lp, Z = z + ly'. 

The neceSBary and sufficient condition that the principal normal to the curve T' 
described by the point (X, Y, Z) should coincide with the principal normal to T 
is that the two equations 

a'dX + p<1Y+ y'dZ = 0, 

,t'(dY<PZ - dZdPY) + P{dZd*X-dXd?Z) + y'(dX<PY- dFiPX) = 0 

should he satisfied simultaneously. The meaning of each of theBe equations is 
evident. From the first, ill = 0, lienee the length of the segment l should be a 
constant. Replacing dX, it-X, dY, ■ ■ • ill the second equation by their values 
from Frenet’s formula; and from the foimulm obtained by differentiating 
Frenet’s, and then simplifying, we finally find 


whence, integrating, 

(« 6 ) 





where V is the constant of integration. It follows that the required curves are 
those for which there exists a linear relation between the curvature and the torsion. 
On the other hand, it is easy to show that this condition is sufficient and that 
the length l is given by the relation (05). 

A remarkable particular case had already been solved by Monge, namely 
that in which the radius of curvature is a constant. In that case (65) becomes 
l = JJ, and the curve V' defined by the equations (04) is the locus of the centere 
of curvature of r. From (04), assuming l = H = constant, we find the equations 

dX = -^a"ds, dr = - |p"ds. dZ=-^y"ds, 

which show that the tangent to r' is the polar line of r. The radius of curva¬ 
ture R' of T' is given by the formula 


dX* + t IY‘ + dZ* 
da"- + dp" 1 * + dy" J 


= &; 


hence S' also is constant and equal to R. The relation between the two curves 
T and T' is therefore a reciprocal one: each of them is the edge of regression of 
the polar surface of the other. It is easy to verify each of these statements for 
the particular case of the circular helix. 
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gets. It is easy to find the general formulae for all shew curves whose radius of 
curvature is constant. let R be the given -constant radius and let a, (3, y he any 
three functions of a variable parameter which satisfy the relation a* + (3 s + yt - j 
Then the equations 

( 66 ) X = R^ada, T = sJ'pda’, Z = rJ yda-, 

where do- = Vda? + dp* + dy 2 , represent a curve which has the required prop, 
erty, and it is easy to show that all curves which have that property may be 
obtained in this manner. For a x 0, y are exactly the direction cosines of the 
curve defined by (66), and <r is the arc of its spherical indicatrix (§ 225). 


IV. CONTACT BETWEEN SKEW CURVES 
CONTACT BETWEEN CURVES AN1) SURFACES 


234. Contact between two curves. The order of contact of two 
skew curves is defined in the same way as for plane curves. Let r 
and F be two curves which are tangent at a point 4- To each point 
M of T near A let us assign a point M' of T 1 according to such a law 
that M and M' approach A simultaneously. We proceed to find 
the maximum order of the infinitesimal MM ’ with respect to the 
principal infinitesimal AM, the arc of T. If this maximum order 
is n + 1, we shall say that the two curves have contact of order ii 
Let us assume a system of trirectangular * axes in space, such 
that the yz plane is not parallel to the common tangent at A, and 
let the equations of the two curves be 


O') 


'/ = /(*)> 
» =<K*)> 


(F) 


y = F(x), 

Z = 4>(x). 


If x 0 , y„, z 0 axe the coordinates of A, the coordinates of M and M' 
are, respectively, 


[*o + h > f( x o + A), <f>(x 0 + A)], [x 0 4- k, F{x„ + k), + A)], 

where k is a function of h which is defined by the law of corre¬ 
spondence assumed between M and M’ and which approaches zero 
with A, We may select A as the principal infinitesimal instead of 
the arc AM (§211); and a necessary condition that MM 1 should 
be an infinitesimal of order n 4-1 is that each of the differences 


k~ h, F(x„ + k) -f(x o 4- A), 4>(x 0 + k) - <f»(x 0 4- A) 


*lt la easy to show, by passing to the formula for the distance between two points 
in oblique coordinates, that this assumption is not essential. 
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should be an infinitesimal of order n + 1 or more. It follows that 
we must have 

k — h = ah n + \ F(x„ + k) —f(x„ + h) ~ /8A" + 1 , 

4>(a: 0 + k) - <f>(x 0 + h) = yh* +l , 

where a, fi, y remain finite as h approaches zero. Replacing k by 
its value h + ah n + 1 from the first of these equations, the latter two 
become 

^(*o + h + ah"~') - f(x H + h) = /SA* + ', 

*( x » + h + ah n +') - <j>(x„ + h) = yA n + 1 . 

Expanding F(x 0 + h + ah” + 1 ) and <t>(a •.„ + h + ah” + 1 ) by Taylor’s 
series, all the terms which contain a will have a factor A n +1 ; hence, 
in order that the preceding condition be satisfied, each of the 
differences 

F(x o + h) - f( x « + h), 4 ■ h) - <t>(x„ + h) 

should be of order n + 1 or more. It follows that if MM' is of 
order n + 1, the distance il/.V between the points M and N of the 
two curves which have the same abscissa x 0 -p h will be at least of 
order n +1. Hence the maximum order of the infinitesimal in 
question will be obtained by putting into correspondence the points 
of the tu<o curves nilich have the. same abscissa. 

This maximum order is easily evaluated. Since the two curves 
are tangent we shall have 

fix,) = F(x 0 ), f(x u ) = F’(x„), *(*,) = •(*,), *'(*0 “ * , ( a 0 ■ 

Let us suppose for generality that we also have 

f"(* o) = F"(x .), ■ ■ •, /"" Ov) = F«(r 0 ), 

<*>"(*<,) = , ■ • ■, * ort W = (a.) i 

but that at least one of the differences 

F'*+'\x 0 )-f ,+ % r 0 ), <J> l " + ,, (*o) - *<” + I >(* 0 ) 

does not vanish. Then the distance MM' will be of order n + 1 
and the contact will tie of order n. This result may also be stated 
as follows: To find the order of contact of two curves F and T', con¬ 
sider the two sets of projections (C, C 1 ) and (C lt C{) of the given 
curves on the xy plane and the xx plane , respectively, and find the 
order of contact of each set; then the order of contact of the given 
curves T and T’ will he the smaller of these two. 



SKEW CDfiVES 


[»,§ at 


If tie two curves T and I" are given in the form 

<r) * =A 0 > » = H t )> 

(T') X =/(«), y =<*>(«), z =*(«), 

they will be tangent at a point u = t — t 0 if 

4>(t 0 ) = <*■(«<>)> *'(*<,)= *'(4), *(4) = sK<o)> *''(4) = *'(<„). 

If we suppose that /'(to) is net aero, the tangent at the point of 
content is not parallel to the 1/2 plane, and the points on the two 
curves which have the same abscissa correspond to the same value 
of t. In order that the contact should be of order n it is neces¬ 
sary and sufficient that each of the infinitesimals <t>(t) — <f>(t) and 
♦(£) — should he of order n + 1 with respect to t — t 0) i.e. that 
we should have 

*'(«.) = <#>'(4), • • •, &’> (4) = <*> ( "> (4 ), 

*'( 4 ) =*'('»), ♦ w (4) =^(4), 

and that at least one of the differences 

* f, + ,J (< 0 ) - +‘" + ,, (4), ♦ 0,+l) (4) - «A ( " + 1, (<o) 

should not vanish. 

It is easy to reduce to the preceding the case in which one of the 
curves T is given by equations of the form 

(67) *=/(9. y = Ht), * = W9> 

and the other curve I" by two implicit equations 

f( x > y > z ) = y.«) = o. 

Resuming the reasoning of § 212, we could show that a necessary 
condition that the contact should be of order a at a point of F 
where t —1 0 is that we should have 

f68 s $Ffc)«0, F'(f 0 )=0, ...» F<">(4) = 0, 

K } \ F/4) = 0, FI(t 0 ) = 0, F(’>(<«) = 0, 

where 

F (0 = n /(«), m> MOl . F t (0 = r t [f(t), i>(t), +(t) 3. 

23$. Osculating curves. Let F be a curve whose equations are 
given in the form (67), and let T 1 be one of a family of ourves in 
2 n + 2 parameters a, b, c, ■■■, l, which is defined by the equations 

(69) F(x, y,x,a,b, -,Z) = 0, F x (x, y, *,o, 6, c, I) = 0. 
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In general it is possible to determine the %n + 2 parameters in such 
a way that the corresponding curve T' has contact of order n with 
the given curve r at a given point. The curve thus determined is 
called the osculating curve of the family (69) to the curve r. The 
equations which determine the values of the parameters a. 
are precisely the 2n + 2 equations (68). It should be noted that 
these equations cannot be solved unless each of the functions F and 
F t contain at least n + 1 parameters. For example, if the curves 
T 1 are plane curves, one of the equations (69) contains only three 
parameters; hence a plane curve cannot have contact of order 
higher than two with a skew curve at a point taken at random on 
the curve. 

Let us apply this theory to the simpler classes of curves, — the 
straight line and the circle. A straight line depends on four param¬ 
eters; hence the osculating straight line will have contact of the 
first order. It is easy to show that it coincides with the tangent, 
for if we write the equations of the straight line in the form 

x = az+I>, y-bz + g, 
the equations (68) become 

x 0 = az„+j), x'„ = y» = bs 0 + q, y' a = bz[, 

where ( x Q , y„, z„) is the supposed point of contact on r. Solving 
these equations, we find 



which are precisely the values which give the tangent.. A neces¬ 
sary condition that the tangent should have contact of the second 
order is that x(' = azll, y’ Q ' = bz[l, that is, 

r" v" 
x o _//y 

J 'li {Jr, 

The points where this happens are those discussed in § 217. 

The family of all circles in space depends on six parameters; 
hence the osculating circle will have contact of the second order. 
Let t^e equations of the circle be written in the form 

F (x,y, s) = A(x ~a) + R(y — *) + C,(s - c) = 0, 

f, (*, y> *) = (*- o) a + (y - b ) 3 + (* - c ) s - & = o. 
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where the parameters are a, b, c, R, and the two ratios of the three 
coefficients A, B, C. The equations which determine the osculating 
circle are 


A(x — a) + B(y - b) + C(z — e) = 0, 



+ B 


dy 

dt 


d lr 

+ C dt 


= 0 , 


d 1 x d 3 z 

A — + * + r , = 0, 

dt 1 dt- dt 2 


(x - ay + 0/- by + (* - cy = r\ 
(,-a)g + (y -i)g + (z-c)f = 0, 




d*y 




dt 4 


C) rf^ + 


d.r 5 + <7//* + dz» 
dt 2 


0 , 


where *, y, and » are to lie replaced by /(<), 4>(t), and ip(t), respec¬ 
tively. The second and the third of these equations show that the 
plane of the osculating circle is the osculating plane of the curve r. 
If a, b, and c be thought of as the running coordinates, the last 
two equations represent, respectively, the normal plane at the point 
(x, y, z) and the normal plaue at a point whose distance from 
(x, y, a) is infinitesimal. Hence the center of the osculating circle 
is the point of intersection of the osculating plaue and the polar 
line. It follows that the osculating circle coincides with the circle 
of curvature, as we might have foreseen by noticing that two curves 
which have contact of the second order have the same circle of 
curvature, since the values of y\ z', y", z” are the same for the two 
curves. 


236. Contact between a curve and a surface. Let S be a surface 
and T a curve tangent to .S' at a point A. To any point M of T 
near A let us assign a point M' of S according to such a law that 
.1/ and M' approach A simultaneously. First let us try to find what 
law of correspondence between M and M' will render the order 
of the infinitesimal MM' with respect to the arc AM a maximum. 
Let us choose a system of rectangular coordinates in such a way 
that the tangent to T shall not lie parallel to the yz plane, and that 
the tangent plane to ff shall not be parallel to the z axis. Let 
(x„, y v , z 0 ) be the coordinates of A; Z = F(x, y) the equation of S ; 
V ~ fix), St =■ 4>(x) the equations of f*; and n + 1 the order of the 
infinitesimal MM' for the given law of correspondence. The 
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codrdinates of M are [x„ + h, f(x 0 + h), <)>(x„ + A)]. Let X , and 
x = F(X, r) be the coordinates of M In order that MM' should 
be of order n + 1 with respect to the arc AM, or, what amounts to 
the same thing, with respect to h, it is necessary that each of the 
differences X — x, Y — y, and Z — z should be an infinitesimal at 
least of order n + 1, that is, that we should have 

X_x = aA“ + 1 , Y — y — /3/i n + l , Z - s = F(X, T) - s = 

where a, f3, y remain finite as h approaches zero. Hence we shall 
have 

F(x + ah“ + \ y + 0A" + 1 ) — c = yh K+l , 

and the difference F(x, y) — z will be itself at least of order n + 1. 
This shows that the order of the infinitesimal MN, where N is the 
point where a parallel to the z axis pierces the surface, will be at 
least as great as that of MM', The maximum order of contact — 
which we shall call the order of contact of the curve and the surface 
— is therefore that of the distance A/.V with respect to the arc AM 
or with respect to h. Or, again, we may say that the order of con¬ 
tact of the curve and the surface is the order of contact between T 
and the curve F' in which the surface S is cut by the cylinder which 
projects r upon the xy plane. (It is evident that the s axis may be 
any line not parallel to the tangent plane.) Nor the equations of 
the curve T 1 are 

y =/(*), f[x, /(*)] = ♦(*), 

and, by hypothesis, 

<*>(*„) = = &(*«) ■ 

If we also have 

•"(*•) = *%r.), ■ • ■, (x 0 ) = (*„), 4 >< " + ’> (*,) + i >‘"+« (x 0 ), 

the curve and the surface have contact of order n. Since the equa¬ 
tion $>(x) = <h{x) gives the abscissa- of the points of intersection of 
the curve and the surface, thqpe conditions* for contact of order n 
at a point A may be expressed by saying that the curve meets the 
surface in » 4-1 coincident points at A. 

Finally, if the curve T is given by equations of the foTm * =.f{t), 
y =b <h(t), * = $(t), and the surface S is given by a single equation 
of tUe form F(x, y, z) = 0, the curve I" just defined will have equa¬ 
tions of the form x =/(<), y = <£(<), * = w(tf), where zr(f) is a func¬ 
tion defined by the equation 

nM, *{*)> •"■(*)]=<>• 
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• la order that T. and V should have contact of order n, the infini¬ 
te sima l tt( t) — f(t) must be of order » 4-1 with respect to t ~t„- 
that is, we must have 

ir(to) = Wo), Tr'(t a ) = *’(*„), - w<»>(t 0 ) = ^(4)- 

Using F(<) to denote the function considered in § 234, these equa¬ 
tions may be written in the form 

•F(t a ) = 0, F'(<„) = 0, F‘*)((„) = 0. 

These conditions may be expressed by saying that the curve and 
the. surface have n + 1 coincident points of intersection at their 
point of contact. 

If S be one of a family of surfaces which depends on n + 1 
parameters a, b, c, ■ ■ ■, l, the parameters may be so chosen that S 
has contact of order n with a given curve at a given point; this 
surface is called the osculating surface. 

In the case of a plane there are three parameters. The equations 
which determine these parameters for the osculating plane are 

Af ( t )) + B<f> (<) + C+ (f) + D = 0, 

Af (t) + B# (t) + cy (t) =0, 

Af"(t) 4- BV\t) 4- ty'(0 = 0. 

It is clear that these are the same equations we found before for 
the osculating plane, and that the contact is in general of the second 
order. If the order of contact is higher, we must have 

4- 4- cr\t) = 0, 

i.e. the oseulating plane must be stationary. 

237. Osculating sphere. The equation of a sphere depends on four 
parameters; hence the •osculating sphere will have contact of the 
third order. For simplicity let us suppose that the coordinates 
x, y, z of a point of the given curve r are expressed in terms of the 
arc * of that curve. In order that a sphere whose center is («, b, e)‘ 
and whose radius is p should have contact of the third order with 
T at a given point (x, y, z) on r, we must have 

F(») = 0, F’(») = 0, F''(s) = 0, F"(s) = 0, 

F(s) = (x - a)* + (y~ b)* 4 - (* — ef — p % 


where 
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and where *, y, z are expressed as functions of s. Expanding the 
last three of the equations of condition and applying Frenet’s 
formulae, we find 


F' («) = (* - a) a + (y - b)fr + (~ _ c ) y = 0, 

F" (s) = (* ~ a ) | + 0 / “ h ) j, + (■- - '•)*, 4-1 = o, 



1 dR r/ 

- & l> -«)«' + (y - '0/8' + (» - <)V] = o. 


These three equations determine a, b, and c. But the first of them 
represents the normal plane to the curve r ai the point (x, y, z) in 
the running coordinates (n, b, r), and the other two may be derived 
from this one by differentiating twice with respect to s. Hence 
the eentei of the osculating sphere is the point where the polar line 
touches its envelope. In order to solve the three equations we may 
reduce the last one by means of the others to the form 

(x - a) a" 4 (y- b)p' + - <■)/ = T 

from which it is easy to derive the formulae 

a = x + Jin' - T ~ a", b = y + R/3' - /?", 

C=z + liy' - T ~ y". 

Hence the radius of the osculating sphere is given by the formula 

+ f)‘- 

If R is constant, the center of the osculating sphere coincides with 
the center of curvature, which agrees with the result obtained in 
§233. 

238. Osculating straight lines. If the equations of a family of 
curves depend on n 4- 2 parameters, the parameters may be chosen 
in Buoh a way that the resulting curve C has contact of order n with 
a gfren surface S at a point ilf. For the equation which expresses 
that C meets 4 at M and the n 4-1 equations which express that 
there are n 4-1 coincident points of intersection at M constitute 
» + 2 equations for the determination of the parameters. 
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For example, the equations of a straight line depend on fom 
parameters. Hence, through each point M of a given surface s 
there exist one or more straight lines which have contact of the 
second order with the surface. In order to determine these lines, 
let us take the origin at the point M, and let us suppose that the 
s axis is not parallel to the tangent plane at M. Let s = F(x, y) 
be the equation of the surface with respect to these axes. The 
required line evidently passes through the origin, and its equations 
are of the form 

x _ y _ s 
a b e 

Hence the equation cp = F(j zp, bp) should have a triple root p = 0; 
that is, we should have 

c—ap + /nj, 

0 = arr -f- ‘Jabs +. b^t, 

where p, q, r, s, t denote the values of the first and second deriva¬ 
tives of F(x, ;/) at the origin. The first of these equations expresses 
that the required line lies in the tangent plane, which is evident 
a priori. The second equation is a quadratic equation in the ratio 
b/a , and its roots are real if .v 2 — rt is positive. Hence there are in 
general two and only two straight lines through any point of a given 
surface which have contact of the second order with that surface. 
These lines will be real or imaginary according as s a — rt is positive 
or negative. We shall meet these lines again in the following 
chapter, in the study of the curvature of surfaces. 


EXERCISES 

1. Find, in finite form, the equations of the evolutes of the curve which 
cuts the straight line generators of a right circular cone at a constant angle. 
Discuss the problem. 

[Licence, Marseilles, July, 1884.] 

2. T)o there exist skew curves V for which the three points of intersection 
of a fixed plane P with the tangent, the principal normal, and the binomial are 
the vertices of an equilateral triangle ? 

3. Let r be the edge of regression of a surface which is the envelope of 
a one-parameter family of spheres, Le. the envelope of the characteristic circles. 
Show that the curve which is the locus of the centers of the spheres lies on 
the polar surface of r. Also state and prove the converse. 

4. Let r be a given skew cum, M a point on r, and O a fixed point in 
space. Through 0 draw a line parallel to the polar line to T at M, and lay off 
on this parallel a segment ON equal to the radius at curvature of r at M. Show 
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that the curve I" described by the point N and the curve T" described by the 
center of curvature of T have their tangents perpendicular, their elements of 
length equal, and their radii of curvature equal, at corresponding points 

[ R 01 quet ] 

6. If the osculating sphere to a given skew curve V has a constant ladius a, 
show that r lies on a spheie of radius a, at least unless the radius of curvature 
of T is constant and equal to a 

6. Show that the necessary and sufficient condition that the locus n f the 
center of curvature of a helix drawn on a c) lmdtr should he wilier helix on a 
cylinder parallel to the first one is that the right section of thi stcond cylmdei 
should be a circle or a logarithmic spiral In tin latter case show that all the 
helices lie on circular cones which have the same axis anil the same \t rtex 

[Tissoi, Houvflln Annales, Vol XI, 18fi2.] 

7* If two Bkew curves have the same principal normals the osculating 
planes of the two curves at the points where the> iiuet the same noimal make 
a constant angle with each othei The two points pmt mentioned and the cen¬ 
ters of curvature of the two curves form a system 'if four points whose .inhar¬ 
monic ratio is constant The product of the radii of torsion of the two cuives 
at corresponding points is a constant 

[Pul Smarx , Mannheim, StizrLi*] 

8*. I*et x, v> * he the rectangular coordinates of a point on a skew curve r, 
and a the arc of that curve Then tlu cm ve r 0 defined by the equations 


Xo 




ds. 


V n 


= fp'rf*. * 0 =f 


y <li, 


where x„, y„, z,, aie the running coordinates, is called the conjugate curve to T, 
and the curve defined by the equations 

X — x coefl + x n sm 0, ¥ ~ ycosS -t- jtosmtf, Z = z c,o60 + z„ sin 

where X, ¥, Z are the running coordinates and 6 is a constant angle, is called 
a related curve. Find the orientation of the fundamental trihedron for each of 
these curves, and find their i.idn of curvature and of toision 

If the curvature of V is constant, Die torsion of the curve 1’ 0 is constant, and 
the related curves are curves of Die Beitrand type (§233). Hence find the 
general equations of the latter curies 

9. Let r and V' be two skew curves which are tangent at a point A. From 
A lay off infinitesimal arcs AM and AM’ from A along the two curves in the 
same direction Find the limiting position of the line MM'. 

[Cauchy.] 

]g), in order that a straight line rigidly connected to the fundamental trihe¬ 
dron of a skew curve and passing through the vertex of the trihedron should 
describe a developable surface, that straight line must coincide with the tangent, 
at least unless the given skew curve is a helix. In the latter case there are an 
infinite number of straight lines which have the required property. 
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' 3?or a, curve of the Bertrand type there exist two hyperbolic paraboloids 
rigidly connected to the fundamental trihedron, each of whose generators 
describes a developable surface. 

[Casino, Bivista di Mathematical, Vol. II, 1802. p. 156.] 

11*. In order that the principal normals of a given skew curve should be the 
binormals of another curve, the radii of curvature and the radii of torsion of 
the first curve must satisfy a relation of the form 



where A and B are constants. 

[Maknhsim, Comptes rendus , 1877.] 

[The case in which a straight line through a point on a skew curve rigidly 
connected with the fundamental trihedron is also the principal normal (or the 
binomial) of another skew curve has been discussed by Pellet (Comptes rendus , 
May, 1887), by Ceskro (Nouvelles Aunalcs, 1888, p. 147), and by Balitrand 
(Mathesia, 1804, p. 159).] 

12. If the osculating plane to a skew curve r is always tangent to a fixed 
sphere whose center is O, show that the plane through the tangent perpen¬ 
dicular to the principal normal passes through O, and show that the ratio of 
the radius of curvature to the radius of torsion is a linear function of the arc. 
State and prove the converse theorems. 
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I. CURVATURE OF CURVES DRAWN ON A SURFACE 

239. Fundamental formula. Heusnier’s theorem. In order to study 
the ourvature of a surface at a non-singular point Al, we shall sup¬ 
pose the surface referred to a system of rectangular coordinates 
such that the axis of ~ is not parallel to the tangent plane at M. 
If the surface is analytic, its equation may be written in the form 


< 1 ) 


s = F(x, y). 


where F(x, y) is developable in power series according to powers of 
x — x 0 and <j — y 0 in the neighborhood of the point M (ac 0 , y B , z„) 
(§ 194). But the arguments which wo shall use do not require the 
assumption that the surface should be analytic: we shall merely 
suppose that the function /•'(.;•, y), together with its first and second 
derivatives, is continuous near the point (x 0 , y 0 ) We shall use 
Monge’s notation, p, q, r, x, t, for these derivatives. 

It is seen immediately from the equation of the tangent plane 
that the direction cosines of the normal to the surface are propor¬ 
tional to p, q, and — 1. If we adopt, as the positive direction of the 
normal that which makes an acute angle with the positive z axis, 
the actual direction cosines themselves y, v are given by the 
formulae 

(2)i , - ZJL - 1 


VT+7" 2 + >f 


p = 


Vl +p* + q 3 


Vl + p* + 


Let C be a curve on the surface .V through the point M, and let 
the equations of this curve be given in parameter form; then the 
functions of the parameter which represent the coordinates of a 
point of this curve satisfy the equation (1), and hence their differ- 
eatills satisfy the two relations 

(3) dz=pdx + qdy, 

(4) cPz —p 4- q d 3 y + r dz* + 2 sdxdy + t dy t . 

4 487 
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The first of these equations means that the tangent to the curve c 
lies in the tangent plane to the surface. In order to interpret the 
second geometrically, let us express the differentials which occur in 
it in terms of known geometrical quantities. If the independent 
variable be the arc <r of the curve C, we shall have 

rfar _ dy _ . dz _ tPx V aPj/ _ /?' ’ d?z _ y' 

fo~ a ' d<r~ ti ' Ar _y ’ d<r a R’ da* r’ d^~ k' 

where the letters a, ft, y, a\ ft\ y\ R have the same meani ng s as in 
§ 229. Substituting these values in (4) and dividing by Vl + j, : -jTp, 
that equation becomes 


or, by (2), 


y 1 — pa' — qff _ w* 4 - 2saft 4 - ift" 1 
R + T 5 Vl + p 1 + q 1 

\a + fifj' -f vy' _ ra‘ 4 - 2 s<tft 4- iff 
R Vl4- p ' 2 + >j‘ 


But the numerator \<r' 4 - y.0 4 vy' is nothing but the cosine of the 
angle 9 included between the principal normal to C and the positive 
direction of the normal to the surface; hence the preceding formula 
may be written in the form 

cos 8 _ raft 4 - 2srrft 4 tft' 1 

r VIT i> 3 + f 


This formula is exactly equivalent to the formula (4); hence it 
contains all the information we can discover concernin g the ourva- 
ture of curves drawn on the surface. Since R and Vl + p' 1 + q 1 
are both essentially positive, cos 9 and m 3 4 - 2 saft 4- tftft have the same 
sign, i.e. the sign of the latter quantity shows whether 9 is acute or 
obtuse. In the first place, let us consider all the curves on the sur¬ 
face S through the point M which have the same osculating piane 
(which shall be other than the tangent plane) at the point M. All 
these curves have the same tangent, namely the intersection of the 
osculating plane with the tangent plane to the surface. The direc¬ 
tion cosines <r, ft, y therefore coincide for all these curves. Again, 
the principal normal to any of these curves coincides with one of 
the two directions which can he selected upon the perpendicular to the 
tangent line in the osculating plane. Let <0 be the angle which the 
normal to the surface makes with one of these directions; then we 
shall have 6 — <u or 6 = ir — < 0 . But the sign of rod 4 - 2 taft + tff 
shows whether the angle 9 is acute or obtuse; hence the positive 
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direction of the principal normal is the same for all those curves. 
Since 6 is also the same for all the curves, the radius of curvature 
H is the same for them all > that is to say, all the curves on the sur¬ 
face through the point M which have the same osculating plane have 
the same center of curvature. 

It follows that we need only study the curvature of the plane 
sections of the surface. First let us study the variation of the 
curvature of the sections of the surface by planes which all pass 
through the same tangent A/7’. We may suppose, without loss of 
generality, that ra 4 + 2scfi + tfi 2 > 0, for a change in the direction 
of the x axis is sufficient to change the signs of r, s, and t. For all 
these plane sections we shall have, therefore, cos 6 > 0, and the 
angle 6 is acute. If R l be the radius of curvature of the section 
by the normal plane through A/T, since the corresponding angle 0 
is zero, we shall have 

_1 _ m 1 + 2s«/3 + * fi¬ 
ll i Vl + p‘ + r / 1 

Comparing this formula with equation (5), which gives the radius 
of curvature of any oblique section, we find 


( 6 ) 


1 _ cos 0 
R\~R 


or R = R i cos 0, which shows that the center of curvature of any 
oblique section is the projection of the center of curvature of the 
normal section through the same tangent line. This is Meusnier’s 
theorem. 

The preceding theorem reduces the study of the curvature of 
oblique sections' to the study of the curvature of normal sections. 
We shall discuss directly the results obtained by Euler. First let 
us remark that the formula (5) will appear in two different forms 
for a normal section according as ra 4 + 2snfi -)- tfl- is positive or 
negative. In order to avoid the inconvenience of carrying these 
two signs, we shall agree to affix the sign + or the sign — to the 
radius of curvature R of a normal section according as the direction 
from M to the center of curvature of the section is the same as or 
opposite to the positive direction of the normal to the surface. 
Witfi this convention, R is given in either case by the formula 

1 _ ra 3 + 2safl + 

R V1 +p 3 + q* 


( 7 ) 
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iirhich. show8 without ambiguity the direction in which the center 
•Of curvature lies. 

From (7) it is easy to determine the position of the surface with 
respect to its tangent plane near the point of tangency. For if 
— rt < 0, the quadratic form ra 2 ■+• 2ray3 + tfl 1 keeps the same 
sign — the sign of r and of t — as the normal plane turns around 
the normal; hence all the normal sections have their centers of 
curvature on the same side of the tangent plane, and therefore all 
lie on the same side of that plane: the surface is said to be convex 
at such a point, and the point is called an elliptic point. On the 
contrary, if s* — rt > 0, the form nr 3 + 2 sa/3 + tj S 2 vanishes for two 
particular positions of the normal plane, and the corresponding 
normal sections have, in general, a point of inflection. When the 
normal plane lies in one of the dihedral angles formed by these two 
planes, R is positive, and the corresponding section lies above the tan¬ 
gent plane; when the normal plane lies in the other dihedral angle, 
R is negative, and the section lies below the tangent plane. Hence 
in this case the surface crosses its tangent plane at the point of 
tangency. Such a point is called a hyperbolic point. Finally, if 
s* — rt * 0, all the normal sections lie on the same aide of the tan 
genfc plane near the point of tangency except that one for which 
the radius of curvature is infinite. The latter section usually 
crosses the tangent plane. Such a point is called a parabolic point. 

It is easy to verify these results by a direct study of the differ¬ 
ence u = * — z' of the values of z for a point on the surface and for 
the point on the tangent plane at M which projects into the same 
point (a, y) on the xy plane. For we have 

*'**/»(* - *o) + q{y - Ve), 

Whence, for the point of tangency (i 0 , y 9 ), 


8u 

8z' 

8u n 


8x 

dy~ 0 ’ 

8 3 u 

<Fu 

iPu 

8x 2 ~ r> 

8x8y *’ 

11 

*>* 


It follows that if s* — rt < 0, tt is a maximum or a minimum at M 
(§ 56), and since u vanishes at M, it has the same sign for all other 
points in the neighborhood. On the other hand, if a 2 — rt > 0, u 
has neither a maximum nor a minimum at M, and hence it changes 
' sign in any neighborhood of M. 
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240. Euler’* theorem a. The indicatrix. In order to study the varia¬ 
tion of the radius of curvatme of a normal section, let us take the 
point M as the origin and the tangent plane at M as the xy plane. 
With such a system of axes we shall have p = q = 0, and the 
formula (7) becomes 

(8) ^ = r cos 2 <£ + 2s cos <f> sin + 1 sin 2 <£, 

where <£ is the angle which the trace of the normal plane makes 
with the positive x axis. Equating the derivative of the second 
member to zero, we find that the points at which 11 may be a maxi¬ 
mum or a minimum stand at right angles. The following geomet¬ 
rical picture is a convenient means <of visualizing the variation of E. 
Let us lay off, on the line of intersection of the normal plane with 
the xy plane, from the origin, a length Om equal numerically to the 
square root of the absolute value of the corresponding radius of cur¬ 
vature. The point m will describe a curve, which gives an instanta¬ 
neous picture of the variation of the radius of curvature. This curve 
is called the indicatrix. Let us examine the three possible cases. 

1) s 3 —rt<0. In this case the radius A’ has a constant sign, which 
we shall suppose positive. The coordinates of m are £ = V7<“ cos <f> 
and ij = V It sin <f> ; hence the equation of the indicatrix is 

(9) r? + 2sf, + /, s =l, 

which is the equation of an ellipse whose center is the origin. It is 
clear that R is at a maximum for the section made by the normal 
plane through the major axis of this ellipse, and at a minimum for 
the normal plane through the minor axis. The sections made by two 
planes which are equally, inclined to the two axes evidently have the 
same curvature. The two sections whose planes pass through the 
axes of the indicatrix are called the principal normal sections , and 
the corresponding radii of curvature are called the principal radii of 
curvature. If the axes of the indicatrix are taken for the axes of x 
and y , we shall have s — 0, and the formula (8) becomes 

-- = rcos 3 d> 4 -1 sin 5 A. 

It 

Witjj these axes the principal radii of curvature E, and E s correspond 
to if> = 0 and <f> = tt/2, respectively; hence 1/E, = r, 1/E S = t, and 

1_ _ cos 2 4 sinV 

Ti~ E, E, 


(10) 
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2) ««— rt > 0. The normal sections which correspond to the 
rallies of <f> which satisfy the equation 

r cos 2 ^ +- 2* cos sin ^ 4- t sin 4 ^ = 0 

have infinite radii of curvature. Let L[OL j and L£OL a be the inter¬ 
sections of these two planes with the xy plane. When the trace of 
the normal plane lies in the angle X,OL S) for example, the radius 
of curvature is positive. Hence the corresponding portion of the 
indicatrix is represented by the equation 

-f 2a(ti + tr)* = l, 

where £ and y are, as in the previous case, the coordinates of the 
point m. This is an hyperbola whose asymptotes are the lines 
L[OL l and LjOL,. When the trace of the normal plane lies in the 
other angle LlOLi, R is negative, and the coordinates of m are 

£ = V— R cos <f>, i) = V— R sin (j>. 

Hence the corresponding portion of the indicatrix is the hyperbola 

r( t + 2a$ v + trr‘ = -l, 

which is conjugate to the preceding hyperbola. These two hyper¬ 
bolas together form a picture of the variation of the radius of curva¬ 
ture in this case. If the axes of the hyperbolas be taken as the 
* and y axes, the formula (8) may be written in the form (10), as in 
the previous case, where now, however, the principal radii of curva¬ 
ture Hi and ft, have opposite signs. 

3) s 2 — rt = 0. In this case the radius of curvature R has a 
fixed sign, which we shall suppose positive. The indicatrix is still 
represented by the equation (9), but, since its center is at the origin 
and it is of the parabolic type, it must be composed of two parallel 
straight lines. If the axis of y he taken parallel to these lines, we 
shall have s = 0, t = 0, and the general formula (8) becomes 

i = »-cos 2 £, 

or 

1 _ cos 1 4 ’ 

R ~ Ri 

This case may also be considered to be a limiting case of either of 
the preceding, and the formula just found may be thought of as the 
limiting cage of (10), when R a becomes infinite. 
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Euler's lonnuJ® may be established without using the formula (5). Taking 
the point M of the given surface as the origin and the tangent plane as the xy 
plane, the expansion of z by Taylor’s series may be written in the form 

ra 2 + 2*r y + ty 2 
z —--- - 4 - .... 

1.2 T ’ 

where the terms not written down are of order greater than two. In order 
to find the radii of curvature of the section made by a plane y = x tan <t>, we 
nuy introduce the transformation 

X — x' cos <j> — y' sin <f>, y - x' sin 4 > + y' co* <fr , 
and then set y' = 0. This gives the expansion of z in powers of z", 

_ r cos 2 1 p + 2s sin 6 cos <p + t sin 2 <f> ( 

r~2 X f '' ’ 

which, hy § 214, leads to the formula (8). 

Notes. The section of the surface hy its tangent plane is given by the equation 
0 = rx 2 + 2szy + ty 2 + H (x, V) + ■ ■, 

and has a double point at the origin. The two tangents at this point are the 
asymptotic tangents. More generally, if two suifaces S and Si are both tangent 
at the origin to the xy plane, the projection of their curve of intersection on the 
xy plane is given by the equation 

0 = (r — ri)x 2 + 2(3 — *i)xy + (t - i\)y 2 4- • ■ 
where rq, Si, <i have the same meaning for the surface Si that r, s, t have 
for S. The nature of the double point depends upon the sign of the expression 
(s — a,) 2 — (r - ri)(< - ti). If this expression is zero, the curve of intersection 
has, in general, a cusp at the origin. 

To recapitulate, there exist on any surface four remarkable posi¬ 
tions for the tangent, at any point: two perpendicular tangents for 
which the corresponding radii of curvature have a maximum or a 
minimum, and two so-called asymptotic, or principal,* tangents, for 
which the corresponding radii of curvature are infinite. The latter are 
to be found by equating the trinomial nr 2 4- 2sa/3 4 -tfP to zero (§ 238). 
We proceed to show how to find the principal normal sections and 
the principal radii of curvature for any system of rectangular axes. 

241. Principal radii of curvature. There are in general two different 
normal sections whose radii of curvature are equal to any given 
value of H. The only exception is the case in which the given 
value of R is one of the principal radii of curvature, in which case 

-a--—•—-— ----— -—---— 

• The reader should distinguish sharply the directions of the principal tangent* 
(the asymptotes of the iudlcatrix) and the directions of the principal normal sections 
(the axes at the indlcatrix). To avoid confusion we shall not use the term principal 
tangent —Trans. 
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only the corresponding principal section has the assigned radius 
of curvature. To determine the norjnal sections -whose radius of 
cutvature is a given number R, we may determine the values of 
<x, ft, y by the three equations 

——= ra a + 2saft + tft*, y=pa + qft, a* -f /S 8 + y* = 1. 


It is easy to derive from these the following homogeneous combina¬ 
tion of degree zero in a and ft : 


( 11 ) 


Vl + p 2 Hh '/ a __ ra^4- 2sn:/3 + f/3 2 

•K <r a + ft 2 + (pa + qft) 1 

It follows tliat the ratio ft/a is given by the equation 


o»(l + p* - rIS) + 2 «ft{pq - sD) + ft? (I + s* - W) = 0, 

where R ■= oVl +p a -f ^ a . If this equation has a double root, that 
root satisfies each of the equations formed by setting the two first 
derivatives of the left-hand side with respect to a and ft equal to 
zero: 

ri2i $ "( 1 +p* ~ rD ) + P(pv ~ sD ) - °> 

( a(pq — $D) + ft(l + q* — tD) = 0, 

Eliminating a and ft and replacing D by its value, we obtain an 
equation for the principal radii of curvature: 


(13) \ ( Tt ~~ ' v / l + i’ a + 2*[( 1 +P*)t+(1 + q 2 )r-2pqs]R 
K t +(i + p 2 + q y = o. 


On the other hand, eliminating D from the equations (12), we obtain 
an equation of the second degree which determines the lines of inter¬ 
section of the tangent plane with the principal normal sections: 



a‘[(l+^>*)* -2>qr] 

+ a P [ (1 + P 5 ) t — (! + 9 s ) T ] + /3 s [ p qt - (1 + q 2 ) s ]=0. 


From the very nature of the problem the roots of the equations (13) 
and (14) will surely be real. It is easy to verify this fact directly. 

In order that the equation for Ji should have equal roots, it is 
necessary that the indicatrix should be a circle, in which case all 
the normal sections will have the same radius of curvature. Hence 
the second member of (11) must be independent of the ratio ft/a, 
which necessitates the equations 
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The points which satisfy these equations are called umbilia. At 
such points the equation (14) reduces to an identity, since every 
diameter of a circle is also an axis of symmetry. 

It is often possible to determine the principal normal sections 
from certain geometrical considerations. For instance, if a surface 
S has a plane of symmetry through a point M on the surface, it is 
clear that the line of intersection of that plane with the tangent 
plane at M is a line of symmetry of the indicatrix; hence the sec¬ 
tion. by the plane of symmetry is one of tbe principal sections. For 
example, on a surface of revolution the meridian through any point 
is one of the principal normal sections; it is evident that the plane 
of the other principal normal section passes through the normal to 
the surface and the tangent to the circular parallel at the point. 
But we know the center of curvature of one of the oblique sections 
through this tangent line, namely that of the circular parallel itself. 
It follows from Meusnier’s theorem that the center of curvature of 
the second principal section is the point where the normal to the 
surface meets the axis of revolution. 

At any point of a developable surface, s 2 ~rt=? 0, and the indica¬ 
trix is a pair of parallel straight lines. One of the principal sec¬ 
tions coincides with the generator, and the corresponding radius of 
curvature is infinite. The plane of the second principal section is 
perpendicular to the generator. All the points of a developable 
surface are parabolic, and, conversely, these are the only surfaces 
which have that property (§ 222). 

If anon-developable surface is convex at certain points, while other 
points of the surface are hyperbolic, there is usually a line of para¬ 
bolic points which separates the region where s 3 — rt is positive from 
the region where the same quantity is negative. For example, on the 
anchor ring, these parabolic lines are the extreme circular parallels. 


In general tliere are on any convex surface only a finite number of umbilica. 
We proceed to show that tbe only real surface for which every point is an 
nmbillc is the sphere. Let X, p, v be the direction cosines of the normal to the 
surface. Differentiating (2), we find the formula! 


» 


ex _ p?3~q + q*) r 
ta (l + p 1 + g 3 ) 3 ’ 
Bp _ p gr - (1 + p 3 ) s 
ex ~ (1 + j> ! + g 3 ) 3 ’ 


ax _ pqt-( 1+ g 8 )s 
<W ~ (1 + P 3 + g 3 ) 3 ’ 
dp _ pq s-(\ + p*)t 
~ (1 + p 3 + ? 3 ) 3 ’ 

dX_ Bp 

Bx ~ By' 


ax 

By 


= 0, 




or, by (16), 
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l&e first equation shows that X is independent oi y, the second that n is inde- 
pendent of *; lienoe the common value of fX/Si, Sy./ly is independent of both 
a and y, i.e, it is a constant, say 1/a- This fact leads to the equations 

X—Xa V — V« Va 1 — (* — Xo ) 9 — (V — Pop 

X = --—, M =-’ v —;--—--» 

, a a * a 

_ X __ X-Xo _ 

P ~ » VS* - (a - *o) s - (y - yo)*’ 


9 



__ y - Vo __ 

Va' 1 - tv. - xo/ 1 - fy - So'/ 1 


whence, integrating, the value of * is found to be 

* = + VS* - (x~ r xo)' J - (y - yo)*, 


which*is the equation of a sphere. It is evident that if dX/£x = dp/dy = 0, the 
surface is a plane. But the equations (16) also have an infinite number of 
imaginary solutions which satisfy the relation 1 4- p a H- q 2 = 0, as we can see by 
differentiating this equation with respect to x and with respect to y. 


II. ASYMPTOTIC LINES CONJUGATE LINES 

242. Definition snd properties of asymptotic lines. At every hyper¬ 
bolic point of a surface there are two tangents for which the corre¬ 
sponding normal sections have infinite radii of curvature, namely 
the asymptotes of the indicatrix. The curves on the given surface 
which are tangent at each of their points to one of these asymptotic 
directions are called asymptotic lines. If a point moves along any 
curve on a surface, the differentials dx, dy, dz are proportional to 
the direction cosines of the tangent. For an asymptotic tangent 
ra 1 + 2sa0 + tff 1 = 0 ; hence the differentials dx and dy at any point 
of an asymptotic line must satisfy the relation 

(16) rdx 2 + 2sdxdy + tdy 1 = 0. 

If the equation of the surface be given in the form « = F(x, y), and 
we substitute for r, s, and t their values as functions of x and y, 
this equation may be solved for dy/dx, and we shall obtain the two 
solutions 

(1 7 ) fj-♦.(*,*), % = ♦.<*, y)- 

We shall see later that each of these equations has an infinite num¬ 
ber of solutions, and that every pair of values (x 0 , y 0 ) determines 
in genera] one and only one solution. It follows that there pass 
through every point of the snrfaoe, in general, two and only two 
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asymptotic lines; all these lines together form a double system of 
lines upon the surface, 

Again, the asymptotic lines may be defined without the use of 
any metrical relation: the asymptotic lines on a surface are those 
curves for which the osculating plane always coincides with the tan¬ 
gent plane to the surface. For the necessary and sufficient condition 
that the osculating plane should coincide with the tangent plane to 
the surface is that the equations 

dx -pdx - qdy = 0, d?z - p d*x - qd?y = 0 

should be satisfied simultaneously (see § 215). The first of these 
equations is satisfied by any curve which lies on the surface. Dif¬ 
ferentiating it, we obtain the equation 

d*z — p d‘ l x — qd^y — dp dx — dq dy = 0, 

which shows that the second of the preceding equations may be 
replaced by the following relation between the first differentials: 

(18) dpdx-\-dqdy = 0, 

an equation which coincides with (16). Moreover it is easy to 
explain why the two definitions are equivalent. Since the radius of 
curvature of the normal section which is tangent to an asymptote 
of the indicatrix is infinite, the radius of curvature of the asymp¬ 
totic line will also be infinite, by Meusnier’s theorem, at least unless 
the osculating plane is perpendicular to the normal plane, in which 
case Meusnier’s theorem becomes illusory. Hence the osculating 
plane to an asymptotic line must coincide with the tangent plane, 
at least unless the radius of curvature is infinite; but if this were 
true, the line would be a straight line and its osculating plane 
would be indeterminate. It follows from this property that any 
projective transformation carries the asymptotic lines into asymp¬ 
totic lines. It is evident also that the differential equation is of 
the same form whether the axes are rectangular or oblique, for the 
equation of the osculating plane remains of the same form. 

It is clear that the asymptotic lines exist only in case the points of 
the surface are hyperbolic. But when the surface is analytic the 
differential equation (16) always has an infinite number of solu¬ 
tions, Teal or imaginary, whether s i — rt is positive or negative. As a 
generalization we shall say that any convex surface possesses two sys¬ 
tems of imaginary asymptotic lines. ThuB the asymptotic lines of an 
imparted hyperboloid are the two Bystems of reotilineai generators. 
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War an ellipsoid or a sphere these generators are imaginary, but 
they satisfy the differential equation, for the asymptotic lines. 

ICxamplt. let us try to find the asymptotic lines of the surface 

* = . 

In this example we have 

r = m(m — I)x*- J p*, * = t = n(n — l)st®v”' a , 

and the differential equation (Id) may be written in the form 

m < m - l) (?xfyf + + n(W ' 1) = °- 

This equation may be solved as a quadratic in (ydx)/{xdy). Let hi and hj be 
the solutions. Then the two families of asymptotic lines are the curves which 
project, on the xy plane, into the curves 

y h \=CiX, y h i = CiX. 


343. Differential equation in parameter form. Let the equations of 
the surface be given in terms of two parameters u and v ■ 


(19) x =f(u, v ), y = 4 ,( 11 , i>), z = i i>(u, »)• 

Using the second definition of asymptotic lines, let us write the 
equation of the tangent plane in the form 

(20) A(X-x) + B(Y-y) + C(Z-z) = Q, 
where A, B, and C satisfy the equations 


( 21 ) 


b§£+c§£ = o, 

a y+ b t + c ^ = °- 


which are the equations for A, B, and C found in § 39. Since the 
osculating plane of an asymptotic line is the same as this tangent 
plane, these same coefficients must satisfy the equations 

A dx +Bdy + C dz =0, 

A (Px + BcPy + Cd a zz= 0. 

The first of these equations, as above, is satisfied identically. Differ¬ 
entiating it, we see that the second may be replaced by the equation 

(22) dA dx 4- dB dy -f dC dz = 0, 

which is the required differential equation. If, for example, we 
set C =b — t in the equations (21), A and B are equal, respectively, 
to the partial derivatives p and q of * with respect to x and y, and 
the equation (22) coincides with (IS). 
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Example*. Aa an example let ns consider the conojd z = <t>(y/x). This equa¬ 
tion is equivalent to the system z = u,y = uv,z = $(v), and the equations (21) 
become 

A + B» = 0, iiu + C<p'(v) =: 0. 

These equations are satisfied if we set C = - u, A = - ®0'(e), B = ; hence 

the equation (22) takes the form 

u<t>" (v) dtp - 2<p'(v)dudv = 0. 

One solution of this equation is t) = const., which gives the rectilinear genera¬ 
tors. Dividing by dv, the remaining equation is 

<P"(v)dv _ 2du 
<>'(») u 

whence the second system of asymptotic lines are the curves on the surface 
defined by the equation vP = which project on the zy plane into the 

curves 

Again, consider the surfaces discussed by Jamct, whose equation may be 
written in the form 

*'(!)=**)• 

Taking the independent variables z and u = y/x, the differentia) equation of 
the asymptotic lines may be written in the form 




F"(z) 

><*) 


dz 


:± //!<“) du , 

\ /(»> 


from which each of the systems of asymptotic lines may be found by a single 
quadrature. 

A helicoid is a surface defined by equations of the form 

i = pcosui, y = p sin», z—f(p) + hw. 

The reader may show that the differential equation of the asymptotic lines ie 
pf"{p)dp 2 — 2 hdudp + fpf'(p) du 1 = 0, 
from which w may be found by a single quadrature. 


244. Asymptotic lines on a ruled surface. Eliminating A, B, and C 
between the equations (21) and the equation 

A d a x + B <Pij + C (Pz = 0, 

we find the general differential equation of the asymptotic lines: 
df 8<f> difi 

du On Cu 

df dijr 

dv dv dv 

d*x dAy d 3 z 


(23) 


= 0 . 
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this equation does not contain the second differentials d*u and <Pv, 
for we have 

<Px = 8 £<Pu + & d-v + + 2 ££ dudv +g dv> 


and analogous expressions for <Py and tPx. Subtracting from the 
third row of the determinant (23) the first row multiplied by d a « 
and the second row multiplied by d?v, the differential equation 


becomes 


FT d “ 2 + 2 

CUr ^ 


e*/ 


d ± 

C (f) 

dl/r 

du 

du 

du 

V 

d{f> 

8ij/ 

dv 

dv 

dv 

- du dv + %— dv a 

!> CV 2 




= o. 


Developing this determinant with respect to the elements of the 
first row and arranging with respect to du and dv, the equation 
may be written in the form 


(24) D du 2 + 2 D'dudv + D" dv* = 0, 

where I), O', and D" denote the three determinants 


(25) 


dx 

8 y 

dz 

du 

du 

du 

dx 

d JL 

dz 

dv 

dv 

dv 

d a x 

Py 

d*z 

du a 

du a 

du 2 


dr 

du 



dx 

dy 

dz 

du 

du 

du 

dz 

d JL 

dz 

dv 

dv 

dv 

d a x 

d a y 

d 2 z 

du Bv 

dudv 

dudv 


iy dx 
du dv 
dy dz 


dv cv 
d a x d a y d a z 
cv 2 dv a dv 3 


As an application let us consider a ruled surface, that is, a surface 
whose equations are of the form 


x = x 0 + aw., y = y <, + /?«, e = *„ 4- yu, 

where x 9 , z 0) a, fi, y are all functions of a second variable param¬ 

eter v. If we set u = 0, the point (*,, y e , z„) describes a oertain 
curve r which lies on the surface. On the other hand, if we set 
v — const, and let u vary, the point (x, y, *) will describe ft str&ighb- 
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line generator of the ruled surface, aud the value of u at any point 
of the line will be proportional to the distance between the point 
(*> Vi a), and the point (x„, y a , z 0 ) at which the generator meets the 
curve T. It is evident from the formula- (25) that I) = 0, that D' 
is independent of u, and that D" is a polynomial of the second 
degree in u: 

I O' ■ ■ I 


D" : 


x't, -f a'u 
x'j + a"u 


Since dv is a factor of (24), one system of asymptotic lines consists 
of the rectilinear generators v = const. Dividing by do, the remain¬ 
ing differential equation for the other system of asymptotic lines is 
of the form 

(26) , — + I.u ! + Mv + N = 0 , 


where L, M, and N are functions of the single variable r. An equa¬ 
tion of this type possesses certain remarkable properties, which we 
shall study later. For example, we shall see that the /inharmonic 
ratio of any four solutions is <> constant. It follows that the anhar- 
monic ratio of the four points in which a generator meets any four 
asymptotic lines of the other system is the same for all generators, 
which enables' us to discover all the asymptotic lines of the second 
system whenever any three of them are known. We shall also 
see that whenever one or two integrals of the equation (26) are 
known, all the rest can be found by two quadratures or by a single 
quadrature. Thus, if all the generators meet a fixed straight line, 
that line will be an asymptotic line of the second system, and all 
the others can be found by two quadratures. If the surface pos¬ 
sesses two such rectilinear directrices, we should know two asymp¬ 
totic lines of the second system, and it would appear that another 
quadrature would be required to find all the others. But we can 
obtain a more complete result. For if a surface possesses two 
rectilinear directrices, a projective transformation can be found 
which will carry one of them to infinity and transform the surface 
into a conoid; but we saw in § 243 that the asymptotic lines on a 
conoid could be found without a single quadrature. 


245" Conjugate lines. Any two conjugate diameters of the indica- 
trix St a point of a given surface S are called conjugate tangents. 
To every tangent to the surface there corresponds a conjugate 
tangent, which coincides with the first when and only when the given 
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tangent is an asymptotic tangent. Let « = F(x, y) be the equation of 
the surface .S', and let m and m! be the slopes of the projections of 
two conjugate tangents on the xy plane. These projections on the 
xy plane must be harmonic conjugates with respect to the projec¬ 
tions of the two asymptotic tangents at the same point of the sur¬ 
face. But the slopes of the projections of the asymptotic tangents 
satisfy the equation 

r 4- 2 sp 4- tp* = 0. 

In order that the projections of the conjugate tangents should be 
harmonic conjugates with respect to the, projections of the asymp¬ 
totic tangents, it is necessary and sufficient that we should have 

(27) r + s(m + m 1 ) 4 tmm,' = 0. 

If C be a curve on the surface .S', the envelope of the tangent 
plane to A’ at points along this curve is a developable surface winch 
is tangent to S all along C. At every point M of C the generator of 
this developable is the conjugate tangent to the tangent to C. Along 
C, x, y, z, p, and q are functions of a single independent variable a. 
The generator of the developable is defined by the two equations 

Z-z-p(X-x)-q(Y-y) = 0, 

— dz 4- p dx 4 g dy — dp(X — x) — dq( Y — y) = 0, 

the last of which reduces to 


Y — y _ dp rdx + s dy 

X — x dq sdx + t dy 

* 

Let m be the slope of the projection of the tangent to C and m' the 
slope of the projection of the generator. Then we shall have 



r-y _ 

X-x 


and the preceding equation reduces to the form (27), which proves 
the theorem stated above. 

Two one-parameter families of curves on a surface are said to 
form a conjugate network if the tangents to the two curves of the 
two families which pass through any point are conjugate tangents 
at that point. It is evident that there are an infinite number of 
conjugate networks on any surface, for the first family may be 
assigned arbitrarily, the second family then being determined by a 
differential equation of the first order. 
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Given * surface represented by equations of the form (19), let us find the 
conditions under which the curves u = const, and t> = const, form a conjugate 
network. It we move along the curve e = const., the characteristic of the 
tangent plane is represented by the two equations 

A(X -x) + B(Y ~ v ) + C(Z-z) = 0, 

-‘> + ^ ( r-*) + ^( Z -*) = 0 . 

In order that this straight line should coincide with the tangent to the „urve 
« = const., whose direction cosines are proportional to dz/T t>, <J/cT. dz/dv, it 
is necessary and sufficient that we should have 


A^+B ? -l + 
dv c v 


, dz 
dv 


= 0 , 


dA dz £7! dy PC dz 
du dv du dv du dv 


Differentiating the first of these equations with regard to u, we see that the 
second may be replaced by the equation 


(28) 


A~ X - + B-- + C r ' Z - = 0 , 

du dv du dv du dv 


and finally the elimination of A, B, and C between the equations (21) and (28) 
leads to the necessary and sufficient condition 


dZ 

dy 

dz 

du 

du 

du 

dz 

dy 

dz 

dv 

dv 

(V 

<Pz 

d*y 

t*Z 

dudv 

dudv 

du dv 


This condition is equivalent to saying that i, y. z are three solutions of a 
differential equation of the form 


( 20 ) 


du dv du dv 


where M and N arc arbitrary functions of u and v. It follows that the knowl¬ 
edge of three distinct integrals of an equation of this form is sufficient to 
determine the equations of a surface which is referred to a conjugate network. 
For example, if we set M = N = 0, every integral of the equation (29) is 
the sum of a function of u and a function of v ; hence, on any surface whose 
equations are of the form 

(80) x=/(u)+/i(e), y = d>(u) + $>i(b) , z = f(u) + ^i(e), 

the curves (u) and (») form a conjugate network. 

. Surfaces of the type (80) are called sur/aces of translation. Any each surface 
may be described in two different ways by giving one rigid curve P a motion of 
translation such that one of its points moves along another rigid curve I”. For, 
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fcCJf*, Jfi, M\,M be four points of the surface which correspond, respectively, 
to the four sets of values (Uo, oo>, (u, vo), (wo, «j, (u, «) of the parameters u and ». 
By (30) these four points are the vertices of a plane parallelogram. If no is fixed 
and w allowed to vary, the point Jf a will describe a curve r on the surfaoe; like¬ 
wise, if Uo is kept fixed and v is allowed to vary, the point Hi will describe 
another carve T' on the surface. It follows that we may generate the surface by 
giving r a motion of translation which causes the point Af a to describe I”, or by 
giving I" a motion of translation which causes the point Mi to describe r. It is 
evident from this method of generation that the two families of curves (u) and (») 
are conjugate. For example, the tangents to the different positions of V at the 
various points of r form a cylinder tangent to the surface along T ; hence the 
tangents to the two curves at any point are conjugate tangents. 


III. LINES OF CURVATURE 


246. Definition and properties of lines of curvature. A curve on a 
given surface S is called a line of curvature if the normals to the 
surface along that curve form a developable surface. If z = f(x, y ) 
is the equation of the surface referred to a system of rectangular 
axes, the equations of the normal to the surface are 


(31) 


X = — pZ 4- (x + pz), 
r= _ qZ + (y + qz). 


The necessary and sufficient condition that this line should describe 
a developable surface is that the two equations 


(32) 


( — Z dp •+- d{x + pz) = 0, 
( — Z dq + d(y + qz) = 0 


should have a solution in terms Of Z (§ 223), that is, that we 
should have 

d(x -f pz) _ d(y 4- qz) 
dp dq 

or, more simply, 

dx + pdz dy + q dz 
dp dq 

Again, replacing dz, dp, and dq by their values, this equation may 
be written in the form 


(l + p*)dx +pqdy _ pqdx + (l + q*)dy 
' ' r/dx + sdy sdx + tdy 

This equation possesses two solutions in dy/dx which are always 
real and unequal if the Burface is real, except at an umbilic. For, 
if we replace dx and dy by a and fi, respectively, the preceding 
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equation coincides with the equation found above [(14), § 241} for 
the determination of the lines of intersection of the principal normal 
sections with the tangent plane. It follows that the tangents to the 
lines of curvature through any point coincide with the axes of the 
indicatrix. We shall see in the study of differential equations that 
there is one and only one line of curvature through every non- 
singular point of a surface tangent to each one of the axes of the 
indicatrix at that point, except at an umbilic. These lines are 
always real if the surface is real, and the network which they form 
is at once orthogonal and conjugate, — a characteristic property. 


Example. Let us determine the lines of curvature of the paraboloid z = 
xy/a. In this example 

X a « 

q ~ r = i = 0, 




i 

3 = -♦ 

a 


and the differential equation (33) is 

(a 2 + y 2 ) dx 2 = (a 2 + x 2 ) dy 2 or 


dx 


= 0 . 


Vx 2 + d 1 Vy 3 + a 3 


It we take the positive sign for both radicals, the general solution is 
(x + Vx r + a 3 )(y + Vy 3 + o s ) = C, 


which gives one system of lines of curvature. If we set 
(34) x = x Vy 3 + a- + y Vx 3 + a 3 , 

the equation of this system may be written in the form 


by virtue of the identity 


X +' 


c 


(x \'y*+~a? + y Vx 3 + a 3 ) 3 + a‘ = [xy + V (x 3 + a 3 )(y 8 + a 3 )] 3 


It follows that the projections of the lines of curvature of this first system are 
represented by the equation (34), where X is an arbitrary constant. It may be 
shown in the Bame manner that the projections of the lines of curvature of the 
other system are represented by the equation 


( 36 ) x Vy 3 + a 1 - y Vx 8 + a 3 — y. 

From the equation xy = az of the given paraboloid, the equations (34) and 
(35) may he written in the form 

V5mT7 3 + VP 3 Tz 3 = C, Vi^+T 3 - Vy* + z 3 =C'. 

But\he expressions Vx^Ti 8 and Vy 8 + * 8 represent, respectively, the dis¬ 
tances of the point (x, y, z) from the axes of x and y. It follow# that the lines 
of curvature on the paraboloid are those curves for which the sum or the difference 
0} the distances of any point upon them from the axes cf x and y it a constant. 
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- ..m Evolute of a surfsos, Let C be a line of curvature on a sur- 
fetfee S. As a point M describes the curve C, the normal MN to the 
surface remains tangent to a curve r. Let (X, y, Z) be the coor¬ 
dinates of the point A at which MN is tangent to T. The ordinate 
Z is given by either of the equations (32), which reduce to a single 
equation since C is a line of curvature. The equations (32) may 
be written in the form 

z _ z _ (l + p*)d» + pqdy __ pgdx + (l+g 3 )dy 
rdx + sdy sdx + tdy 

Multiplying each term of the first fraction by dx, each term of the 
second by dy, and then taking the proportion by composition, we 
find 

__ __ dx 1 + dy* + (pdx + q dy )* 

* rdx 3 2sdxdy + tdy 3 ’ 

Again, since dx, dy, and da are proportional to the direction cosines 
a, 0, y of the tangent, this equation may be written in the form 

z _ a* + 0 3 + (f>ct + qPY _ _ 1 _ 

r«* + 2sa0 +- t0 2 nr a -f 2sa0 -f tfi 1 


Comparing ibis formula with (7), which gives the radius of curva¬ 
ture R of the normal section tangent to the line of curvature, with 
the proper sign, we see that it is equivalent to the equation 


(36) 


Z - a 


R 

Vl + p 3 + q 1 


= Rv, 


where v is the cosine of the acute angle between the a axis and the 
positive direction of the normal. But z + Rv is exactly the value 
of Z for the center of curvature of the normal section under con¬ 
sideration. It follows that the point of tanyemy A of the normal 
MN to its envelope T coincides with the center of curvature of the 
principal normal section tangent to C at M. Hence the curve T is 
the locus of these centers of curvature. If we consider all the lines 
of curvature of the system to which C belongs, the locus of the cor¬ 
responding curves T is a surface 2 to which every normal to the 
given surface S is tangent. For the normal MN, for example, is 
tangent at A to the curve T which lies on 2. 

The other Bne of curvature C' through M cuts C at right angles. 
The normal to S along C' is itself always tangent to a curve I” 
which is the locus of the centers of curvature of the normal sections 
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tangent to C'. The locus of this curve I" for all the lines of curva¬ 
ture of the system to which C belongs is a surface 2' to which all 
the normals to S are tangent. The two surfaces 2 and 2 1 are not 
usually analytically distinct, but form two nappes of .he same sur¬ 
face, which is then represented by an irreducible equation. 

The normal MN to S is tangent to each of these nappes 2 and 2' 
at the two principal centers of curvature A and A 1 of the surface S 
at the point M. It is easy to find the tangent 
planes to the two nappes at the points A and A' 

(Fig. 51). As the point M describes the curve 
C, the normal MN describes the developable 
surface U whose edge of regression is r; at 
the same time the point A ' where MN touches 
2' describes a curve y' distinct from T 1 , since 
the straight lino MN cannot remain tangent to 
two distinct curves T and V. The developable 
D and the surface 2' are tangent at A '; hence 
the tangent plane to 2' at A’ is tangent to D 
all along MN. It follows that it is the plane 
NMT, which passes through the tangent to C. 

Similarly, it is evident that the tangent plane 
to 2 at A is the plane NMT’ through the tan¬ 
gent to the other line of curvature C\ 

The two planes NMT and NMT 1 stand at right angles. This fact 
leads to the following important conception. Let a normal OM be 
dropped from any point 0 in space on the surface S, and let A and 
A 1 be the principal centers of curvature of S on this normal. The 
tangent planes to 2 and 2' at A and A ', respectively, are perpendic¬ 
ular. Since each of these planes passes through the given point O, it 
is clear that the two nappes of the evolute of any surface S, observed 
from any point 0 in spare , appear to cut each other at right angles. 
The converse of this proposition will be proved later. 

248. Rodrigues’ formulae. If X, p, v denote the direction cosines 
of the normal, and II one of the principal radii of curvature, the 
Corresponding principal center of curvature will be given by the 
formulae 

(37) X = x + R\, V=y + Rp, Z = z + Rv. 

As the point (as, y, *) describes a line of curvature tangent to 
the normal section whose radius of curvature is R, this center of 
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curvature, as we have just seen, will describe a curve T tangent to 
the normal MN ; henoe we must have - 


dX dY dZ 



or, replacing X, Y, and Z by their values from (37) and omitting the 
common tern dR, 

dx + RdX _ dy + R dy _ dx + Tidy 
X y v 

The value of any of these ratios is zero, for if we take them by 
composition after multiplying each term of the first ratio by A., of 
the second by y, and of the third by v, we obtain another ratio 
equal to any of the three; but the denominator of the new ratio is 
unity, while the numerator 

A dx + y dy •+■ vdx 4- R(X d\ +■ y dy 4- v dv) 

is identically zero. This gives immediately the formulae of Olinde 
Rodrigues : 

(38) dx + R d A = 0, dy +• R dy =s 0, dx + R dv — 0, 

which are very important in the theory of surfaces. It should be 
noticed, however, that these formula; apply only to a displacement 
of the point (x, y, z) along a line of curvature. 


349. Lilies of curvature in parameter form If the equations of the 
surface are given m terms of two parameters u and v m the form 
(19), the equations of the normal are 

X-x Y-y Z-z 

A B C ’ 


whore A, B, and C are determined by the equations (21). The 
necessary and sufficient condition .that this line should describe a 
developable surface is, by § 223, 


(39) 


dx 

A 

dA 


dy dz 
B C 
dB dC 



where x, y, x, A, B, and C are to be replaced by their expressions 
in terms of the parameters u and v, hence this is the differential 
equation of the lines of curvature. 
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A* an example let us find the lines of curvature on the helicoid 

z = a arc tan -, 
x 

whose equation is equivalent to the system 

x = pcosfl, y = pexati, z = a6. 

In this example the equations for A, B, and C are 

A cosB + Rein B — 0, — Ap am 9 + Bp cos B + <Ja = 0. 

Taking C = p, we find A . a sin B, B — - a cos 0. After expansion and simpli- 
fication the differential equation (3y) becomes 

dpz-(pzj e a i )d^‘ = 0 or dB = J — df> - - 

VpM- a 4 

Choosing the sign +, for example, and integrating, we find 

p + Vp 2 + a' 1 = ae *-, or p = ? e-(»-» 0 )] . 

The projections of these lines of curvature on the xy plane are all spirals which 
are easily constructed. 

The same method enables us to form the equation of the second 
degree for the principal radii of curvature. With the same symbols 
A, B, C, A, p, v we shall have, except for sign, 

_ A _ B __ _ C _ 

VA a + R a + C' 4 ’ ^ V.-l 2 + &■ + C 2 ’ V VI* + B 1 + C* 

We shall adopt as the positive direction of the normal that which 
is given by the preceding equations, if F is a principal radius of 
curvature, taken with its proper sign, the coordinates of the corre¬ 
sponding center of curvature are 

X = x + pA, Y = y + pB, Z = z + pC, 
where __ 

R = p Vd* + R* + C*. 

If the point (x, y, z) describes the line of curvature tangent to the 
principal normal section whose radius of curvature is R, we have 
seei^that the point (V, Y, Z) describes a curve T which is tangent 
to the normal to the surface. Hence we must have 

dx + /> <L4 + A dp dy + p dB + B dp _ dz -f- p dC -+■ C dp 

~ A B ~ C ’ 
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^denoting the common values of these ratios by dp -f K, 

(dx -f- pdA — AK = 0, 

(40) J dy + p dB - BK = 0, 

\dz +pdC - CK= 0. 


Eliminating p and K from these three equations, we find again the 
differential equation (39) of the lines of curvature. But if we 
replace dx, dy, dz, dA, dB, and dC by the expressions 


*£ du+ *-£ dv ' 


dc ^ ^ dc s 
J^ du + -8v dv ’ 


respectively, and then eliminate du, dv, and K, we find an equation 
for the determination of p : 


(41) 


dx 

du 

d JL 

du 

dz 

du 


. SA 

dx dA 


+ p to 

cv p dv 

A 

, S B 

dy dB 


+ p d^ 

dv P ov 

R 

dC 

dz dC 


+ p du 

dv p dv 

C 


If we replace P by R/ Va' j 4-11*4- C* this equation becomes an 
equation for the principal radii of curvature. 

The equations (39) and (41) enable us to answer many questions 
whioh we have already considered. For example, the necessary 
and sufficient condition that a point of a surface should lie a para¬ 
bolic point is that the coefficient of p 2 in (41) should vanish. In 
order that a point be an umbilic, the equation (39) must be satisfied 
for all values of du and dv 


As an example let us find tbe principal radii of curvature of the rectilinear 
helicoid. With a slight modification of tbe notation used above, we shall have 
in this example 

* = wooer, y = usiur, z = <»*, 

A = a sine, B = — a cost, C = u, 

and the equation (41) becomes 

= a’ + u s , 

whence B = ± (a* + Hence the principal radii of curvature of the helicoid 

are numerically equal and opposite in sipn. 

290. Jose hints thal’s theorem. The lines of curvature on certain 
surfaces may be found by geometrical considerations. For example, 
it is quite evident that the lines of eurvsture on a surface of revolu- 
: Itiofi are the meridians and the parallels ofsllsg surface, for each of 
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these curves is tangent at every point to one of the axes of the 
indicatrix at that point. This is again confirmed by the remark 
that the normals along a meridian form a plane, and the normals 
along a parallel form a circular cone, — in each casi the normals 
form a developable surface. 

On a developable surface the first sy stem of lines of curvature 
consists of the generators. The second system consists of the 
orthogonal trajectories of the generators, that is, of the involutes of 
the edge of regression (§ 231). These can be found by a single quad¬ 
rature. If we know one of them, all the rest can be found without 
even one quadrature. All of these results are easily verified directly. 

The study of the theory of evolutes of a skew curve led Joa- 
chimsthal to a very important theorem, which is often used in that 
theory. Let .S’ and S' be two surfaces whose line of intersection C 
is a line of curvature on each surface. The normal MN to .S' along 
C describes a developable surface, and the normal MN' to S' along 
C describes another developable surface. But each of these normals 
is normal to C. It follows from § 231 that if two surf ares have a 
common line of curvature, they intersect at a constant angle along 
that line. 

Conversely, if tiro surfaces intersect at a constant angle, and if 
their line of intersection is a line of curvature on one of them, it is 
also a line of curvature on the other. For we have seen that if one 
family of normals to a skew curve C foim a developable surface, 
the family of normals obtained by turning each of the first family 
through the same angle in its normal plane also form a developable 
surface. 

Any curve whatever on a plane or on a sphere is a line of curva¬ 
ture ou that surface. It follows as a corollary to Joachimsthal’s 
theorem that the necessary and sufficient condition that a plane curve 
or a spherical curve on any surface should he a line of curvature is 
that the plane or the sphere on which the curve lies should cut the 
surface at a constant angle. 

251. Dupin’s theorem. We have already considered [§§43, 146] 
triply orthogonal systems of surfaces. The origin of the theory of 
such systems lay in a uoted theorem due to Dupin, which we shall 
prooted to prove - 

Given any three families of surfaces which form a triply orthogonal 
system: the intersection of any two surfaces of different families is a 
line of curvature on each of them. 
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We shall base the proof on the following remark. Let F(x, y, *) » o 
he the equation of a surface tangent to the xy plane at the origin. Then 
we shall have, for x = y = a = 0, dF/dx = 0, dF/dy — 0, but IF fox does 
not vanish, in general, except when the origin is a singular point. 
It follows that the necessary and sufficient condition that the x and 
y axes should be the axes of the indicatrix is that s = 0. But the 
value of this second derivative a = outfox by iB given by the equation 


8 i F 
dx by 


Since p and g both vanish at the origin, the necessary and sufficient 
condition that s should vanish there is that we should have 


(42) 


d 3 F 
Cx by 


= 0. 


Now let the three families of the triply orthogonal system be given 
by the equations 

Fi(*, V, e) = Pi, F 2 (x, y, z) = p u F,(x, y, «) = p„ 
where F,, F,, F s satisfy the relation 


(43) 


3F t SF, bF t bF s bF l 8F t _ 
dx dx by by dz dz 


and two other similar relations obtained by cyclic permutation of 
the subscripts 1, 2, 3. Through any point M in space there passes, 
in general, one surface of each of the three families. The tangents to 
the three curves of intersection of these three surfaces form a trirec- 
tangulai trihedron. In order to prove Dupin’s theorem, it will be 
Sufficient to show that each of these tangents coincides with one of 
the axes of the indicatrix on each of the surfaces to which it is 
tangent. 

In, order to show this, let us take the point M as origin and the 
edges of the trirectangular trihedron as the axes of coordinates; 
then the three surfaces pass through the origin tangent, respec¬ 
tively, to the three coordinate planes. At the origin we shall have, 
for example, 
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The fixes of x and y will be the axes of the indicatrix of the surface 
F(x, y, *) = 0 at the origin if (d*FJdx dy) a = 0. To show that this 
is the case, let ug differentiate (43) with respect to y, omitting the 
terms which vanish at the origin ; we find 



From the two relations analogous to (43) we could deduce two 
equations analogous to (44), which may be written down by cyclic 
permutation: 



From (44) and (45) it is evident that we shall have also 




which proves the theorem. 

A remarkable example of a triply orthogonal system is furnished 
by the confocal quadrics discussed in § 147. It was doubtless the 
investigation of this particular system which led Dupin to the gen¬ 
eral theorem. It follows that the lines of curvature on an ellipsoid 
or an hyperboloid (which had been determined previously by Monge) 
are the lines of intersection of that surface with its confocal quadrics. 

The paraboloids represented by the equation 



tP" 

-f--- = X, 

sr- x 


where A is a variable parameter, form another triply orthogonal 
system, which determines the lines of curvature on the paraboloid. 
FinaMy, the system discussed in § 246. 

52= a, V* r +7*+Vy 5 Ts i = P, Vx a + #*-Vjf"+#?= y, 

* 

is triply orthogonal. 
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Tfae sttidy of triply orthogonal systems is one of the most interest¬ 
ing and one of the most difficult problems of differential geometry. 
ATery large number of memoirs have been published on the subject, 
the results of which have been collected by Darboux in a recent 
work.* Any surface S belongs to an infinite number of triply 
orthogonal systems. One of these consists of the family of surfaces 
parallel to S and the two families of developables formed by the 
normals along the lines of curvature on S. For, let 0 be any point 
on the normal MN to the surface S at tire point M, and let MT 
and MV be the tangents to the two lines of curvature C and V 
which pass through A/; then the tangent plane to the parallel sur¬ 
face through 0 is parallel to tire tangent plane to S at M, and the 
tangent planes to the two developables described by the normals to 
S along C and C 1 are the planes A fXT and MNT', respectively. These 
three planes are perpendicular by pairs, which shows that the system 
is triply orthogonal. 

An infinite number of triply orthogonal systems can be derived 
from any one known triply orthogonal system by means of succes¬ 
sive inversions, since any inversion leaves all angles unchanged. 
Since any Burface whatever is a member of some triply orthogonal 
system, as we have just seen, it follows that an inversion carries the 
lines of curvature on any surface over into the lines of curvature on 
the transformed surface. It is easy to verify this fact directly. 

158 . Applications to certain classes of surfaces. A large number of problems 
have been discussed in which it is required to find all-the surfaces whose lines 
of curvature have a preasaigned geometrical property. We shall proceed to 
indicate some of the simpler results. 

First let us determine all those surfaces for which one system of lines of 
curvature are circles. By Joachimsthal’s theorem, the plane of each of the 
circles must cut the surface at a constant angle. Hence all the normals to the 
surface along any circle C of the system must meet the axis of the circle, he. 
the perpendicular to its plane at its center, at tbe same point 0. The sphere 
through C about O as center is tangent to the surface all along C; henoe the 
required surface must be the envelope of a one-parameter family of spheres. 
Conversely, any surface which is the envelope of a one-parameter family of 
spherea is a solution of the problem, for the characteristic curves, which are 
circles, evidently form one system of lines of curvature. 

Surfaces of revolution evidently belong to the preceding class. Another 
interesting particular case is the so-called tubular surface, which is the envelope 
of a sphere of constant radius whose center describee an arbitrary ottrve r. The 
characteristic curves are the circlet of radios B whose centers He on r and 
whose planes are normal to r. The normals to tbe surface are also normal to T; 

---- 1 -•----—-— --- 

* Levans rur teg systhnet ortkogonauz et let coorionmees eurvUi/ytiss, 1898. 
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bcmse tie second system of lines of curvature are the lines in which the surface 
ig cut by the developable surfaces which may be formed from the normals to r. 

If both systems of lines of curvature on a surface are circles, it is clear from 
the preceding argument that the surface may be thought of as the envelope of 
either of two one-parameter families of spheres. Let Si, 8,, S„ he any three 
spheres of the first family, (li, C 2 , C a the corresponding characteristic carves, 
and Mi, Mi , Mi the three points in which C I, C 2 , Ca are cut by a line of curva¬ 
ture C' of the other system. The sphere S' which is tangent to the surface along 
<7 is also tangent to the spheres S u S 2 , ,S : , at A/,, AH, A/ a , respectively. Hence 
the required surface is the envelope of a family of spheres each of which touches 
three fixed spheres. This surface is the well-known Bupm cyrhde. Mannheim 
gave an elegant proof that any Dupin eychde is the surface into which a certain 
anchor ring is transformed by a certain inversion. Let y be the circle which 
is orthogonal to each of the three fixed spheres 5,, ,S' 2 , S' s . An inversion whose 
pole is a point on the circumference of y carries that circle into a straight line 
0(y , and carries the three spheres S, , .S,, ,S 3 into thrpe spheres Si, 2 a , 2 a 
orthogonal to OO', that Is, the centers of the transformed spheres lie on OCT. 
Let C(, C'i , C'a be the intersections of these spheres with any plane through 
OO' , C' a circle tangent to each of the circles C\, C 2 , CJ, and 2' the sphere 
on which C is a great eircle. It is clear that 2' remains tangent to each of the 
spheres 2i, 2 a , 2 a as the whole figure is revolved about OO', and that the 
envelope of 2' is an anchor ring whose meridian is the circle C'. 

Let us now determine the surface for which all of the lines of curvature of 
one system are plane curves whose planes are all parallel. Let ub take the xy 
plane parallel to the planes in which these lines of curvature lie, and let 

x cos a + y sin a = F{a, z) 

be the tangential equation of the section of the surface by a parallel to the xy 
plane, where F(a, z) is a function of a and z which depends upon the surface 
under consideration. The coordinates x and y of a point of the surface are 
given by the preceding equation together with the equation 

PF 

-ismii + s cos a =- 

Sir 

The formula! for x, y, z are 

r'F „ , PF ■ 

(46) x = F cos a — ■—sincr, U = Fsm ir + — cosir, z-z. 

' ' Pa ca 

Any surface may be represented by equations of this form by choosing the 
function F(n, z) properly. The only exceptions are the ruled surfaces whose 
directing plane Is the xy plane. It is easy to show that the coefficients A , £, C 
of the tangent plane may be taken to be 

, ■ n vJT 

A — cos or, B — sin a , C/ = — —— ; 

ez 

hence the cosine of the angle between the normal and the z axis is 

* - F, («, z) 

Vl+Fj(aj)' 

Ih order that all the sections by planes parallel to the xy plane he lines of enrva- 
turw, it is necessary and sufficient, by Joachimsthal’s theorem, that each of 
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theqc planes oat the surface at a constant angle, l.e. that v be independent of ce, 
"this it equivalent to saying that F, (a, s) is independent of a, i.e. that F(a, z) 
is Of the form 

F(a, z) = p(z) + *(a), 

where the functions tp and f are arbitrary. Substituting this value in (id), we 
see that the most general solution of the problem is given by the equations 

( x = f(a)cos a - y(a) sin a + p(z) cos a, 

(47) -{ p = f(a)sincr + ^(orjcosa + ^(z)rina, 

1 1 = z. 

These surfaces may be generated as follows. The first two of equations (47), 
for z constant and a variable, represent a family of parallel curves which are 
the projections on the xy plane of the sections of the surface by planes parallel 
to the xy plane. But these curves are all parallel to the curve obtained by set¬ 
ting rp(z) = 0. Hence the surfaces may be generated as follows : Taking in the 
xy plane any curve whatever and its parallel curves, lift each of the curves verti¬ 
cally a distance given try some arbitrary law; the curves in their new positions form 
a surface which is the most general solution of the problem. 

It is easy to see that the preceding construction may he replaced by the 
following: The required surfaces are those described by any plane curve whose 
plane rolls without slipping on a cylinder of any base. By analogy with plane 
curves, these surfaces may be called roiled surfaces or roulettes. Tills fact may 
be verified by examining the plane curves a = const. The two families of lines 
of curvature are the plane curves z = const, and a = const. 


IV. FAMILIES OF STRAIGHT LINES 

The equations of a straight line in space contain four variable 
parameters. Hence we may consider one-, two-, or three-parameter 
families of straight lines, according to the number of given relations 
between the four parameters. A one-parameter family of straight 
lines form a ruled surface. A two-parameter family of straight 
lines is called a line congruence , and, finally, a three-parameter 
family of straight lines is called a line complex. 

353. Ruled surfaces. Let the equations of a one-parameter family 
of straight lines ((?) be given in the form 

(48) X = az+p, y = bz + q, 

where a, b, p, q are functions of a single variable parameter u. Let 
us consider the variation in the position of the tangent plane to the 
surface S formed by these lines as the point of tangeney moves along 
my one .of the generators <?. The equations (48), together with the 
equation * =**, live the coordinates z, y, zof a point M on S, in terms 
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of the two parameters « and u ; hence, by § 39, the equation of the 
tangent plane at M is 


X-x Y-y 

a b 

a'z +p' b'z -f q' 



= 0 , 


where a', b\ p\ q’ denote the derivatives of a, b, p, q with respect 
to u. Replacing x and y by <iz +p and hz + q, respectively, and 
simplifying, this equation becomes 


(49) (b’z + q’)(X — aZ — p) — {a’z -f p')(Y- bZ - q) = 0. 


In the first place, we see that this plane always passes through the 
generator G, which was evident a priori, and moreover, that the plane 
turns around G as the point of tangency M moves along G, at least 
unless the ratio (a'z + p')/(b’z -f </) is independent of z. i.e. unless 
a'q’ — b'p 1 — 0, — we shall discard this special case in what follows. 
Since the preceding ratio is linear in z, every plane through a gen¬ 
erator is tangent to the surface at one and only one point. As the 
point of tangency recedes indefinitely along the generator in cither 
direction the tangent plane /’ approaches a limiting position P\ 
which we shall call the tangent plane at the point at infinity on that 
generator. The equation of this limiting plane P' is 

(50) b'(X - aZ - p) - a'(Y - bZ - q) = 0 

Let w be the angle between this plane P' and the tangent plane P at 
a point M (r, y, z) of the generator. The direction cosines (a 1 , /?’, y') 
and (a, p, y) of the normals to P' and P arc proportional to 

b ', —a', a'b — ab’ 

and 

b'z + q', ~(a'z+p'), b(a'z+p')-a(b's + q'), 


respectively; hence 

COS - = — + w +yy'= 

A . «■*+*■ = + (ab' -bay, 

B = a'p' + b'q + (ah' - ba')(aq' - bp 1 ), 

C =p n +2 ,a +(a2 '-bp'Y- 

After an easy reduction, we find, by Lagrange’s identity (§ 131), 

VAC-J 2 (a'q 1 -b'p') Vl+qS + y 
(61) ta Az + B Az + B 
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ff’tcSjlawB that the limiting pl&ae P’ is perpendicular to the tangent 
plane Pi at a point O x of the generator -whose ordinate *, is given by 
the formula 



@' 2 + 4 '* + ( a 4 ‘ - 6«') 2 


The point O, is called the antral point of the generator, and the tan¬ 
gent plane P x at O x is called the central plane. The angle 8 between 
the tangent plane P at any point M of the generator and this oentral 
plane P x is tr/2 — a, and the formula (51) may be replaced by the 


formula 


tan 8 -= ■ 


[a' 2 + 6 r2 + {ah 1 - fei r ?](£ - a 
( a'q' — b'p r ) Vl -f a 1 + A 2 


Let p be the distance between the central point O x and the point M, 
taken with the sign 4- or the 6ign — according as the angle which 
O x M makes with the positi ve a ax is is acute or obtuse. Then we 
shall have p = (z — z x ) Vl + a 2 + 6*, and the preceding formula may 
be written in the form 


(53) 


taud = fcp, 


where k, which is called the parameter of distribution, is defined by 
the equation 

_ a ’ 2 + A 12 -f(gfr'- baY 
{ ) ~ (a'q' - b’p')(l + a 1 + 6 s ) 


The formula (53) expresses in very simple form the manner in which 
the tangent plane turns about the generator. It contains no quantity 
which does not have a geometrical meaning : we shall see presently 
that k may be defined geometrically. However, there remains a cer¬ 
tain ambiguity in the formula (63), for it is not immediately evident 
m which sense the angle 9 should be counted. Ia other words, it is 
not clear, a priori, in which direction the tangent plane turns around 
the generator as the point moves along the generator. The sense of 
this rotation may be determined by the sign of k. 

In order to see the matter clearly, imagine an observer lying on a 
generator G. As the point of tangency M moves from his feet toward 
his head be will see the tangent plane P turn either from his left 
to his right or vice versa. A little reflection will show that the 
sense of rotation defined in this way remains unchanged if the 
observer turns around so that his head and fee£ change plaeee. 
Two hyperbolic paraboloids having a generator *«& common and 
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lying symmetrically with respect to a plane through that generator 
give a clew idea of the two possible situations. Let us now move 
the axes in such a way that the new origin is at the central point 0 lt 
the new * axis is the generator (1 itself, and the xz plane is the cen¬ 
tral plane P\. It is evident that the value of the parameter of dis¬ 
tribution (64) remains unchanged during this movement of the axes, 
and that the formula (53) takes the form 

(BS 1 ) tan 6 — kz, 

where 6 denotes the angle between the xz plane /’, and the tangent 
plane P, counted in a convenient sense. For the value of «„ which 
corresponds to the z axis we must have a = b — p — q = 0, and the 
equation of the tangent plane at any point M of that axis becomes . 

( b'z + q')X — (a'z + p') I' = 0. 

In order that the origin be the central point, and the xz plane the 
central plane, we must have also a' = 0, q' — 0 ; hence the equation 
of the tangent plane reduces to Y = (b's/p 1 ) X, and the formula (64) 
gives k —— b’/p'. It follows that the angle 0 in (53') should be 
counted positive in the sense from <hj toward Ox. If the orienta¬ 
tion of the axes is that adopted m § 228, an observer lying in the 
z axis will see the tangent plane turn from his left toward his right 
if k is positive, or from his right toward his left if k is negative. 

The locus of the central points of the generators of a ruled surface 
is called the line of striatum. The equations of this ourve in terms 
of the parameter u are precisely the equations (48) and (52). 

Note. If a’q' ~ Vp' for a generator G, the tangent plane is the 
same at any point of that generator. If this relation is satisfied 
for every generator, i.e. for all values of u, the ruled surface is a 
developable surface (§ 223), and the results previously obtained can 
lie easily verified. For if a’ and b' do not vanish simultaneously, 
the tangent plane is the same at all points of any generator G, 
and becomes indeterminate for the point s = -/>'/»' = - q'/b\ ^ 
for the point where the generator touches its envelope. It is easy 
to show that this value for a is the same as that given by (52) when 
a'o' = b'p'. It follows that the line of striction becomes the edge 
of regression on a developable surface. The parameter of distribution 
is infinite for a developable. 

If a' = b' = 0 for every generator, the surface is a cylinder and 
the central point is indeterminate. 
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394 Direct definition of the parameter of distribution. The central 
point and the parameter of distribution may be defined in an entirely 
different manner. Let G and G l be two neighboring generators cor¬ 
responding to the values u and u + hot the parameter, respectively, 
and let G x be given by the equations 


(55) x = (a + Aa)s +p -f- Ap, y = (ft 4 Ab)z 4- q 4- Aq. 

Let 8 be the shortest distance between the two lines G and <3,, a the 
angle between G and G u and (A, Z) the point where G meets the 
common perpendicular. Then, by well-known formula of Analytic 
Geometry, we shall have 

_ _ A a Ay 4 Aft Ap + ( a A ft — b Aa)[( o + Aa)Ag — (ft 4- Ah)Ap~) 
(A a) s 4- (A by + (a Aft — ft A a) 1 

. _ _ Aa A g — A h Ap _ 

V(Aa) 3 4 (A b) f 4- (a Ah — b A a) 3 

V(Ao)M^(A ft) 3 4- (a Ab — h A«) 2 
Bin a = - ..■ ■ ■ -A- ~—=.-===- ■ 

Vs 3 4- A 2 4-1 V(a + Aa) 3 4 (ft 4 Aft) 3 4-1 


As ft approaches zero, Z approaches the quantity a, defined by (52), 
and (sin a)/S approaches ft. Hence the central point is the limiting 
position of the foot of the common perpendicular to G and G u while 
the parameter of distribution is the limit of the ratio (sin a) /S. 

In the expression for 8 let us replace Aa, Ab, Ap, Aq by their 
expansions in powers of ft: 

- , ft S II 

Aa = ha' 4- ^ a” -f • - ■ 


and the similar expansions for Ab, Ap, Aq. Then the numerator of 
the expression for 8 becomes 

A® Ay—Aft Ajp= ft*(«'y' — b'p') 4- ^ (a"q' 4- a'q" — b"p' — b'p") -, 


while the denominator is always of the first order with respect 
to ft. It is evident that 8 is in general an infinitesimal of the first 
order with respect to ft, except foj; developable surfaces, for which 
a'q' — b'p'. But the coefficient of ft’/2 is the derivative of a'q' — b'p’-, 
hence this coefficient also vanishes for a developable, and the shortest 
'distance between two neighboring generators is of the third order 
(f 230). This remark is due to Bouquet, who also showed that if 
this distance is constantly of the fourth order, it must be precisely 
**ro; that is, that in that case the given straight lines are the 
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tangents to a plane curve or to a conical surface. In order to prove 
this, it is sufficient to carry the development of Aa A q — A6 Aj» to 
terms of the fourth order. 


255. Congruences. Focal surface of a congruence. Every two-parameter 
family of straight lines 


(56) * = az+p, y = bz + q, 

where a, b, p, q depend on two parameters a and p is called a line 
congruence. Through any point in space there pass, in general, a 
certain number of lines of the congruence, for the two equations (56) 
determine a certain number of definite sets of values of a and /} when 
x, y, and z are given definite values. If any relation between a and f} 
be assumed, the equations (56) will represent a ruled surface, which 
is not usually developable. In order that the surface be developable, 
we must have 

da dq — dbdp = 0, 


or, replacing da by (8a/8a) da -f- (da/8p)dp, etc., 


(57) 


' 8a da + ^dfi 

cp 


\da 


')(: 




(8b ,8b 

~L da+ ip dfi 




This is a quadratic equation in dp/da. Solving it, we should usu¬ 
ally obtain two distinct solutions, 


(58) 


d§ = 

da 


i/<i(a. P), 


df} 

da 


■■ p ), 


either of which defines a developable surface. Under very gen¬ 
eral limitations, which we shall state precisely a little later and 
which we shall just now suppose fulfilled, each of these equations 
is satisfied by an infinite number of functions of «, and each of them 
has one and only one solution which assumes a given value p 0 when 
a = a 0 . It follows that every straight line G of the congruence 
belongs to two developable surfaces, all of whose generators are 
members of the congruence. Let r and T' be the edges of regression 
of these two developables, and A and A' the points where G touches 
r and I”, respectively. The two points A and A' are called the focal 
points of the generator G. They may be found as follows without 
integrating the equation (57). The ordinate a of one of these points 
must satisfy both of the equations 
z da + dp = 0, 


zdb -|- dq = 0, 
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■qj, replacing da, db , dp, dq by their developments) 

* (S'* r + % dff ) + K ** + % dfi = °» 


Eliminating * between these two equations, we find again the equa¬ 
tion (57). But if we eliminate dp/da we obtain an equation of the 
second degree 



whose two solutions are the values of z for the focal points. 

The locus of the focal points A and .4' consists of two nappes 
2 and S' of a surface whose equations are given m parameter form 
by the formulse (56) and (59). These two nappes are not in general 
two distinct surfaces, but constitute two portions of the same ana¬ 
lytic surface. The whole surface is called the focal surface. It is 
evident that the focal surface is also the locus of the edges of regres¬ 
sion of tie developable surfaces' witch can ins formed ftotn the lines 
of the congruence. For by the very definition of the curve T the 
tangent at any point a is a line of the congruence; heiice a- is a 
focal point for that line of the congruence. Every straight line 
of the congruence is tangent to each of the nappes 5 ancl 2', for it 
is tangent to each of two curves which He on these two nappes, 
respectively. 

By an argument precisely similar to that of § 247 it is easy to 
determine the tangent planes at A and A' to 5 and 2' (Fig. 51). 
As the line G moves, remaining tangent to r, for example, it also 
remains tangent to the surface 2'. Its point of tangency A' will 
describe, a curve y' which is necessarily distinct from I". Hence 
the developable described by G during this motion is tangent to S' 
at A', since the tangent planes to the two surfaces both contain the 
line G and the tangent line to /. It follows that the tangent plane 
to S’ at A 1 is precisely the osculating plane of T at A. Likewise, 
the tangent plane to S at A is the osculating plane of r’ at A'. 
These kwa. plane* ate called the focal plane* of the generator G. 

It may happen that one of the nappes of the focal surface degen¬ 
erates into a curve C. In that case tire straight lines of the con- 
" gruenee are all tangent to 5, and merely meet C, One of the 
families of developable® consists of the cones circumscribed about $ 
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whose vertices are on C. If both of the nappes of the focal surface 
degenerate into curves C and C', the two families of developables 
consist of the cones through one of the curves whose vertices lie 
on the other. If both the curves C and C' are straight lines, the 
congruence is called a linear congruence. 


256. Congruence of normals. The normals to any surface evidently 
form a congr uence, but the converse is not true: * here exists no 
surface, in general, which is normal to every line of a given con¬ 
gruence. For, if we consider the congruence formed by the normals 
to a given surface .S, the two nappes of the focal surface are evidently 
the two nappes 2 and 2 1 of the evolute of S (§ 247), and we have seen 
that the two tangent planes at the points A and A' where the same 
normal touches 2 and 2' stand at right angles. This is a character¬ 
istic property of a congruence of normals, as we shall see by trying 
to find the condition that the straight line (56) should always remain 
normal to the surface. The necessary and sufficient condition that it 
should is that there exist a function/(a, p) such that the surface S 
represented by the equations 

(CO) * = ax 4- p, y = bs + q, z =f(a, f}) 
is normal to each of the lines (G). It follows that we must have 


dx , by ds . 

a - - b 7,- + — — 0, 

, oa Ca Cit 

f>r,, d y, Sz n 

a bp +b dp + Fr ’ 

or, replacing x and y by az 4 p and bz 4- <[■ respectively, and divid¬ 
ing by Vu 3 4- 4 s +1, 

dp , 

a rf- + b ^ 

_(z Va 3 + b 1 + l) + —== = 0, 

Sa K V« 3 + 5 3 + l 


(61) 


i (rVa 3 + * 3 +l) + 


dp , 

8fi + b dp 


= 0. 


v i f) .vV + 6 3 + l 

The necessary and sufiicient condition that these equations be com¬ 
patible is 

' / dn . On \ I 

a ; 


dp >,dq 

a Fa + b ^ 


M + h d -i' 


dp ' "dp 

0/3 \ y/F+F+il \Va a 4- 6* 4-1/ 


(62) 
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If this condition is satisfied, s can be found from (61) by a single 
quadrature. The surfaoes obtained in this way depend upon a con¬ 
stant of integration and* form a one-parameter family of parallel 
surfaces. 

In order to find the geometrical meaning of the condition (62), it 
should be noticed that that condition, by its very nature, is inde¬ 
pendent of the choice of axes and of the choice of the independent 
variables. We may therefore choose the z axis as a line of the con¬ 
gruence, and the parameters a and as the coordinates of the point 
where a line of the congruence pierces the xy plane. Then -we shall 
have p ~ a, q = /8, and a and b given functions of a and li which van¬ 
ish for a = f) = 0. It follows that the condition of integrability, for 
the set of values a = /J = 0, reduces to the equation da/dji = dbjda. 
On the other hand, the equation (57) takes the form 

.flu db\ 26 

^ + {K~W adfi -Fa da= °’ 

which is the equation for determining the lines of intersection of 
the xy plane with the developablea of the congruence after a and 
f} have been replaced by x and y, respectively. The condition 
da/dfi — dbjda, for a = /} = 0, means that the two curves of this 
kind which pass through the origin intersect at right angles; that 
is, the tangent planes to the two developable surfaces of the congru¬ 
ence which pass through the z axis stand at right angles. Since the 
line taken as the a axis was any line of the congruence, we may state 
the following important theorem: 

The necessary and sufficient condition that the straight lines of a 
given congruence be the normals of some surface is that the focal planes 
through every line of the congruence should be perpendicular to each 
other. 


Note. If the parameters a and jS be chosen as the cosines of the angles which 
the line makes with the z and y axes, respeotirely, we Bbatl have 


6 = 


P 


Vl - a* - p* VI - a? - I 
md the equations (61) become 


Vl + o* + I 


Vi- 


(«S) 
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Than the condition of integrality (02) reduces to the form iq/Sa = Was, which 
means that p and g must be the partial derivatives of the same function F(a, p): 

dF 


P = 


da 


9 = 


BF 


where F(a, p) can be found by a single quadrature. It follows that i is the 
solution of the total differential equation 

- «: *'£)*■ - (-s 

‘W’ 


whence 


2 = t/l - or a — 0^ + F 

where (7 is an arbitrary constant. 


DF o dF\ 
f <r 


2fi7. Theorem of MaluB If rays of light from a point source are reflected (or 
refracted) by any surface, the reflected (or refracted) rays are the normals to 
each of a family of parallel surfaces. This theorem, which is due to Malus, has 
been extended by Cauchy, Dupin, Gergonne, and Quetelet to the case of any 
number of successive reflections or refractions, and we may state the following 
more general theorem : 

If a family of rays of light are normal to some surface at any fime, they retain 
that property after any number of rejleclions ami refractions, 

Since a reflection may be regarded as a refraction of index — 1, it is evidently 
sufficient to prove the theorem for a single refraction. Let S be a surface nor- 
inal to the unrefracted rays, mM an incident ray which meets the surface of 
separation Sat a point M, and MR the refracted ray. By Descartes’ law, the 
incident ray, the refracted ray, and the normal MN lie in a plane, and the 
angles i and r (Fig. 62) satisfy the relation 
n sin i = sin r. For definiteness we shall sup¬ 
pose, as In the figure, that n is less than 
unity. Let l denote the distance 3fm, and 
let us lay off on the refracted ray extended 
a length l' = Mm' equal to k times l, where 
it is a constant factor which we shall deter¬ 
mine presently. The point m' describes a 
surface S'. We shall proceed to show that 
k may be chosen in such a way that Mm' is 
normal to S'. Let C be any curve on S. 

As the point m describes C the point M 
describes a curve T on the surface 2, and 
the corresponding point m' describes another 
curve C' on S'. Let a, <r, s' be the lengths of the arcs of the three curves (7, T i 
C f measured from corresponding fixed points on those curves, respectively, 
u the angle which the tangent MTy to T makes with the tangent MT to the 
normal seotion by the normal plane through the incident ray, and $ and the 
angles which MT X makes with Mm and Mm', respectively. In order to find 
cos 4>, for example, let ns lay off on Mm a unit length and project it upon MT U 
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'4d then by projecting it upon JITand from JITupon UT X . TSd*, 
oodtbenimilar projection from Mm' upon MTi, give the equations 

co« 4 > = sinicoe«, eoa$/ - sinrco*to. 

Applying the formula (10') of $ 82 for the differential of a segment to the seg¬ 
ments Mm and Mm', we find 


dl = - tier cos a sin i , 

dl' = - do-co*uslur — ds'cos#, 

where 9 denotes the angle between m’if and the tangent to C 
df by kdl, we find 

cos u d*r(k sin i — gin r) = da' cos 6, 

in-, assuming k—%, 


ds’ oob 9 = 0. 


Hence, replacing 


It follows that Mm' is normal to O', and, since C' is any curve whatever on 
S', Mm' is also normal to the surface S' This surface S' is called the anft- 
coautic surface, or the secondary caustic It is clear that S' is the envelope of 
the spheres described about M as center with a radius equal to n times Mm ; 
hence we may state the following theorem: 

Let ut consider the surface S which is normal to the incident rays as the envelope 
of a family of spheres whose centers lie on the surface of separation 2. Then the 
anticaustic for the refracted rays is the envelope of a family of spheres with the 
same centers, whose radii are to the radii of the corresponding spheres of the first 
family as unity is to the index of refraction. 

This envelope is composed of two nappes which correspond, respectively, 
to indices of refraction which are numerically equal aud opposite in sign. In 
general these two nappes are portions of the same inseparable analytic surface. 


86*. Complex n A line complex consists of all the lines of a three-parameter 
family. Let the equations of a line be given in the form 

(84) z = az+p, y = bz + q. 

Any line complex may be defined by means of a relation between a, b, p, q of 
tbs form 


(68) F(a, b,p, q) =0, 

and conversely. If f" is a polynomial in a, 6, p, q, the complex is called an 
algebraic complex. The lines of the complex through any point (Xo, Vo, So) form 
p cone whose vertex is at that point; its equation may be found by eliminating 
' a, b, p, q between the equations (64), (66), and 

(96) x 0 = azo + p, Vo -bzo + q. 


Hence the equation of this cone of the complex is 


(«T) 


•0 


» — Sp 
Z — Zo ’ 


V - Vo *o *-z*o Vox - yzo\ 

-, -,--i 

* - *e * - *® a-to / 


0. 


Similarly, there are in any plane in space an infinite number of lines of the 
Complex; these line* envelop a curve which is called a cure* of ihe complex, 
li the complex is algetaaic, the order of the cone of the complex is the same a* the 
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ekm of the curve of the complex. For, if we wish to find the number of fines of 
the complex which pass through any given point A and which lie in a plane P 
through that point, we may either count the number of generators in which P 
cute the cone of the complex whose vertex is at A, or we way count the number 
of tangents which can be drawn from A to the curve of the complex which lies 
In the plane P. As the number must be the same in either case, the theorem is 
proved. 

If the cone of the complex is always a plane, the complex is said to be linear, 
and the equation (65) ia of the form 

(68) Aa + Bb + Cp + Pq + K{aq - bp) + ]■' = 0. 

Then the locus; of all the linesof the complex through any given point (Xi,, y 0 , z a ) 
is the plane whose equation is 

(091 ! A(x ~ Xo) + B(y - y„) + C{x 0 z - z„x) 

' I + J>(!/ 0 Z - Zc V) 1 K(y»x -- x 0 y) + f'(z - z 0 ) = 0. 

The curve of the complex, since it must lie of class unity, degenerates into a 
point, that is, all the lines of the complex which lie in a plane pass through a 
single point of that plane, which is called the pule or the focus. A linear com¬ 
plex therefore establishes a correspondence between the points and the planes 
of space, such that any point in space corresponds to a plane through that point, 
and any plane to a point in that plane. A correspondence is also established 
among the straight lines in space. Let I) be a straight line which does not 
belong to the complex, F and F‘ the foci of any two planes through D, and A 
the line Ft". Every plane through A has its focus at its point of intersection <t> 
with the line D, since each of the lines <f>F and c pF' evidently belongs to the 
complex. It follows that every line which meets both 1) and A belongs to the 
complex, and, finally, that the focus of any plane through 1) is the point where 
that plane meets A. The lines D and A are called conjugate lines; each of them 
is the locus of the foci of all planes through the other. 

If the line I) recedes to infinity, the planes through it become parallel, and 
it is clear that the foci of a set of parallel planes lie on a straight line. There 
always exists a plane such that the locus of the foci of the planes parallel to it 
is perpendicular to that plaue, If this particular line be taken as the z axis, 
the plane whose focus is any point on the z axis is parallel to the xy plane. By 

(69) the necessary and sufficient condition that this should be tbe case is that 
A = B = C= I) = 0, and the equation of the complex takes the simple form 

(70) ay - 5j) + if = 0. 

The plane whose focus is at the point (x, y. z) is given by the equation 

( 71 ) Xy - Tx + K(Z - z) = 0, 

•where X, Y, Z are the running coordinates. 

As an example let ns determine the curves whose tangents belong to the 
preceding- complex. Given such a curve, whose coordinates x, y, z are known 
functions of a variable parameter, the equations of the tangent at auy point are 

X-x _ T-y _ Z-* 
ilx dy dz , 
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The necessary and sufficient condition that this line should belong to the given 
complex is that it should lie in the plane (71) whose focus is the point (z, y, z), 
that is, that we should have 

(72) xdy — ydx = Kdz. 

We saw in § 218 how to find all possible sets of functions x, y, z of a single 
parameter which satisfy such a relation ; hence we are in a position to find 
the required curves. 

The results of § 218 may be stated in the language of line complexes. For 
example, differentiating the equation (72) we find 

(73) x<Py-y<Px = Kd?z, 

and the equations (72) and (73) show that the osculating plane at the point 
(x, y , z) is precisely the tangent plane (71), hence we may state the following 
theorem : 

If all the tangents to a skew curve belong to a linear line complex, the osculating 
plane at any point of that curve ts the plane whose focus is at that point. 

(Aitei.l. ) 

Suppose that we wished to draw the osculating planes from any point O in 
space to a skew curve r whose tangents all belong to a linear line complex. Let 
M be the point of contact of one of these planes. By Appell’s theorem, the 
straight line MO belongs to the complex; hence M lies in the plane whose focuB 
is the point 0. Conversely, if ttie point M of L lies in that plane, the straight 
line itO, which belongs to the complex, lies in the osculating plane at M ; hence 
that osculating plane passes through O, It follows that the required points are 
the intersections of the curve with the plane whose focus is the point 0 (see 

S 218). 

Linear line complexes occur in many geometrical and mechanical applica¬ 
tions. The reader is referred, for example, to the theses of Appell and lhcard.* 


EXERCISES 

1. Find the lines of curvature of the developable surface which is the 
envelope of the family of plants defined in rectangular coordinates by the 
equation 

* = ax + y<p(a) + R Vl + a 3 + <p*{a ), 

where a is & variable parameter, <p{a) an arbitrary function of that parameter, 
and R a given constant. 

[Licence, Paris, August, 1871.] 

2. Find the conditions that the lines x = oz + a, y = bz 4- ft where a, f>, a, $ 
are functions of a variable parameter, should form a developable surface for 
which all of the system of lines of curvature perpendicular to the generators lie 
on a system of concentric spheres. 

[License, Paris, July, 1872.] 

-------- . .. - 

* Annates scientiflquea.de Vacate formate supirieurt. Wifi and 1877. 
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. 8. Determine the lines of curvature of the surface whose 

tangular coordinates is 

e* = cos x cos y. 


equation in rec- 


[Licence, Paris, July, 1875.] 


4. Consider the ellipsoid of three unequal axes defined by the equation 


^ J’ 2 2 
a' 1 ^ b- + c* 


1 = 0 , 


and the elliptical section E in tlie xz plane. Find, at each point M of K : 1) the 
values of the principal radii of curvature Jf, and H 2 of the ellipsoid, 2) the rela¬ 
tion between K t and /? 2 , 3) the loci of the centers of curvature of the principal 
sections as the point M describes the ellipse E. 

[Licence, Paris, November, 1877,] 


B. Derive the equation of the second degree for the principal radii of curva¬ 
ture at any point of the paraboloid defined by the equation 


Z 2 yi 
a b 


- 22 . 


Also express, in terms of the variable z , each of the principal radii of curva¬ 
ture at any point on the line of intersection of the preceding paraboloid and the 
paraboloid defined by the equation 


x 1 

a - X 


+ 



X. 


| Licence, Paris, November, 1880.] 


6. Find the loci of the centers of curvature of the principal sections of the 
paraboloid defined by the equation xy = az as the point of the surface describes 

tbe x axis. 

[ Licence , Paris, July, 1883.] 


7. Find the equation of the surface which is the locus of the centers of cur¬ 
vature of all the plane sections of a given surface S by planes which all pass 
through the same point M of the surface. 


8. Let MT be any tangent line at a point M of a given quadric surface, O the 
center of curvature of the section of the surface by any plane through MT, 
and O' the center of curvature of the evolute of that plane section. Find the 
locus of O' as the secant plane revolves about MT. 

[Licence, Clermont, July, 1883.] 


9. Find the asymptotic lines on the anchor ring formed by revolving a circle 


about one of its tangents. 


[Licence, Paris, November, 1882.] 


10 ; Let C be a given curve in the 12 plane in a system of rectangular coordi¬ 
nates. A surface is described by a circle whose plane remains parallel to the 
xy plane and whose center describes the curve C, while the radius varies in such 
a way that the circle always meets the 2 axis. Derive the differential eqnation 
of the asymptotic lines on this surface, taking as the variable parameters the 
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coordinate z of any point, and the angle S which the radius of the circle through 
the point makes with the trace of the plane of the circle on the xt plape. 

Apply the leeult to the particular case where the curve C is a parabola 
whose vertex is at the origin and whose axis is the a axis. 

[Licence, Paris, July, 1880.] 

11. Determine the asymptotic lines on a ruled surface which is tangent to 
another ruled surface at every point of a generator A of the second surface, 
every generator of the first surface meeting A at some point. 

18. Determine the curves on a rectilinear heliooid whose osculating plane 
always contains the normal to the surface. 

[Licence, Paris, July, 1876.] 

18. Find the asymptotic lines on the ruled surface defined by the equations 
x = (l+«)cose, y = (l-ti)sinr, z = u. 

[Licence, Nancy, November, 1900.] 

14*. Tbe sections of a surface 8 by planes through a straight line A and the 
curves of contact of the cones circumscribed about S with their vertices on A 
form a conjugate network on the surface. 

[Kossios.] 

15*. As a rigid straight line moves in such a way that three fixed points 
upon it always remain in three mutually perpendicular planes, the straight line 
always remains normal to s family of parallel surfaces. One of the family of 
surfaces is the locus of the middle point of the segment of the given line hounded 
by the point where the line meets one of the coordinate planes and by the foot 
of the perpendicular let fail upon the line from the origin of cobrdinates. 

[Dabboux, Comptea rendu a, Voi. XCII, p. 446, 1861.] 

16*. On any surface one imaginary Hne of curvature is the locus of the points 
for which the equation 1 -f p 8 + q 2 = 0 is satisfied. 

[In order to prove this, put the differential equation of the lines of curvature 
in the form 

(<lpdy - dqiz)(l + p 2 + q 8 ) + (pdy - qdx)(pdp + qdq) as 0 ] 

[Da&soux, Annales de l'J?cole tiormale- 1864.] 
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[Titles in italic are proper names; numbers in italic are puce numbers, a..d num¬ 
bers in roman type are paragraph numbers, which are the tame as in the original 


edition.] 

Abdank-Abateiuncici; 201, {to. 

Abet: 153, 75 j 215, 105; 348, 106; 
377, 177. 

Abel’s lemma: 153,75; 373,100 ; 370, 
178; test: 348 , 106; theorem: 377, 
177. 

Abelian integrals: see Integrals. 

Absolute value: see Value. 

Algebraic curves: see Curves and 
Functions, implicit. 

Algebraic equations: see D’Alembert's 
theorem. 

AmpAre: 88, {to ; 75, 42. 

Ampere’s transformation: 75, 42. 

Amsler: 301 , 102. 

Amsler’s planlmeter: 301, 102. 

Analytic extension: 355, 180 

Analytic functions, curves, etc.: see 
Functions, Curves, etc. 

Anomaly, eccentric: 348, ex. Ill; 400, 
189. 

Apsidal surfaces: sec Surfaces. 

AppeU: 535, 258. 

Appell’s theorem: 535, 258. 

Approximate evaluation: see Evalua¬ 
tion. 

Archimedes : 134, 04. 

Arcsine, series for: 353, 170. 

Arctangent, series for: 352, 170. 

Area, of a curve: 135, 64; 158, 76; 
see also Quadrature; of a closed 
curve: 187, 04; see also Integral 
Pdx + Qdy; of a surface: 364, —! 
37f, 181; in oblique coordinates: 
lSi, 95j i» polar coordinates: 189, 
96 . 

Arndt: S56, 169. 

Array: 353,169; tee also Qpuble series 
and Infinite senes. 


Assemblages: 140 , 68. 

Asymptotic lines: 506, 242. 

Asymptotic value of T: 391, 141 
Average value theorem: see Law of 
the mean. 

Balitrand: 495, ex. 11. 

Beltrami: 57, ex. 21. 

Bernoulli, 1).: 411 , 195. 

Bertrand : S3, 32; 80, ftn.; 133, ex 10; 

201, 101; 484, 232 ; 4S5, 233. 
Bertrand’s curves: 485, 233. 

Bilinear covariants; see Covariants. 
Binomial differentials: 247, ex. 8, 
Binomial theorem: 104, 60; 355,179; 

391. 182; 474, 228. 

Bonnet: 414, 190 
Bouquet : 480, 230. 

Borda’s series: 753, ex. 11. 

Bruno, Faa de: 84, ex. IP. 

Calculus of variations: see Variations. 
Cardioid, length: 154, 80. 

Catalan: 262, ftn.; 294, ex. 9. 
Catenary: 120, 107; 292, ex. 1; 440, 
208. 

Cauchy: 7, 6; 29, 18; 91, 44 ; 106, 50; 
753, 91; 288, 140 ; 328, 156 ; 331, 
157; 332, 159 ; 335, 160 ; 347, 165; 
352 , 108; 359, 172; 373, ftn.; 391, 
182; 400,187 ; 495, ex. 9; 535, 257. 
Cauchy's test (series constant terms): 
332, 169; theorem (series constant 
terms): 335, 161; theorem (integral 
convergence test): 359, 172. 
Caustics: 432, 204; 536, 267. 

Cayley: 279, 134. 

Change of variables: see also Transfor¬ 
mation; definite Integrals: 166 , 84; 
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double integrals: 264, 127; line in¬ 
tegrate : 186, 03; multiple Integrals: 
SH, 150; triple integrate: 300, 145. 
Characteristic curve: 439, 216. 
Chasles: 166, 83. 

Chasles’ theorem: 166, 83. 

Center of curvature: see Curvature. 
Cesdro: 495, exs. 10 and 11, 
Complexes (algebraic, linear, cone of, 
etc.): 536, 268. 

Complex variable: 375. 

Conditional convergence: see Con¬ 
vergence. 

Congruences, line: 531, 256; linear: 

533, 25$ ; of normals: 533, 260. 
Conics (as nnicursal curves): £15, 106; 
ttt, 108. 

Conjugate curves: 495, ex. 8; lines: 

511, 246; tangents: see Tangents. 
Conoid: 509, 248. 

Contact (of plane curves): 443, 211; 
(of skew ourves): 486, 234; (of 
curves and surfaces): 490, 236. 
Contact transformations: see Trans¬ 
formations. 

Continuity (definition): 2, 3 ; 12, 10; 

uniform: 144, 70 ; 251 , 120. 
Continuous functions: see Functions. 
Contour tines: 262, 126. 

Convergence: 327, 160 ; 350, 107; 354, 
106; 359,171; see also Infinite series, 
Integrals, etc.; absolute: 344, 104 ; 
351, 107; 355, 100; conditional: 347, 
106; interval of: 375, 177 ; of inte¬ 
grate: 369, 176; uniform: 367,174. 
Convex surfaces: 500, 239. 
Coordinates, elliptic: 268, 120 ; 307, 
147; orthogonal: see Orthogonal 
systems; polar: SI, ex. 1; 66, 34; 
74, 38 ; 268, 120. 

Comer (of a curve): 6, 5. 

Cotes: 199, 100. 

Covariant*, bilinear: 87, ex. 20. 

Cubic curves (unicursal): 222, 108. 
Cubic forms: see Forms. 

Curvature, of a plane aum (center of): 
63, 32 ; 433, 206; (circle of): 63, 32; 
434, 205; 448, 213; (radius of): 63, 
82; 66, 84; 433, *06; of a skew 


curve (center, radius, etc.): 469,226; 
471, 220; of a surface: 497, 230 a. ; 
(principal centers of): 12g, 01; 501, 
240; (principal radii of): its, 01; 
501, 240; 503, 241; 519, 249; lines 
of: 514, 246; 521, 260, 261. 

Curves, algebraic: 221, 108; see alto 
Functions, implicit; analytic: 407, 
192; 409 , 193; deficiency of: 221, 
108; see also Curves, unicursal; 
plane: 5, 6; 62, 32 ; 92,46; 407, 
192; 426, 201 ff.; regular: 408, 192; 
skew : 5, 6 ; 51, 27; 409, 193; 453, 
216£t.; unicursal: 215, 106; 221, 
108. 

Curvilinear integrals: see Integrals, 

line. 

Cusp: 1 IS, 63; 409, 192. 

Cuspidal edge: see Stnction, line of. 

Cuts (for periodic function): 31s, 163. 

Cyelide (Dupin's): 524, 262. 

Cycloid: 438, 207. 

D’Alembert: 131,63; 291, 142; 332, 
150. 

D’Alembert’s test (series of constant 
terms): 332, 169; theorem: 131, 
63; 291, 142, see also Hoots, exist¬ 
ence of. 

Darboux : 6, ftn ; 140, ftn,; 151, 73; 
524, 251; 540, exs. 16 and 16. 

Darboux’s theorem : 151, 73. 

Deficiency: 221, 108; see also Inte¬ 
grate, Abelian, andCurvee, unicursal. 

Definite integrate: see Integrals. 

De VHospital: see !>'Hospital, <fe. 

Density: 296, 148. 

Derivatives, definition of: 6, 6; 12,11; 
17, 13; extensions of definition of: 
17, 13; 265, 127; of implicit func¬ 
tions : 38, 21 ; 40,23; 42, 24; rules 
for: 15, 11. 

Descartes’ folium: 246 , ex. 2. 

Determinants, functional: see Func¬ 
tional determinants. 

Developable surfaces: see Surfaces. 

Development in series; 405, 189 ; see 
also Infinite aeries, Tiylor’s series, 
Fourier’s series, etc. 



INDEX 


543 


Dextrorsal (skew curve): 476, 228 
Differential equations : see Equations; 
invariants: see Invariants; notation: 
19, 14 3.; parameters: 81, 43, 87, 
ex. 21; 510, 244. 

■ Differentials, binomial: see Binomial 
differentials; definition of: 19, 14; 
higher orders: 20, 14; total: JJ, 
16; SIS, 161 ff , see also Integrals, 
line, and Integral Pdx+ Qdy 
Differentiation, order immaterial: IS, 
11; of integrals o'154, 7ft,' 192, S»7, 
■yi04, 07, 368, 176 ; 370, 175; of line 
integrals: 194, 07 ; of series: 3C4, 
174 , 380, 170 , 405, 180 
Direction amines: lo4, 81 
Direct pa!h (for pel iodic functions): 
S19. 153. 

Dinchlet: 250, 124, 508, 148 , 5 47, 
166; 414, 10« 

Dirichlet’s integrals: 7 08, 148; (ondi- 
tions: 414, 106. 

Discontinuity : 4, 4 , 6. ftn 
Discontinuous functions: ice Func¬ 
tions 

Division of series: S9J, 1 S3 
Dominant functions: see Functions 
Double integrals: ice Integrals, double 
Double points, of a curve: 112, 68, 
221, 108; of involutions: 212, 112; 
of unicursal curves: 222, 108 
Double power scries: see Power series, 
double. 

Double senes: 153, 160', Sh7, 174, 
388, 182. see also Infinite series 
and Substitution of senes 
Duhamel: 13.5, ftn., 1.51, ftn ; 340, 
163. 

Duhamel’s test (senes of constant 
terms): 340, 163. 

I)u.pin: 521, 251, 524, 262 , 53.5, 267. 
Dupm’s cyelide: 524, 262; theorem: 
521, 251. 

F.ceehttric anomaly : see Anomaly. 

I Edge, cuspidal: see Stnction, line of ; 
of regression : 463, 221. 

Element of area: 267, 128 ; 275. 132. 
Element of volume: 304, 146. 


Ellipse, area of: ISO, 94; 220, 106; 
248, ex 19; length of: 234, 112, 
360, 174 

Ellipsoid, area of: 29’, ex 9; volume 
of: 285, 137. 

Elliptic coordinates: see Coordinates; 
functions: see Functions; integrals: 
see Integrals ; points: 500, 230 

Enu lopes (of plani curves): 426, 201; 
(of Skew curves). 16 5 , 223; (of sur¬ 
faces) : 459, 219 

Epicycloid : 4 51, ex 7 

Equations, differential (developable 
sin faces, asvmptotic lines etc ): see 
Surfaces, developable , Asymptotic 
lines, etc 

Equations, total differential: set Dif¬ 
ferentials, total 

Equations, partial differential (ilassi- 
fii anon): 71, 38, (Laplace's): 80, 

41, (reduction of): 72, 38 

Equations, intrinsic (of a alive): 441, 
210; rc c iprocal: 2,4, 113; solutions 
of: set Boots and D’Alembert’s 
theorem; tangential (of a curve): 
207, ex 21 

Error, limit of: sec Remainder and 
Evaluation 

Lnlcr: I84, 02 , 236, 113 , 246, ex 4; 
280, 134 , 411, 106 , 501, 240 

Euler’B constant: 103, 49; integrals: 
184, 62, 280, 134, sec also Function 
F; theorem (surfaces): 501, 240. 

Evaluation, approximate (of definite 
integrals): 197, 99, 199, 100, 201, 
101, 207, ex 24, see also Pla- 
nimeter; (factorials) : 291, 141; 
(log F): 291, 141. 

Evaluation of integrals: 287, 140, 
254, 123; 2,97, 143 , 311, 160 ; S75, 
176. 

Evolute: 432, 204 , 486, 206 , 480, 
231; 516 , 247 

Existence of roots: see Roots and 
Functions, Implicit 

Exponential, series for: 100, 48. 

Extrema: 116, 65, 118, 56; 125, 69; 
128, 61; 251, 120, see also Maxima 
and Minima. 
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Famlli8»' (of straight lines); 526, 

mi. 

format: 137, 66, 

Finite functions; see Fractions. 

Focal planes; 632, 255; points: 631, 
266; surface: 631, 866. 

Forms, binary uubic: SO, 80; in¬ 
determinate : see Indeterminate 
forms. 

Formulae of reduction : se£ Reduction 
formed®. 

Fimrier: 418, 197. 

Fonrier’a aeries: 418, 197 ff.; tee alto 
Trigonometric series. 

Franklin: 267, 123. 

Frenet: 477, 229. 

Fretiet’s formulte : 477, 226. 

Fresnel: 86, ex. 17. 

Fresnel’s wave surface: 86, ex. 17. 
Functional determinants: 46, 25 ; 88, 
28; 68, 29; 866, 137 ; 904, 146. 
Functions, analytic: 407, 191 fl.; 
B (p, q); 270, 134; continuous: US, 
70; m, ftn.; 260, 120 ; 362, 178; 
378, 178 ; 422, 199; see alto Con¬ 
tinuity ; discontinuous: 4, 4; 161, 
79; 196, 98; 205, exs. 6 and 7; 
defined by integrals: 192, 97; 195, 
98; 221, 108; dominant: 386, 181; 
396, 186; elliptic: 233, 112; expo¬ 
nential : tee Exponential; T(a) :183, 
93; 279, 134; 290, 141; 308, 148; 
SIS, 160; homogeneous: 29, 18; 
hyperbolic: 219, 106; implicit: 36, 
20; 48, 26 ; 399, 187; integrate: 
147, 72; SOS, ex. 8; inverse: 41, 
23; 60, 28; 406, 190; logarithmic: 
see Logarithm; mono tonic : 148, 
72; periodic: 318, 168; primitive: 
see Primitive functions ind Inte¬ 
grals; rational: 3,, 3 ; 168, 77; 206, 
ex. 12; 208, 103; real variables: 2, 
2; 11 , 10; (etc., tee special titles); 
transcendental: £21, 198; 236, 114; 
422, 199} trigonometric; 100, 48; 
220, 106 ; 286, 11$; trigonometric 
(Inverse): 104, 609 382, 179, 
Fundamental theorw® of Algebra; tee 
D’Alembert’s theorem. 


Galileo: 439, 207. 

Gamma function: tee Function F(a). 
Gants : 199, 101; 291, 142; 344, 168. 
Geometry of higher dimensions 1 tee 
Higher dimensions. 

Gergonne: 535, 257. 

Goursal : 35, ftn.j 45, ftn.; 88, ex, 23. 
Graves : 166, 83. 

Graves’ theorem: 166, 88. 

Greatest limit: 328, 166 ; 336, 160; 

351, 167 ; 377, 177. 

Green: 262, 126; 288, 140 ; 309, 149; 

316, 162 ; 318, 168. 

Green's theorem: 288, 140; 309, 140; 
316, 162; 318, 163. 

Hadamard : 378, ftn. 

Balphen : S3, ex. 11; 86, ex. 18. 
Harmonic series: 103 , 49 , 347, 166. 
Haro’s scries: 183, ex. 11. 

Helicoid: 509, 243 ; 519, 24B. 

Helix: 482, 231; 483, 232. 

Hennite: 97, 48 ; 171, 87; 205, ex. 12 ; 
236, ftn. 

Hessians: 58, 30. 

Higher dimensions: 310, 160. 

Highest common divisor: 211, 104. 
Hilbert : 171, 87. 

Hospital, del': see V Hospital, de¬ 
li ouel: 219, 106. 

Hyperbola, area of: 218, 106. 
Hyperbolic functions: see Functions. 
Hyperbolic point: 600, 289. 
Hypocyclofd: 242 , 117; 462 , ex. 7. 

Implicit functions: see Functions and 
D’Alembdrt’s theorem. 

Improper integrals: see Integrals. 
Incommensurable-numbers: 142, ftn.; 

171, 87; 249, ex. 21. 

Indefinite integrals: see Integrals. 
Independence of Path: 316, 162; see 
also Integral Pda + Qdy; ot sur¬ 
face; 323, 156; see alto Integrals, 
surface. 

Indeterminate format to, 8; 97, 47. 
Index (of a function) : 157, 77; 205, 
exs, 11 and IS; 

Indiestrix: 601, 849 " 
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Infinite, definition of i 4 , 4 . 

Infinite Unite: see Integrals, improper. 

Infinite aeries: S, 1; 99, ftn/, 183, 
91; 827, 166; alternating: 182, 
01; complex terms: 350, 167 ff.; 
constant terms: SS9, 167 ff.; devel¬ 
opment in: 93,46; 93,48; SOI, 101; 
375, 177; 404, 189 ; 4>1, 196; 418, 
197; 422, 199; tee alto Taylor’s 
series, etc.; differentiation of: 304, 
174; 390,179; 406, 189; division oi: 
392, 183; dominant: tee Functions, 
dominant; Fourier’s: 418 , 197 ff.; 
harmonic: JOS, 49; S47, 166; of in¬ 
finite series: see Substitution of series 
and Double series; integration of; 
SOI, 101; 364, 174 ; 36S, 174; Me- 
Laurin’s: tee McLaurin’s series; 
multiplication of: 331, 168 ; 379, 
178; positive terms: 2, 1; 329, 
157 ff.; reversion of: 407, 190; 
substitution of: sec Substitution of 
series; sum of: .99, ftn., 329, 157; 
see also Convergence; Taylor’s: see 
TayloT’s series; trigonometric: 411, 
106 ff.; variable terms: 360, 173; 
Sec also Double series, etc. 

Infinitely small quantity: 19, 14; see 
also Infinitesimal. 

Infinitesimal: 19, 14; 150, 72; 252, 
120. 

Integrable functions: see Functions. 

Integrals, Abelian : SI5, 105; SSI, 108; 
236,110; differentiation of: see Dif¬ 
ferentiation of integrals; definite: 
149, 68 ff.; sec also Evaluation of 
integrals; double: 250 ,120 ff.; ellip¬ 
tic: SS6, 110; 231, 112; SS3, 112; 
£46, ex. 6; functions defined by: 
see Functions; byperelliptic: 226', 
110; improper: 175, 89; 179, 90; 
183 , 91; 236, 140 ; 377, 138; S89, 
161; 359,173; 369,176; indefinite: 
154, 76; 208, 103 ff.; tee also Func¬ 
tion!, primitive, and Evaluation of 
integrals; integration of: see Inte¬ 
gration of integrals; line: 184, 98; 
SOI, 102; 263, 126 ; 316, 162 ; 322, 
166 ; see also Differentials, total, and 


Integral P dx + Qdp, and Green’s 
theorem; logarithm: S45, 118; mul¬ 
tiple: 310, 150 ff.; 358, 171; 367, 
174; Pdx + Qdy: S16 r 162 ff.; 
pseudo-elliptic: 234, 118; 246, ex. 6; 
247, ex. 7; surfaoe: 280, 136 ff.; $22, 
165; triple: 296, 143; xdy -ydx: 
189 , 94 ; 191, 96; 206, ex. 14 
Imegraphs: 201, 102 
Integratifln, of binomial differentials : 
224, 109; of integrals: 266, 123; 
mechanical: SOI, 102; of series: 
201, 101; 364, 174; 368 , 174; see 
also Integrals. 

Interpolation : 198, 100. 

Interval: function defined in : 2,2; 7, 

5; of convergence: see Convergence, 
intrinsic equations: sec Equations. 
Invariants: 59, 30 ; 70, 87. 

Inverse functions: see Functions. 
Inversion, of functions: see Func¬ 
tions ; transformation of: 66, 36; 
69, 36. 

Involutes: 432,204; 436, 206; 480, 231. 
Involutions: 231, 112; 234,113; 247, 
ex. 7. 

Involutory transformations: 69, 36; 
7,9, 41; 79, 42. 

Jacobi: 22, ftn.; SS, ex. 6; 4®, ftn.; 
68, ftn. 

■Iacobians: see Functional determi¬ 
nants. 

Jamet: 509, 243. 

JoacKimsthal : 520, 260. 

Joachimsthal's theorem: 520, 260. 
Jordan: 360, ftn. 

Kelvin, Lord : 85, ex. 10. 

Kepler: 406, 189. 

Kepler’s equation: 249, ex- 19; 496, 
189. 

Koenigs: 540, ex. 14. 

Lagrange: 5,6; 7,8; 29, 18; 99,44; 
198 , 100; 274, 131; 404, 180; 445, 
212. 

Lagrange’s formula (implicit func¬ 
tions) : 34, ex. 8; 404 , 189; formula 
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(interpolation): 198, 100; identity: 
274, 131. 

Lami: 20, ftn. i 82,48 ; 325, ex. 10. 
Laplace-. 7S, 38; Si, ex. 8; 404, 189. 
Laplace's equation: 73, 38. 

Lmgel : HO, ftn. 

Law of the mean, for derivatives: 8 , 
8 ; XS, 11; .16, ftn.; 98, 48; 185, 76; 
SOS, 127 j for integrals (1st law}: 151, 
74; US, 121; for integrals (2d law}: 
161, 74; SOS, ex. 13; generalizations: 
10, 8 ; 98, 48; 265, 127. 

Labeegue: 4SS, 109. 

Legendre : S3, ex. 9 ; 68, 36; 173, 88 ; 

366, 174 ; 394, 184. 

Legendre’s polynomials: 33, ex. 9; 
173, 88 ; SOI, 101; formula: 481, 
208; integrals: 283, 112; 366,114, 
394, 184; transformation: 68, 36; 
77, 41. 

Leibniz : 7,6 ; 19, —; 37, 17; 29, 18. 
Leibniz' formula: 27, 17. 

Lemnlscate: 223, 108 ; 234, 112. 
Length: 161, 80; 164, 80; etc. 

Lie: 68, ftn. 

VHospital, de-. 10, 8. 

L’ Hospital, de, theorem: 10, 8. 

Umlt: 1, 1; a lower: 140 , 68; an 
upper: 91, ftn.; 140, 62; greatest: 
see Greatest limit; of error: see 
Evaluation ; of integration : see In¬ 
tegrals; the lower: 142 , 68 ; the 
upper : 141, 62. 

Line complexes: see Complexes; con¬ 
gruences : see Congruences; inte¬ 
grals : see Integrals, 
line of curvature: use Curvature. 

Line of ottiction: see Striction. 

Linear transformations: see Trans¬ 
formations. 

Liewille: SSI, 111. 
logarithm i 57,29; WO, 40; 102, 49; 
382, 17ft. 

Loop-eireuit: 319, 158. 

Lyon : 484, ftn. 

Malws: 535, 887. 

Mains’ theorem: 536,'B 87. 

Mannheim : 493 , ext. 7.and 11; 524, 282. 


Mansion : 207, ex. 24. 

Maas: 296, 143. 

Maximum: S, 8; 116 ,66 ff.; 251, 120; 
see also Extremum. 

McLaurin’s series: 99, 48 ; 382 , 17ft; 
see also Taylor’s series. 

Mean, law of the: see Law. 

Mechanical quadrature: 201, 102. 

Mertent: 352, 168. 

JfeusRter: 497, 230. 

Meusnier’s theorem: 497, 239. 

Minimum: 3, 3 ; 116, 66; see also 
Extremum. 

MBbius’ strip: 280, ftn 

Mongc: 29, 18 ; 44 , 24 ; 523, 261. 

Monotonically increasing functions: 
see Functions, monotonic. 

Multiple series: 310, 1600., 358, 171; 
367, 174 

Multiplication of serins: see Senes. 

Murphy: 373, ex. 1. 

Newton: 19, ftn. 

Normal sections: 497, 230 , 501, 240. 

Normals, congruence of: 533, 260; 
length of: SO, 1»; plane curves: SO, 
lft; principal (skew curves): 471, 
226. 

Numbers, incommensurable: 142 , ftn.; 
171, 87; 249 , ex. 21; transcenden¬ 
tal: 171, 87. 

Order of contact: see Contact. 

Ordinary points: see Points. 

Orthogonal systems, of curves: 275, 
132; triple: 80, 43 ; 521, 251. 

Oscillation: 142, 60; 251, 120; 448, 213. 

Osculating plane; 458, 216 ; 455, 216; 
sphere: 492, 237. 

Osculation: 98, 46 ; 448, 213; 453, 
216 ; 465, 210; 488, 236 ; 492, 237. 

Osgood : 5S, ftn.; 151, ftn.; 369, ftn. 

Odrogradsky : 309, ftn. 

Ostrogradsky’a theorem: S09, 14ft. 

PaMeei : 88, ex. 23. 

Parabola: 135, 64.; 137, 66 ; 220, 107. 

Parabolic point; 500, 889; 520, 24ft. 

Paraboloid: SlijpM; 323, 261. 
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Parallel curves : 307 , ex. 20; surfaces: 
SB, ex. 16. 

Parameter of distribution: 528, 263 ; 
530, 264, 

Parameters, differential; set Differ¬ 
ential . 

Partial differential equations: see 
Equations, partial differential. 

PeaHo: 456, ftn. 

Pedal curves: 69, 36,- 207, exs. 21 
and 22. 

Pellet: 495, ex. 11. 

Periodic functions: see Functions. 

Periods: SIS, 163. 

Picard: SS2, 164 ; 5SS, 268. 

Planimeter: 201, 102. 

^Poincare: 586, 181, 

Point transformations: see Transfor¬ 
mations. 

Points, ordinary: 110, 53 ; 408, 102. 

Points, singular: 110, 53; 114, 64; 
S19, 153 ; 408, 102 ; 409, ftn. 

Poisson : 204, ex. 6 ; 825, ex. 8. 

Polar coordinates: see Coordinates. 

Polar line: 473, 227. 

Polar surface: 475, 227. 

Polynomials, continuity of: 3, 3; rela¬ 
tively prime: 211, 104 ; 214, 104. 

Potential equation: see Laplace's equa¬ 
tion. 

Power series: 375, 177 ff.; double: 
594, 185. 

Primitive functions: 139, 67 ; 154, 76; 
see also Integrals. 

Principal normals, tangents, etc.: see 
Normals, Tangents, etc. 

Pringsheim: 340, 162. 

Prismoid: 285, 138; 310, 160. 

Priamoidal formula: 285, 138. 

Projective transformations: see Trans¬ 
formations. 

Pseudo-elliptic integrals: see Integrals. 

Puiseux: 434, 232. 

Quadrature : 134, 64 ; 135, 66 ; 160, 
78; see also Area, Integrals, etc. 

Quadrics, oonfocal: 533, 261, 

Quartic curves: 228, 108. 

Quetelet: 535, 267. 


Raabe: 340, 198. 

Raabe’s test: S40, 163. 

Radius of curvature, of torsion: see 
Curvature, Torsion. 

Rational functions: see Functions. 
Reciprocal equations: see Equations; 
polars: see Transformations; radii: 
see Transformations. 

Rectification of curves: see Length. 
Reduction formuia-: 208, 103; 210, 
104; 226, 110 ; 227, 110 ; 239, 116; 
240, 116; 244, 118; 248, exs. 16, 
16, and 17; 249, ex. 21. 

Regression, edge of: 463, 221. 

Regular curves: see Curves. 

Remainder (Taylor’B series): 90, 44; 
98, 48. 

Reversion of series: 407, 190. 

Riccati equations: III, 244. 

Riemann: 140, ftn.; 309, ftn.; S47, 
165. 

Riemann'B theorem : 309, ftn.; see also 
Green’s theorem. 

Roberts : 294, ex. 10. 

Rodrigues : S3, ex. 8 ; 517, 248. 
Rodrigues’ formula: 517, 248. 

Rolle’s theorem: 7, 7. 

Roots, existence of: 3, 3; 291, 142; 
321, 164; see also Functions, im¬ 
plicit, and D’Alembert’s theorem. 
Roulette: 207, ex. 23; 220, 107 ; 526, 
262. 

Rmquet : 495, ex. 4. 

Ruled surfaces: see Surfaces. 

Scheffer: 125, 56. 

Schell: 495, ex. 7. 

Schwarz: 11, 9. 

Schwarzian: 88, ex. 22. 

Sequences: 327, 166 ; see also Infinite 
series. 

Series: see Infinite series, Taylor's 
series, Double series, etc. 

Serret: 284, ftn.; 495, ex. 7. 

Serret's curves: 234, ftn. 

Simpson; 199, 100. 

Singular points: 110, 63; 114, 64; 

319, 168; 408, 192 ; 409, ftn. 
Sinlstronal (skew curve): 476, 228. 
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Skew eurves: see Curve*. 

Stefaur ; 507, ex. as. 
hSMw: *65, 186. 

Stokes’ theorem: 181, 196. 

Strieeon, line of: 519, 268. 

StuTMi 174, 88. 

Stem sequence* i 174, 86. 
Subnormal: SO, 18. 

Substitution of series: SSS, 182; S97, 
186 ; see also Double series. 

Substitution*: see Transformations. 

Subtenant: SO, 10. 

Surface integrals: tee Integrals. 
Surfaces: 76, 30 ; 497, 280ff.; ana¬ 
lytic : 410, 104 ft. ; apaidal: S6, ex. 
17 ; developable: 79, 42; 461, 221; 
464, 222; BOS, 241; focal: SSI, 265; 
parallel: 86, ex. 16; ruled: SSS, 188; 
509, 244; SSS, 253; translation: SIS, 
245 ; tubular: 614, 262; unilateral: 
ISO, 135; wave: 86, ex. 17. 

Tangential equations: 907 , ex. 21. 
Tangents, asymptotic: SOS, 240; con¬ 
jugate: 611, 245; length of: SO, 19; 
principal: SOS, 240; stationary: 467, 
217; to curves (plane): 5, 6; 63, 82 j 
$S, 46; 97, 47; to curves (skew): 5, 
6; 61, 27; to (surfaces: 16, 12; 39, 
22; 76, SB and ftn. 

Tannery: 358, ftn. 

Taylor’S aeries: 89, 44 ff.; 93, 48 fl.; 

17J, 86; 197, 61; 384, 180; 396, 185. 
Tchttoycluff: 157, 123. 

Term-by-term differentiation: ate Dif¬ 
ferentiation of series; integration: 
see Integration of series. 

Tests for convergence: see Conver¬ 
gence. 

Thompson, Sir Wnu : pee Kelvin, Lord. 
Tinot: 49S, ex. 6. 

Torsion and Radius of torsion: 473 

and 474, 228. 

Total differential*: see Differentials. 


Traetrix: 441 , 209 
Transcendental numbers: 171, 87. 
Transformations, contact: 67, 39; Jt7, 
41; 78, 42} involutory s 69, 86; 78, 
41; 79, 42; linear: 69, 80; of coordi¬ 
nates: 66, 84; 76,40; etc.; of curves: 
66 ,86; of independent variable: 61 , 
81; 70, 88; 7 4, 39; of integrals: see 
Change of variables; point: 66, 36; 
65, 86; 77, 40; projective: 66, 86; 
69, 87; reciprocal polaro: 69, 86; 
75,41; reciprocal radii: 66,36; 69, 
36. 

Trigonometric functions: see Func¬ 
tions; series: 411 , 196 
Triple integrals: see Integrals 
Triply orthogonal systems: see Orthog¬ 
onal systems. 

Umbilics: SOB, 241, 510, 249. 

Uniform curves, continuity, conver¬ 
gence, infinitesimal: see Curves, 
Continuity, Convergence, Infinitesi¬ 
mal, etc. 

Unilateral surfaces: see Surfaces and 
Mobius’ strip. 

Upper limit: see Limit, 

Value, absolute: 3, 8; 575. 

Variable, complex: 375. 

Variations, calculus of: 157, 128. 
Viviani: 186, 189. 

Viviani’a formula: 286, 189. 

Volume: 254, 122; 184, 137; 326, ex. 8; 
316, ex. 18. 

Wallis: 240 , 116. 

Wallis’ formula: 240 , 116. 

Wave aurface: 56, ex. 17. 

WeierstroM : 6, 5; 153, 76; 200, ftn.; 

401, 87; 421, 199. 

Weisrstrass’ theorem: 421 ,109 , 

Ziwtt 406 , ftn. 




